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motivation

preliminaries

what The witness reduction technique is about

warm up

a central question



other questions…

about 𝐎𝐩𝐭𝐏 and 𝐒𝐩𝐚𝐧𝐏

resources



This technique is mainly used in order to relate potential closure 

properties of #𝐏 to complexity class hierarchy collapses!



language classes

𝐍𝐏, 𝑐𝑜𝐍𝐏

𝐏𝐇

𝐔𝐏

⊕𝐏

function classes

𝐅𝐏

#𝐏

𝐎𝐩𝐭𝐏

𝐒𝐩𝐚𝐧𝐏



language classes (continued)

𝐒𝐏𝐏

𝐏𝐏

C=𝐏



 addition 𝑎 + 𝑏

multiplication 𝑎 ⋅ 𝑏

 proper subtraction 𝑎 ⊖ 𝑏 = max 0, 𝑎 − 𝑏

 proper division 𝑎 ⊘ 𝑏 =  𝑎 𝑏



 proper decrement 𝑎 ⊖ 1

 proper division by two 𝑎 ⊘ 2

maximum max 𝑎, 𝑏 = 𝑎 if 𝑎 ≥ 𝑏 else 𝑏

minimum min 𝑎, 𝑏 = 𝑎 if 𝑎 ≤ 𝑏 else 𝑏



Closed ∎,⊞ ≡ the complexity class ∎ is closed under the operation ⊞



Turing Machine ≡ Non-Deterministic and Polynomial-Time Turing 

Machine



Closed #𝐏,+

𝑓, 𝑔 ∈ #𝐏

∃𝑀1, 𝑀2 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀1
𝑥 ∧ 𝑔 𝑥 = #𝑎𝑐𝑐𝑀2

𝑥

𝑀3 𝑥 =def 𝑀1 𝑥 or 𝑀2 𝑥

#𝑎𝑐𝑐𝑀3
𝑥 = 𝑓 𝑥 + 𝑔 𝑥

#𝑎𝑐𝑐𝑀3
𝑥 ∈ #𝐏 ⇒ 𝑓 𝑥 + 𝑔 𝑥 ∈ #𝐏



Closed #𝐏,⋅

𝑓, 𝑔 ∈ #𝐏

∃𝑀1, 𝑀2 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀1
𝑥 ∧ 𝑔 𝑥 = #𝑎𝑐𝑐𝑀2

𝑥

𝑀3 𝑥 =def 𝑀1 𝑥 and 𝑀2 𝑥

#𝑎𝑐𝑐𝑀3
𝑥 = 𝑓 𝑥 ⋅ 𝑔 𝑥

#𝑎𝑐𝑐𝑀3
𝑥 ∈ #𝐏 ⇒ 𝑓 𝑥 ⋅ 𝑔 𝑥 ∈ #𝐏



𝐿

ℬ

𝑀 𝑓 ∈ #𝐏 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓 ∈ #𝐏 𝑁

𝐿

𝒮 ∶ 𝒮 ⊆ ℬ



𝐿

ℬ

𝑀 𝑓 ∈ #𝐏 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓 ∈ #𝐏 𝑁

𝒮 ∶ 𝒮 ⊆ ℬ

ℬ ⊆ 𝒮
𝐿



𝐿

ℬ

𝑀 𝑓 ∈ #𝐏 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓 ∈ #𝐏 𝑁

𝒮 ∶ 𝒮 ⊆ ℬ

ℬ ⊆ 𝒮
𝐿



𝐿

ℬ

𝑀 𝑓 ∈ #𝐏 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓 ∈ #𝐏 𝑁

𝒮 ∶ 𝒮 ⊆ ℬ

ℬ ⊆ 𝒮

ℬ = 𝒮
𝐿



𝐿

ℬ

𝑀 𝑓 ∈ #𝐏 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓 ∈ #𝐏 𝑁

𝒮 ∶ 𝒮 ⊆ ℬ

ℬ ⊆ 𝒮

ℬ = 𝒮
𝐿



Closed #𝐏,⊖ =? 𝐓𝐫𝐮𝐞



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

Proof

𝟏 → 𝟑 𝟑 → 𝟐 𝟐 → 𝟏

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



𝐅𝐏 ⊆ #𝐏



Closed #𝐏,⊖ → 𝐔𝐏 = 𝐏𝐏



Closed #𝐏,⊖ → 𝐔𝐏 = 𝐏𝐏

Closed #𝐏,⊖ → 𝐏𝐏 ⊆ 𝐔𝐏 ∧ 𝐔𝐏 ⊆ 𝐏𝐏

𝐔𝐏 ⊆ 𝐏𝐏 ∶ 𝐓𝐫𝐮𝐞

Closed #𝐏,⊖ → 𝐏𝐏 ⊆ 𝐔𝐏

Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏 ∧ co𝐍𝐏 ⊆ 𝐔𝐏



Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏 ∧ co𝐍𝐏 ⊆ 𝐔𝐏

⇒  
Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏
Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏



