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Jdmotivation

dpreliminaries

dwhat The witness reduction technique is about
Jdwarm up

Ja central question



dother questions...

dabout OptP and SpanP

dresources



This technique is mainly used in order to relate potential closure

properties of #P to complexity class hierarchy collapses!



language classes
NP, coNP
JPH

dUP

JdD P

function classes
JFP

#P

dOptP

dSpanP



language classes (continued)
SPP
PP

dC_P



S: operations

d additiona + b
J multiplicationa - b
[ proper subtraction a © b = max({0,a — b})

[ proper divisiona @ b = |a/b]



. operations

[ proper decrementa & 1
[ proper division by two a ) 2
O maximum max({a,b}) = aifa = belseb

d minimum min({a, b}) = aifa < belseb



Closed(m,

) = the complexity class m is closed under the operation




Turing Machine = Non-Deterministic and Polynomial-Time Turing

Machine



Closed(#P, +)
f,g € #P
AM,, M, : f(x) = #accy, (x) A g(x) = #accy, (x)
M3 (x) =gef My (x) or My(x)
#accy,(x) = f(x) + g(x)
#accy,(x) EH#P = f(x) + g(x) € #P



Closed(#P,-)
f,g € #P
AM,, M, : f(x) = #accy, (x) A g(x) = #accy, (x)
M3(x) =gef My (x) and M, (x)
#accy,(¥) = f(2) - g0
#accy,(x) E #P = [(x) - g(x) € #P



M =p f € #P =p operation(f) € #P =» N



M =p f € #P =p operation(f) € #P =» N



M =p f € #P =p operation(f) € #P =» N



M =p f € #P =p operation(f) € #P =» N



M =p f € #P ==p operation(f) € #P =» N



Closed(#P,©) =’ True



1. Closed(#P,©)

2. Closed(#P, op) op : Function(op, N%,N) A PolyTime(op)

3. UP =PP



n: a theorern

1. Closed(#P,©)

2. Closed(#P, op) op : Function(op, N4, N) A PolyTime(op)
3. UP =PP

1=2=3
Proof

1-33-22-1






p T@@ﬁ 1 — 3

Closed(#P,©) —» UP = PP



Closed(#P,&) —» UP = PP
Closed(#P,&) —» PP € UP A UP < PP
UP € PP : True
Closed(#P,&) —» PP <€ UP

Closed(#P,&) —» PP < coNP A coNP € UP



Closed(#P,©) — PP € coNP A coNP € UP

Closed(#P,©) — PP S coNP
Closed(#P,©) — coNP € UP



Closed(#P,©) — PP S coNP
Closed(#P,©) —» coNP € UP



Closed(#P,©) — PP S coNP

L € PP

p(|x|)
= L = {x [y RCe,y) Ayl < p(lxD} = St 1}



oroof, 1 — 3

Turing Machine M (x)

guessy : |y| < p(|x])

return 1 if R(x,y) else 0



Turing Machine M (x)

guessy : |y| < p(|x])

return 1if R(x,y) else 0

oroof, 1 — 3

=LM) =L
&3f : f(x) = #accy(x) € #P

20 (Ix])
- + 1

20 (Ix|)
2

x€L-f(x)=
observe

x gL - f(x) <



2p(Ix])
glx) = > E FPAFP C #P = g(x) € #P

Closed(#P,©6) = h(x) = f(x) © g(x) € #P

= 3N : h(x) = #accy(x)