 
Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏
Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏



Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏

𝐿 ∈ 𝐏𝐏

⇒ 𝐿 = 𝑥 ∶ 𝑦 ∶ 𝑅 𝑥, 𝑦 ∧ 𝑦 ≤ 𝑝 𝑥 ≥
2𝑝 𝑥

2
+ 1



Turing Machine 𝑀 𝑥

guess 𝑦 ∶ 𝑦 ≤ 𝑝 𝑥

return 1 if 𝑅 𝑥, 𝑦 else 0



Turing Machine 𝑀 𝑥

guess 𝑦 ∶ 𝑦 ≤ 𝑝 𝑥

return 1 if 𝑅 𝑥, 𝑦 else 0

⇒ 𝐿 𝑀 = 𝐿

& ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏

observe  
𝑥 ∈ 𝐿 → 𝑓 𝑥 ≥

2𝑝 𝑥

2
+ 1

𝑥 ∉ 𝐿 → 𝑓 𝑥 ≤
2𝑝 𝑥

2



𝑔 𝑥 =
2𝑝 𝑥

2
∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ #𝐏 ⇒ 𝑔 𝑥 ∈ #𝐏

Closed #𝐏,⊖ ⇒ ℎ 𝑥 = 𝑓 𝑥 ⊖ 𝑔 𝑥 ∈ #𝐏

⇒ ∃𝑁 ∶ ℎ 𝑥 = #𝑎𝑐𝑐𝑁 𝑥



𝑥 ∈ 𝐿 → 𝑓 𝑥 ≥
2𝑝 𝑥

2
+ 1 & 𝑔 𝑥 =

2𝑝 𝑥

2

→ ℎ 𝑥 = 𝑓 𝑥 ⊖ 𝑔 𝑥 ≥ 1

𝑥 ∉ 𝐿 → 𝑓 𝑥 ≤
2𝑝 𝑥

2
& 𝑔 𝑥 =

2𝑝 𝑥

2

→ ℎ 𝑥 = 𝑓 𝑥 ⊖ 𝑔 𝑥 = 0



𝑥 ∈ 𝐿 → ℎ 𝑥 ≥ 1

𝑥 ∉ 𝐿 → ℎ 𝑥 = 0



so  
𝑥 ∈ 𝐿 → ℎ 𝑥 ≥ 1
𝑥 ∉ 𝐿 → ℎ 𝑥 = 0

and ∃𝑁 ∶ ℎ 𝑥 = #𝑎𝑐𝑐𝑁 𝑥

⇒ 𝐿 𝑁 = 𝐿 & 𝐿 ∈ 𝐍𝐏

⇒ 𝐏𝐏 ⊆ 𝐍𝐏

⇒ 𝑐𝑜𝐏𝐏 ⊆ 𝑐𝑜𝐍𝐏

𝑐𝑜𝐏𝐏 = 𝐏𝐏 ⇒ 𝐏𝐏 ⊆ 𝑐𝑜𝐍𝐏



 
Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏 𝐎𝐊
Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏



Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏

𝐿 ∈ 𝑐𝑜𝐍𝐏

⇒  𝐿 ∈ 𝐍𝐏

⇒ ∃𝑀 ∶ 𝐿 𝑀 =  𝐿

⇒ ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏



so ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏 and 𝐿 𝑀 =  𝐿

observe  
𝑥 ∈  𝐿 → 𝑓 𝑥 ≥ 1

𝑥 ∉  𝐿 → 𝑓 𝑥 = 0
⇒  

𝑥 ∈ 𝐿 → 𝑓 𝑥 = 0

𝑥 ∉ 𝐿 → 𝑓 𝑥 ≥ 1

1 ∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ #𝐏 ⇒ 1 ∈ #𝐏

Closed #𝐏,⊖ ⇒ 𝑔 𝑥 = 1⊖ 𝑓 𝑥 ∈ #𝐏



𝑔 𝑥 = 1⊖ 𝑓 𝑥 ∈ #𝐏

⇒ ∃𝑁 ∶ #𝑎𝑐𝑐𝑁 𝑥 = 𝑔 𝑥

observe  
𝑥 ∈ 𝐿 → 𝑓 𝑥 = 0 → 𝑔 𝑥 = 1⊖ 0 = 1

𝑥 ∉ 𝐿 → 𝑓 𝑥 ≥ 1 → 𝑔 𝑥 = 1⊖ 𝑓 𝑥 = 0



𝑔 𝑥 = 1⊖ 𝑓 𝑥 ∈ #𝐏

⇒ ∃𝑁 ∶ #𝑎𝑐𝑐𝑁 𝑥 = 𝑔 𝑥

observe  
𝑥 ∈ 𝐿 → 𝑔 𝑥 = 1

𝑥 ∉ 𝐿 → 𝑔 𝑥 = 0

⇒ 𝐿 𝑁 = 𝐿 & 𝐿 ∈ 𝐔𝐏

⇒ 𝑐𝑜𝐍𝐏 ⊆ 𝐔𝐏



 
Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏 𝐎𝐊
Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏 𝐎𝐊



 
Closed #𝐏,⊖ → 𝐏𝐏 ⊆ co𝐍𝐏 𝐎𝐊
Closed #𝐏,⊖ → co𝐍𝐏 ⊆ 𝐔𝐏 𝐎𝐊

⇒ 𝐏𝐏 ⊆ 𝐔𝐏

𝐔𝐏 ⊆ 𝐏𝐏 ⇒ 𝐏𝐏 = 𝐔𝐏



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

Proof

𝟏 → 𝟑 𝟑 → 𝟐 𝟐 → 𝟏



𝐏𝐏 = 𝐔𝐏 → Closed #𝐏, 𝑜𝑝

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



𝐏𝐏 = 𝐔𝐏 → Closed #𝐏, 𝑜𝑝

𝑓, 𝑔 ∈ #𝐏

𝐵𝑓 = 𝑥, 𝑛 ∶ 𝑓 𝑥 ≥ 𝑛

𝐵𝑔 = 𝑥, 𝑛 ∶ 𝑔 𝑥 ≥ 𝑛



𝐵𝑓 = 𝑥, 𝑛 ∶ 𝑓 𝑥 ≥ 𝑛

𝐵𝑔 = 𝑥, 𝑛 ∶ 𝑔 𝑥 ≥ 𝑛

𝐵𝑓 ∈ 𝐏𝐏 & 𝐵𝑔 ∈ 𝐏𝐏



𝑉

=  𝑥, 𝑛1, 𝑛2 ∶ 𝑥, 𝑛1 ∈ 𝐵𝑓 ∧ 𝑥, 𝑛1 + 1 ∉ 𝐵𝑓 ∧ 𝑥, 𝑛2



𝐵𝑓 ∈ 𝐏𝐏 & 𝐵𝑔 ∈ 𝐏𝐏 ⇒ DisjointUnion 𝐵𝑓, 𝐵𝑔 = 𝐵𝑓⨄𝐵𝑔 ∈ 𝐏𝐏

𝑋⨄𝑌 = 0𝑥 ∶ 𝑥 ∈ 𝑋 ∪ 1𝑦 ∶ 𝑦 ∈ 𝑌



𝐵𝑓 ∈ 𝐏𝐏 & 𝐵𝑔 ∈ 𝐏𝐏 ⇒ DisjointUnion 𝐵𝑓, 𝐵𝑔 = 𝐵𝑓⨄𝐵𝑔 ∈ 𝐏𝐏

𝑉 ≤bounded truth table 𝐵𝑓⨄𝐵𝑔



𝐵𝑓 ∈ 𝐏𝐏 & 𝐵𝑔 ∈ 𝐏𝐏 ⇒ DisjointUnion 𝐵𝑓, 𝐵𝑔 = 𝐵𝑓⨄𝐵𝑔 ∈ 𝐏𝐏

𝑉 ≤bounded truth table 𝐵𝑓⨄𝐵𝑔

Closed 𝐏𝐏,≤bounded truth table ⇒ 𝑉 ∈ 𝐏𝐏



𝑉 ∈ 𝐏𝐏 & 𝐏𝐏 = 𝐔𝐏 ⇒ 𝑉 ∈ 𝐔𝐏



𝑉 ∈ 𝐏𝐏 & 𝐏𝐏 = 𝐔𝐏 ⇒ 𝑉 ∈ 𝐔𝐏

⇒ ∃𝑁 ∶ 𝐿 𝑁 = 𝑉

& ∀𝑥, 𝑛1, 𝑛2 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑛1, 𝑛2 = 0 or 1