0(lx]) 2p(|x])
x€L-f(x)=

: +1&g(x) = >

- h(x) =fx)©gkx) =1

7o (lx]) 2p0(|x])
x &L - f(x) < > &g(x) = 5

- h(x) =f(x)©9Kx) =0



x €L - h(x)>1

x¢&L->h(x)=0



>
SO {x €L=>h(x) =1 and AN : h(x) = #accy(x)

x¢&L-h(x)=0
= L(N) =L &L € NP
= PP € NP

= coPP € coNP

coPP = PP = PP € coNP



Closed(#P,©) — PP € coNP OK
Closed(#P,©) —» coNP € UP



Closed(#P,©) — coNP < UP
L € coNP
= L € NP
=>3IM:L(M) =L
= 3Af : f(x) = #accy(x) € #P



sodf : f(x) = #accy(x) € #HPand L(M) = L

_ - _
ohserve xEL—>f(x)_1:>{xEL—>f(x) 0

x&L- f(x)=0 x¢L-f(x)=>1
1eFPAFPC #P > 1 € #P
Closed(#P,6) = g(x) =1 6 f(x) € #P



gx) =10 f(x) € #P
= AN : #accy(x) = g(x)

xEL->f(x)=0-9gx)=160=1

observe {X ¢ L —>f(X) > 1 _)g(x) =1 ef(x) =0



n. 0 E?@@f) L=3

gx) =10 f(x) € #P
= AN : #accy(x) = g(x)

x€EL-glx)=1

observe {x ¢L - g(x) =0

= L(N)=L&L € UP
= coNP C UP



n: oroof, 1 = 3

Closed(#P,©) — PP € coNP OK
Closed(#P,©) —» coNP € UP OK



oroof, 1 — 3

Closed(#P,©) —» PP € coNP OK
Closed(#P,©) —» coNP € UP OK

= PP € UP

UP € PP = PP =UP



a2 theoremm)

1. Closed(#P,©)

2. Closed(#P,op)

3. UP =PP

Proof

1-33-22-1



N Proof, 3 — 2

PP = UP - Closed(#P, op)

op : Function(op, N?,N) A PolyTime(op)




em: proof, 3 — 2

PP = UP — Closed(#P, op)

f,g € #P

By = {{x,n) : f(x) = n}

By = {(x,n) : g(x) = n)



m: proof, 3 — 2

By = {(x,n) s f(x) = 1)
B, = {(x,n) : g(x) = )

Br € PP & B, € PP



V

— {<x1n1)n2> : (X, n]_) € Bf N (X,nl + 1) & Bf N (.X', Tl2>



N proof, 8 = 2

B; € PP & B, € PP = DisjointUnion(By, B;) = BB, € PP

XY ={0x:xeX}u{ly:yeY}



n: proof, 3 — 2

B; € PP & B, € PP = DisjointUnion(By, B;) = BB, € PP

V' <pounded truth table BfUBg



n: proof, 3 = 2

B; € PP & B, € PP = DisjointUnion(By, B;) = BB, € PP

V' <pounded truth table BfUBg

ClOSGd(PP, Sbounded truth table) =V € PP



pf@@f) 3= 2

VePP&PP=UP=VeUP



V€PP&PP =UP =V € UP
=S3IN:L(N) =V

&Vx,nqy,n, : #accy((x,ny,n,)) =0o0rl



V

— {<x1n1)n2> : (X, n]_) € Bf N (X,nl + 1) & Bf N (.X', Tl2>



m: proof, 3 — 4

Turing Machine M (x)

guess i, j

if N({x,i,j)) = yes then
guessk : k€ {1,...,0p(i,j)}

accept

return k

else reject



Turing Machine M (x)

guess i, j

if N((x,i,j)) = yes then
guessk : ke{1,..,op(i,j)}

accept

return k

else reject

0roof, 3 — 2

Vx3i,jri=f(x) &j=gx)
= Vx3i,j:(x,i,j)EV

= Vx 3i,j: N({(x,i,j)) = yes
= Vx 3i,j : #accy((x,i,j)) =1

= Vx 3i,j : #accy((x,1,j)) =1



x,i,j : #acey((x,i,j)) =1
= N({(x,i,j)) = yes
= (x,i,j) EV

=i=f(x)Aj=gx)
= op(i,j) = op(f(x), g(x))
=> k€ {1, ...,op(f(x),g(x))}



N proof, 8 = 2

Turing Machine M (x)
guess i, j
if N((x,i,j)) = yes then
guessk : k €{1,..,0p(f(x),g(x))}

accept

return k

else reject



#accy(x) =7



#aCCM (X) — #aCCN ((X, l,])) ) OP(f(X), g(.X'))



em: proof, 3 = 2

#aCCM (X) — #aCCN ((X, l,])) ) OP(f(X), g(.X'))