𝑉

=  𝑥, 𝑛1, 𝑛2 ∶ 𝑥, 𝑛1 ∈ 𝐵𝑓 ∧ 𝑥, 𝑛1 + 1 ∉ 𝐵𝑓 ∧ 𝑥, 𝑛2



Turing Machine 𝑀 𝑥

guess 𝑖, 𝑗

if 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠 then

guess 𝑘 ∶ 𝑘 ∈ 1,… , 𝑜𝑝 𝑖, 𝑗

accept

return 𝑘

else reject



Turing Machine 𝑀 𝑥

guess 𝑖, 𝑗

if 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠 then

guess 𝑘 ∶ 𝑘 ∈ 1,… , 𝑜𝑝 𝑖, 𝑗

accept

return 𝑘

else reject

∀𝑥 ∃𝑖, 𝑗 ∶ 𝑖 = 𝑓 𝑥 & 𝑗 = 𝑔 𝑥

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ 𝑥, 𝑖, 𝑗 ∈ 𝑉

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 ≥ 1

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 = 1



𝑥, 𝑖, 𝑗 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 = 1

⇒ 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠

⇒ 𝑥, 𝑖, 𝑗 ∈ 𝑉

⇒ 𝑖 = 𝑓 𝑥 ∧ 𝑗 = 𝑔 𝑥

⇒ 𝑜𝑝 𝑖, 𝑗 = 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

⇒ 𝑘 ∈ 1,… , 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥



Turing Machine 𝑀 𝑥

guess 𝑖, 𝑗

if 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠 then

guess 𝑘 ∶ 𝑘 ∈ 1,… , 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

accept

return 𝑘

else reject



#𝑎𝑐𝑐𝑀 𝑥 = ?



#𝑎𝑐𝑐𝑀 𝑥 = #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 ⋅ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥



#𝑎𝑐𝑐𝑀 𝑥 = #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 ⋅ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

⇒ #𝑎𝑐𝑐𝑀 𝑥 = 1 ⋅ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥



Turing Machine 𝑀 𝑥

guess 𝑖, 𝑗

if 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠 then

guess 𝑘 ∶ 𝑘 ∈ 1,… , 𝑜𝑝 𝑖, 𝑗

accept

return 𝑘

else reject

∀𝑥 ∃𝑖, 𝑗 ∶ 𝑖 = 𝑓 𝑥 & 𝑗 = 𝑔 𝑥

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ 𝑥, 𝑖, 𝑗 ∈ 𝑉

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ 𝑁 𝑥, 𝑖, 𝑗 = 𝑦𝑒𝑠

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 ≥ 1

⇒ ∀𝑥 ∃𝑖, 𝑗 ∶ #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 = 1



#𝑎𝑐𝑐𝑀 𝑥 = #𝑎𝑐𝑐𝑁 𝑥, 𝑖, 𝑗 ⋅ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

⇒ #𝑎𝑐𝑐𝑀 𝑥 = 1 ⋅ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥 = 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

⇒ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥 ∈ #𝐏

⇒ Closed #𝐏, 𝑜𝑝



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

Proof

𝟏 → 𝟑 𝟑 → 𝟐 𝟐 → 𝟏



Closed #𝐏, 𝑜𝑝 → Closed #𝐏,⊖

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



Closed #𝐏, 𝑜𝑝 → Closed #𝐏,⊖

𝐓𝐫𝐮𝐞

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

Proof

𝟏 → 𝟑 𝟑 → 𝟐 𝟐 → 𝟏



1. Closed #𝐏,⊖

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

Proved!



𝐔𝐏 = 𝐏𝐏 →

𝐔𝐏 = 𝐍𝐏 = 𝑐𝑜𝐍𝐏 = 𝐏𝐇 =⊕𝐏 = 𝐏𝐏 ∪ 𝐏𝐏𝐏𝐏 ∪ 𝐏𝐏𝐏𝐏𝐏𝐏
∪⋯



1. Closed #𝐏,⊘

2. Closed #𝐏, 𝑜𝑝

3. 𝐔𝐏 = 𝐏𝐏

1 ≡ 2 ≡ 3

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝

we can use ⊘ instead of ⊖



What are the potential closure properties of #𝐏 that do not imply that 

#𝐏 is closed under any polynomial-time operation?