= #accy (x) = 1-op(f(x), g(x))



Turing Machine M (x)

guess i, j

if N({x,i,j)) = yes then
guessk : ke{1,..,op(i,j)}

accept

return k

else reject

Vx3i,jri=f(x) &j=gx)
= Vx3i,j:{(x,i,j)EV

= Vx 3i,j : N{(x,i,j)) = yes
= Vx 3i,j : #accy({x,i,j)) =1

= Vx 3i,j : #accy(x,i,j)) =1



#accy (x) = #acey((x,1,7)) - op(f (x), g(x))
= #accy (x) = 1-op(f(x), g(x)) = op(f (x), g(x))

= op(f(x),g(x)) € #P

= Closed(#P, op)



a2 theoremm)

1. Closed(#P,©)

2. Closed(#P,op)

3. UP =PP

Proof

1-33-22-1



N proof, 2 — 1

Closed(#P, op) — Closed(#P,©)

op : Function(op, N?,N) A PolyTime(op)




2 0roof, 2 — 1

Closed(#P, op) — Closed(#P,©)

True

op : Function(op, N?,N) A PolyTime(op)




a2 theoremm)

1. Closed(#P,©)

2. Closed(#P,op)

3. UP =PP

Proof

1-33-022-1



a2 theoremm)

1. Closed(#P,©)

2. Closed(#P, op)

3. UP =PP

Proved!



1: consequences

UP =PP -

UP = NP = coNP = PH =@ P = PP U PPPP U PPPP" | ...



1. Closed(#P,?))

2. Closed(#P, op) op : Function(op, N%,N) A PolyTime(op)

3. UP =PP

we can use () instead of &



What are the potential closure properties of #P that do not imply that

#P is closed under any polynomial-time operation?



Closed(#P,© 1) » coNP <€ SPP
Closed(#P,©® 2) > P = SPP
Closed(#P, min) - NP = UP

Closed(#P, max) V Closed(#P, min) - C_P = SPP



L € NP
=3IM:L(M) =L
= Af : f(x) = #accy(x) € #P
1€ FPAFP C #P => 1 € #P
Closed(#P,©) = g(x) = f(x) © 1 € #P
= AN : g(x) = #accy(x)



AN : g(x) = f(x) © 1 = #accy(x)
N'(x) = =aN(x)

= #accyr(x) = #rejy(x) = 2PUxXD — g(x) € #P

Closed(#P,+) = h(x) = f(x) + (2p(|x|) — g(x)) € #P

= 3K : #accg(x) = h(x) = f(x) + 2PBD — (F(x) © 1)



3K = #accg(x) = h(x) = f(x) +2PPD — (F (x) © 1)
xeL=2>fx)=0=2f(x)O1=0= h(x) =20
XEL=2fX)>0=2f(x)B1=Ffkx)—1=h(x)=2P01D 41



3K : #acc(x) = h(x) = f(x) + 2P0 — (F(x) © 1)
x ¢ L = h(x) = 2rUxD
x € L = h(x) =2P0xD 41
= L(K) =L &L € SPP
= NP C SPP
= coNP € coSPP



so coNP € coSPP

coSPP = SPP = coNP € SPP



Closed(#P,© 1) » coNP € SPP OK
Closed(#P,©® 2) > P = SPP
Closed(#P, min) - NP = UP

Closed(#P, max) V Closed(#P, min) - C_P = SPP



(P S SPPASPPCOHP

LeEdP
=3IM:L(M) =L
= 3Af : f(x) = #accy(x) € #P
2E€EFPAFP C #P = 2 € #P
Closed(#P,©) = f(x) @ 2 € #P