Closed #𝐏,⊖ 1 → 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏

Closed #𝐏,⊘ 2 →⊕𝐏 = 𝐒𝐏𝐏

Closed #𝐏,min → 𝐍𝐏 = 𝐔𝐏

Closed #𝐏,max ∨ Closed #𝐏,min → C=𝐏 = 𝐒𝐏𝐏



𝐿 ∈ 𝐍𝐏

⇒ ∃𝑀 ∶ 𝐿 𝑀 = 𝐿

⇒ ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏

1 ∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ #𝐏 ⇒ 1 ∈ #𝐏

Closed #𝐏,⊖ ⇒ 𝑔 𝑥 = 𝑓 𝑥 ⊖ 1 ∈ #𝐏

⇒ ∃𝑁 ∶ 𝑔 𝑥 = #𝑎𝑐𝑐𝑁 𝑥



∃𝑁 ∶ 𝑔 𝑥 = 𝑓 𝑥 ⊖ 1 = #𝑎𝑐𝑐𝑁 𝑥

𝑁′ 𝑥 = ¬𝑁 𝑥

⇒ #𝑎𝑐𝑐𝑁′ 𝑥 = #𝑟𝑒𝑗𝑁 𝑥 = 2𝑝 𝑥 − 𝑔 𝑥 ∈ #𝐏

Closed #𝐏,+ ⇒ ℎ 𝑥 = 𝑓 𝑥 + 2𝑝 𝑥 − 𝑔 𝑥 ∈ #𝐏

⇒ ∃𝐾 ∶ #𝑎𝑐𝑐𝐾 𝑥 = ℎ 𝑥 = 𝑓 𝑥 + 2𝑝 𝑥 − 𝑓 𝑥 ⊖ 1



∃𝐾 ∶ #𝑎𝑐𝑐𝐾 𝑥 = ℎ 𝑥 = 𝑓 𝑥 + 2𝑝 𝑥 − 𝑓 𝑥 ⊖ 1

𝑥 ∉ 𝐿 ⇒ 𝑓 𝑥 = 0 ⇒ 𝑓 𝑥 ⊖ 1 = 0 ⇒ ℎ 𝑥 = 2𝑝 𝑥

𝑥 ∈ 𝐿 ⇒ 𝑓 𝑥 > 0 ⇒ 𝑓 𝑥 ⊖ 1 = 𝑓 𝑥 − 1 ⇒ ℎ 𝑥 = 2𝑝 𝑥 + 1



∃𝐾 ∶ #𝑎𝑐𝑐𝐾 𝑥 = ℎ 𝑥 = 𝑓 𝑥 + 2𝑝 𝑥 − 𝑓 𝑥 ⊖ 1

𝑥 ∉ 𝐿 ⇒ ℎ 𝑥 = 2𝑝 𝑥

𝑥 ∈ 𝐿 ⇒ ℎ 𝑥 = 2𝑝 𝑥 + 1

⇒ 𝐿 𝐾 = 𝐿 & 𝐿 ∈ 𝐒𝐏𝐏

⇒ 𝐍𝐏 ⊆ 𝐒𝐏𝐏

⇒ 𝑐𝑜𝐍𝐏 ⊆ 𝑐𝑜𝐒𝐏𝐏



so 𝑐𝑜𝐍𝐏 ⊆ 𝑐𝑜𝐒𝐏𝐏

𝑐𝑜𝐒𝐏𝐏 = 𝐒𝐏𝐏 ⇒ 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏



Closed #𝐏,⊖ 1 → 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,⊘ 2 →⊕𝐏 = 𝐒𝐏𝐏

Closed #𝐏,min → 𝐍𝐏 = 𝐔𝐏

Closed #𝐏,max ∨ Closed #𝐏,min → C=𝐏 = 𝐒𝐏𝐏



⊕𝐏 ⊆ 𝐒𝐏𝐏 ∧ 𝐒𝐏𝐏 ⊆⊕𝐏

𝐿 ∈⊕ 𝐏

⇒ ∃𝑀 ∶ 𝐿 𝑀 = 𝐿

⇒ ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏

2 ∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ #𝐏 ⇒ 2 ∈ #𝐏

Closed #𝐏,⊘ ⇒ 𝑓 𝑥 ⊘ 2 ∈ #𝐏



Closed #𝐏,⋅ ⇒ 2 ⋅ 𝑓 𝑥 ⊘ 2 ∈ #𝐏

𝑔 𝑥 = #𝑟𝑒𝑗𝑀 𝑥 = 2𝑝 𝑥 − #𝑎𝑐𝑐𝑀 𝑥 = 2𝑝 𝑥 − 𝑓 𝑥

⇒ 𝑔 𝑥 = #𝑎𝑐𝑐¬𝑀 𝑥 ∈ #𝐏

Closed #𝐏,+ ⇒ ℎ 𝑥 = 𝑔 𝑥 + 2 ⋅ 𝑓 𝑥 ⊘ 2 ∈ #𝐏

⇒ ∃𝑁 ∶ #𝑎𝑐𝑐𝑁 𝑥 = ℎ 𝑥 = 2𝑝 𝑥 − 𝑓 𝑥 + 2 ⋅ 𝑓 𝑥 ⊘ 2



ℎ 𝑥 = 2𝑝 𝑥 − 𝑓 𝑥 + 2 ⋅ 𝑓 𝑥 ⊘ 2

𝑥 ∉ 𝐿 ⇒ Even 𝑓 𝑥 ⇒ 2 ⋅ 𝑓 𝑥 ⊘ 2 = 𝑓 𝑥 ⇒ ℎ 𝑥 = 2𝑝 𝑥

𝑥 ∈ 𝐿 ⇒ Odd 𝑓 𝑥 ⇒ 2 ⋅ 𝑓 𝑥 ⊘ 2 = 𝑓 𝑥 − 1 ⇒ ℎ 𝑥

= 2𝑝 𝑥 − 1



ℎ 𝑥 = 2𝑝 𝑥 − 𝑓 𝑥 + 2 ⋅ 𝑓 𝑥 ⊘ 2

𝑥 ∉ 𝐿 → ℎ 𝑥 = 2𝑝 𝑥

𝑥 ∈ 𝐿 → ℎ 𝑥 = 2𝑝 𝑥 − 1

⇒ 𝐿 𝑁 = 𝐿 & 𝐿 ∈ 𝑐𝑜𝐒𝐏𝐏

⇒⊕𝐏 ⊆ 𝑐𝑜𝐒𝐏𝐏

𝑐𝑜𝐒𝐏𝐏 = 𝐒𝐏𝐏 ⇒⊕𝐏 ⊆ 𝐒𝐏𝐏



⊕𝐏 ⊆ 𝐒𝐏𝐏 ∧ 𝐒𝐏𝐏 ⊆⊕𝐏

𝐓𝐫𝐮𝐞



 
⊕ 𝐏 ⊆ 𝐒𝐏𝐏
𝐒𝐏𝐏 ⊆⊕𝐏

⇒⊕𝐏 = 𝐒𝐏𝐏



Closed #𝐏,⊖ 1 → 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,⊘ 2 →⊕𝐏 = 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,min → 𝐍𝐏 = 𝐔𝐏

Closed #𝐏,max ∨ Closed #𝐏,min → C=𝐏 = 𝐒𝐏𝐏



Closed #𝐏,min → 𝐍𝐏 ⊆ 𝐔𝐏 ∧ 𝐔𝐏 ⊆ 𝐍𝐏

𝐿 ∈ 𝐍𝐏

⇒ ∃𝑀 ∶ 𝐿 𝑀 = 𝐿

⇒ ∃𝑓 ∶ 𝑓 𝑥 = #𝑎𝑐𝑐𝑀 𝑥 ∈ #𝐏

1 ∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ #𝐏 ⇒ 1 ∈ #𝐏

Closed #𝐏,min ⇒ 𝑔 𝑥 = min 𝑓 𝑥 , 1 ∈ #𝐏



𝑔 𝑥 = min 𝑓 𝑥 , 1 ∈ #𝐏

⇒ ∃𝑁 ∶ #𝑎𝑐𝑐𝑁 𝑥 = 𝑔 𝑥

𝑥 ∈ 𝐿 → 𝑓 𝑥 ≥ 1 → 𝑔 𝑥 = 1

𝑥 ∉ 𝐿 → 𝑓 𝑥 = 0 → 𝑔 𝑥 = 0



𝑔 𝑥 = min 𝑓 𝑥 , 1 ∈ #𝐏

⇒ ∃𝑁 ∶ #𝑎𝑐𝑐𝑁 𝑥 = 𝑔 𝑥

𝑥 ∈ 𝐿 → 𝑔 𝑥 = 1

𝑥 ∉ 𝐿 → 𝑔 𝑥 = 0

⇒ 𝐿 𝑁 = 𝐿 & 𝐿 ∈ 𝐔𝐏

⇒ 𝐍𝐏 ⊆ 𝐔𝐏



Closed #𝐏,min → 𝐍𝐏 ⊆ 𝐔𝐏 ∧ 𝐔𝐏 ⊆ 𝐍𝐏

𝐓𝐫𝐮𝐞



 
𝐍𝐏 ⊆ 𝐔𝐏
𝐔𝐏 ⊆ 𝐍𝐏

⇒ 𝐍𝐏 = 𝐔𝐏



Closed #𝐏,⊖ 1 → 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,⊘ 2 →⊕𝐏 = 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,min → 𝐍𝐏 = 𝐔𝐏 𝐎𝐊

Closed #𝐏,max ∨ Closed #𝐏,min → C=𝐏 = 𝐒𝐏𝐏



Closed #𝐏,⊖ 1 → 𝑐𝑜𝐍𝐏 ⊆ 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,⊘ 2 →⊕𝐏 = 𝐒𝐏𝐏 𝐎𝐊