Closed(#P,") = 2 - (f(x) @ 2) € #P
g(x) = #rejy (x) = 2PPD —tacey, (x) = 2PD — f(x)
= g(x) = #acc_,; (x) € #P
Closed(#P,+) > h(x) = g(x) + 2 - (f(x) @ 2) € #P

= 3N : #accy(x) = h(x) = 2PPD — F) + 2 - (F(x) @ 2)



h(x) = 2P0 — £() + 2 (F(x) @ 2)
x & L= Even(f(x)) =2 - (f(x) @2) = f(x) = h(x) = 2P(*D

X €E€L> Odd(f(x)) >2-(fx)Q2)=f(x)—1= h(x)
— op(xD) —_ 1



h(x) =2°P0D — f(x) +2- (f(x) © 2)
x gL — h(x)=2r0xD

x €L - h(x)=2rp0xD 1
= L(N) =L &L € coSPP
>0 P € coSPP
coSPP = SPP =& P € SPP



DPCSSPPASPPCEH P

True






Closed(#P,© 1) » coNP € SPP OK
Closed(#P,© 2) »@ P = SPP OK
Closed(#P, min) - NP = UP

Closed(#P, max) V Closed(#P, min) - C_P = SPP



Closed(#P, min) - NP € UP A UP € NP
L € NP
=3M:L(M) =L
= 3Af : f(x) = #accy(x) € #P
1€ FPAFP C #P = 1 € #P
Closed(#P,min) = g(x) = min({f(x), 1}) € #P



g(x) = min({f (x), 1}) € #P

= AN : #accy(x) = g(x)
xeEL->f(x)=21-9x) =1
xEL->f(x)=0->g9(x)=0



g(x) = min({f (x),1}) € #P

= AN : #accy(x) = g(x)
xEL->gkx)=1
x¢L-gx)=0

= L(N)=L&L € UP

= NP € UP



Closed(#P, min) > NP € UP AUP € NP

True






Closed(#P,© 1) » coNP € SPP OK
Closed(#P,© 2) »@ P = SPP OK
Closed(#P, min) - NP = UP OK

Closed(#P, max) V Closed(#P, min) - C_P = SPP



1S...: some limplications

Closed(#P,© 1) » coNP € SPP OK
Closed(#P,© 2) »@ P = SPP OK
Closed(#P, min) - NP = UP OK

Closed(#P, max) V Closed(#P, min) - C_P = SPP






1. Closed(OptP,©)

2. Closed(OptP, op) op : Function(op, N%,N) A PolyTime(op)

3. NP = coNP



: theolren 2

1. Closed(OptP,©)

2. Closed(OptP, op) op : Function(op, N%,N) A PolyTime(op)

3. NP = coNP

Proof

3-022-11-3



FP € OptP



NP = coNP — Closed(OptP, op)

op : Function(op, N?,N) A PolyTime(op)



2: 0rool, 3 — 2

NP = coNP — Closed(OptP, op)
f,g € OptP
= ANg, Ny Vx & f(x) = MaXOutput(Nf,x) A

g(x) = MaXOutput(Ng, x)



n 2: proof, 3 = 2

NP = coNP — Closed(OptP, op)
f,g € OptP
= ANg, Ny Vx & f(x) = MaXOutput(Nf,x) A
g(x) = MaXOutput(Ng,x)
Ly = {x i) f) > i)
Ly = () : 00 > )



oroof, 3 = 2

= Ls, L, € NP

NP = coNP = Lf,L € coNP = Lf,L € NP
Lf = {(x,i): f(x) < i}

Ly = {{x,i): g(x) < i}
= aN;, Ny : L(N,) = Ly AL(N,) = L,



2: proof, 3 = 2

Turing Machine M (x)
Wy = AGuessedOutput(Nf, x)