Closed #𝐏,min → 𝐍𝐏 = 𝐔𝐏 𝐎𝐊

Closed #𝐏,max ∨ Closed #𝐏,min → C=𝐏 = 𝐒𝐏𝐏





1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

Proof

𝟑 → 𝟐 𝟐 → 𝟏 𝟏 → 𝟑

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



𝐅𝐏 ⊆ 𝐎𝐩𝐭𝐏



𝐍𝐏 = 𝑐𝑜𝐍𝐏 → Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



𝐍𝐏 = 𝑐𝑜𝐍𝐏 → Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

𝑓, 𝑔 ∈ 𝐎𝐩𝐭𝐏

⇒ ∃𝑁𝑓 , 𝑁𝑔 ∀𝑥 ∶ 𝑓 𝑥 = MaxOutput 𝑁𝑓, 𝑥 ∧

𝑔 𝑥 = MaxOutput 𝑁𝑔, 𝑥



𝐍𝐏 = 𝑐𝑜𝐍𝐏 → Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

𝑓, 𝑔 ∈ 𝐎𝐩𝐭𝐏

⇒ ∃𝑁𝑓 , 𝑁𝑔 ∀𝑥 ∶ 𝑓 𝑥 = MaxOutput 𝑁𝑓, 𝑥 ∧

𝑔 𝑥 = MaxOutput 𝑁𝑔, 𝑥

𝐿𝑓 = 𝑥, 𝑖 ∶ 𝑓 𝑥 > 𝑖

𝐿𝑔 = 𝑥, 𝑖 ∶ 𝑔 𝑥 > 𝑖



⇒ 𝐿𝑓, 𝐿𝑔 ∈ 𝐍𝐏

𝐍𝐏 = 𝑐𝑜𝐍𝐏 ⇒ 𝐿𝑓, 𝐿𝑔 ∈ 𝑐𝑜𝐍𝐏 ⇒ 𝐿𝑓, 𝐿𝑔 ∈ 𝐍𝐏

𝐿𝑓 = 𝑥, 𝑖 ∶ 𝑓 𝑥 ≤ 𝑖

𝐿𝑔 = 𝑥, 𝑖 ∶ 𝑔 𝑥 ≤ 𝑖

⇒ ∃𝑁1, 𝑁2 ∶ 𝐿 𝑁1 = 𝐿𝑓 ∧ 𝐿 𝑁2 = 𝐿𝑔



Turing Machine 𝑀 𝑥

𝑤𝑓 = AGuessedOutput 𝑁𝑓, 𝑥

𝑤𝑔 = AGuessedOutput 𝑁𝑔, 𝑥

if 𝑁1 𝑥,𝑤𝑓 ∧ 𝑁2 𝑥, 𝑤𝑔 then return 𝑜𝑝 𝑤𝑓, 𝑤𝑔

else return 0



Turing Machine 𝑀 𝑥

𝑤𝑓 = AGuessedOutput 𝑁𝑓, 𝑥 ≤ 𝑓 𝑥 = MaxOutput 𝑁𝑓, 𝑥

𝑤𝑔 = AGuessedOutput 𝑁𝑔, 𝑥 ≤ 𝑔 𝑥 = MaxOutput 𝑁𝑔, 𝑥

if 𝑁1 𝑥,𝑤𝑓 ∧ 𝑁2 𝑥, 𝑤𝑔 then return 𝑜𝑝 𝑤𝑓, 𝑤𝑔

else return 0



𝑁1 𝑥, 𝑤𝑓 ∧ 𝑁2 𝑥,𝑤𝑔

⇒ 𝑓 𝑥 ≤ 𝑤𝑓 ∧ 𝑔 𝑥 ≤ 𝑤𝑔 ⇒ 𝑤𝑓 ≥ 𝑓 𝑥 ∧ 𝑤𝑔 ≥ 𝑔 𝑥

⇒ 𝑤𝑓 = 𝑓 𝑥 ∧ 𝑤𝑔 = 𝑔 𝑥

⇒ 𝑜𝑝 𝑤𝑓, 𝑤𝑔 = 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥



Turing Machine 𝑀 𝑥

𝑤𝑓 = AnOutput 𝑁𝑓, 𝑥

𝑤𝑔 = AnOutput 𝑁𝑔, 𝑥

if 𝑁1 𝑥,𝑤𝑓 ∧ 𝑁2 𝑥, 𝑤𝑔 then return 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

else return 0



∀𝑥 ∃𝑤𝑓, 𝑤𝑔 ∶ 𝑤𝑓 = 𝑓 𝑥 & 𝑤𝑔 = 𝑔 𝑥

⇒ ∀𝑥 ∃𝑤𝑓, 𝑤𝑔 ∶ 𝑁1 𝑥, 𝑤𝑓 ∧ 𝑁2 𝑥, 𝑤𝑔

⇒ ∀𝑥 ∃𝑤𝑓, 𝑤𝑔 ∶ the 𝐢𝐟 condition is 𝐓𝐫𝐮𝐞

⇒ ∀𝑥 ∃𝑤𝑓, 𝑤𝑔 ∶ Output 𝑀, 𝑥 = 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥



Turing Machine 𝑀 𝑥

𝑤𝑓 = AGuessedOutput 𝑁𝑓, 𝑥

𝑤𝑔 = AGuessedOutput 𝑁𝑔, 𝑥

if 𝑁1 𝑥,𝑤𝑓 ∧ 𝑁2 𝑥, 𝑤𝑔 then return 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

else return 0



⇒ ∀𝑥 ∶ MaxOutput 𝑀, 𝑥 = 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥

⇒ 𝑜𝑝 𝑓 𝑥 , 𝑔 𝑥 ∈ 𝐎𝐩𝐭𝐏

⇒ Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝



1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

Proof

𝟑 → 𝟐 𝟐 → 𝟏 𝟏 → 𝟑



Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝 → Closed 𝐎𝐩𝐭𝐏,⊖

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝 → Closed 𝐎𝐩𝐭𝐏,⊖

𝐓𝐫𝐮𝐞

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

Proof

𝟑 → 𝟐 𝟐 → 𝟏 𝟏 → 𝟑



Closed 𝐎𝐩𝐭𝐏,⊖ → 𝐍𝐏 = 𝑐𝑜𝐍𝐏



Closed 𝐎𝐩𝐭𝐏,⊖ → 𝐍𝐏 = 𝑐𝑜𝐍𝐏

𝐿 ∈ 𝐍𝐏

⇒ ∃𝑀 ∶ 𝐿 𝑀 = 𝐿

⇒ MaxOutput 𝑀, 𝑥 =  
1, if 𝑥 ∈ 𝐿
0, if 𝑥 ∉ 𝐿

⇒ ∃𝑓 ∶ 𝑓 𝑥 = MaxOutput 𝑀, 𝑥 ∈ 𝐎𝐩𝐭𝐏



1 ∈ 𝐅𝐏 ∧ 𝐅𝐏 ⊆ 𝐎𝐩𝐭𝐏 ⇒ 1 ∈ 𝐎𝐩𝐭𝐏

Closed 𝐎𝐩𝐭𝐏,⊖ ⇒ ℎ 𝑥 = 1⊖ 𝑓 𝑥 ∈ 𝐎𝐩𝐭𝐏

⇒ ∃𝑁 ∀𝑥 ∶ MaxOutput 𝑁, 𝑥 = ℎ 𝑥

observe ℎ 𝑥 =  
1⊖ 1 = 0, if 𝑥 ∈ 𝐿
1⊖ 0 = 1, if 𝑥 ∉ 𝐿



so ℎ 𝑥 =  
0, if 𝑥 ∈ 𝐿
1, if 𝑥 ∉ 𝐿



so ℎ 𝑥 =  
0, if 𝑥 ∈ 𝐿
1, if 𝑥 ∉ 𝐿

⇒ ℎ 𝑥 =  
1, if 𝑥 ∈  𝐿

0, if 𝑥 ∉  𝐿

⇒ 𝐿 𝑁 =  𝐿 &  𝐿 ∈ 𝐍𝐏

⇒ 𝐿 ∈ 𝑐𝑜𝐍𝐏

⇒ 𝐍𝐏 ⊆ 𝑐𝑜𝐍𝐏

⇒ 𝑐𝑜𝐍𝐏 ⊆ 𝑐𝑜 𝑐𝑜𝐍𝐏



so 𝑐𝑜𝐍𝐏 ⊆ 𝑐𝑜 𝑐𝑜𝐍𝐏

⇒ 𝑐𝑜𝐍𝐏 ⊆ 𝐍𝐏

 
𝐍𝐏 ⊆ 𝑐𝑜𝐍𝐏
𝑐𝑜𝐍𝐏 ⊆ 𝐍𝐏

⇒ 𝐍𝐏 = 𝑐𝑜𝐍𝐏



1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

Proof

𝟑 → 𝟐 𝟐 → 𝟏 𝟏 → 𝟑



1. Closed 𝐎𝐩𝐭𝐏,⊖

2. Closed 𝐎𝐩𝐭𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝑐𝑜𝐍𝐏

1 ≡ 2 ≡ 3

Proved!



1. Closed 𝐒𝐩𝐚𝐧𝐏,⊖

2. Closed 𝐒𝐩𝐚𝐧𝐏, 𝑜𝑝

3. 𝐍𝐏 = 𝐏𝐇 = 𝐏𝐏𝐍𝐏

1 ≡ 2 ≡ 3

𝑜𝑝 ∶ Function 𝑜𝑝, ℕ2, ℕ ∧ PolyTime 𝑜𝑝



Find complexity classes 𝓐 and 𝓑 such that,

Closed #𝐏,⊖ 1 ⟷ 𝓐 = 𝓑



Hemaspaandra, L. A. and Ogihara, M., The Complexity Theory 

Companion, Springer, 2002, pp. 91-108