W, = AGuessedOutput(Ng, x)

if N, ((x Wf>) AN, ((x Wg>) then return op(wf, Wg)

else return 0



Turing Machine M (x)

Wr = AGuessedOutput(Nf, x) < flx)= MaxOutput(Nf,x)
Wy = AGuessedOutput(Ng,x) < g(x) = MaxOutput(Ng,x)
if N, ((x Wf>) A Nz((x, Wg>) then return op(wf, Wg)

else return 0



m 2: proot, 3 — 2

Ny((x, wr)) A N2 ((x, wg))

= () SwrAgx) Swy = wp = f(x) Aw, = g(x)
=>wr = f(x) Aw; = g(x)

= op(wr, wy) = op(f(x), g(x))



2: proof, 3 = 2

Turing Machine M (x)
W = AnOutput(Nf, x)
Wy = AnOutput(Ng,x)

if V, ((x Wf>) AN, ((x Wg>) then return op(f(x), g(x))

else return 0



2: 0root, 3 = 2

Vx Awe, w, : we = f(x) &wy = g(x)
= Vx dwr, wy ¢ Ny ((x, Wf>) A\ Nz((x, Wg>)
= Vx dwy, wy ¢ the if condition is True

= Vx 3wy, wy, : Output(M, x) = op(f(x),g(x))



2: proof, 3 = 2

Turing Machine M (x)
Wy = AGuessedOutput(Nf, x)

W, = AGuessedOutput(Ng, x)

if V, ((x Wf>) AN, ((x Wg>) then return op(f(x), g(x))

else return 0



m 2: oroof, 3 — 2

= Vx : MaxOutput(M, x) = op(f(x),g(x))

= op(f(x),g(x)) € OptP

= Closed(OptP, op)



theorern 2

1. Closed(OptP,©)
2. Closed(OptP, op)

3. NP = coNP

Proof

3—-22-11-3



: proof, 2 — 1l

Closed(OptP, op) — Closed(OptP,©)

op : Function(op, N?,N) A PolyTime(op)




2 proof, 2 — 1

Closed(OptP, op) — Closed(OptP,©)

True

op : Function(op, N?,N) A PolyTime(op)




theorerm 2

1. Closed(OptP,©)
2. Closed(OptP, op)

3. NP = coNP

Proof

3—-22-11-3



2: proof, 1 — 2

Closed(OptP,©) — NP = coNP



Closed(OptP,©) —» NP = coNP
L € NP

=3IM: L(M) = L

1,ifx € L

= MaxOutput(M, x) = {() if x & L

= 3f : f(x) = MaxOutput(M, x) € OptP



2: proof, 1 — 3

1 € FP AFP C OptP = 1 € OptP
Closed(OptP,©) = h(x) =16 f(x) € OptP

= AN Vx : MaxOutput(N, x) = h(x)

161=0,ifxel

observe h(x) = {1 ©0=1,ifx &L



0,ifx € L
so h(x) = {1 ifx & L



oroof, 1L = 3

0,ifx € L 1,ifx € L
hx) =1, —Jbitxel
50 h(x) {1, if v ¢ = X {o, ifx ¢ L

= L(N) =L &L € NP
= L € coNP

= NP € coNP

= coNP C co(coNP)



2: proof, 1 — 3

so coNP € co(coNP)

= coNP € NP

NP € coNP

B e NP} = NP = coNP



theorerm 2

1. Closed(OptP,©)
2. Closed(OptP, op)

3. NP = coNP

Proof

3-22-11-3



theorerm 2

1. Closed(OptP,©)
2. Closed(OptP, op)

3. NP = coNP

Proved!



1. Closed(SpanP,©)

RGN BV )N op : Function(op, N4, N) A PolyTime(op)

3. NP = PH = PPN\’



Find complexity classes A and B such that,

Closed(#P,6 1) < A = B



(JdHemaspaandra, L. A. and Ogihara, M., The Complexity Theory

Companion, Springer, 2002, pp. 91-108






