Advanced Algorithms: Solution of Homework 2

. Consider the eigendecomposition: A = UAUL.
Then, A + A= NUU ' +UAU L =UN +A) UL

. Let x € R™. Then, 2" ABA "z = (AT2)"B(ATz) > 0.

. Suppose A = 0. Then A = UAU", where U is orthonormal, and A is diagonal with nonnega-
tive diagonal entries. Let V := UAY2U T (V' is symmetric and is called square root of A and
denoted by AY/?). We have VVT = V2 = A. Suppose now A = VV'T for some matrix V. Let
r€R" Wehave 2" Az =2"VV iz =|VTz|? >0.

. Consider the eigendecomposition: A = UAUT. Since the map x — U 'z is an invertible map
from the unit sphere onto itself, we have max,—; tUNU Tz = rnaxHxH:l(UT:c)TAUTx =
max||, (=1 y"Ay. The proof finishes by observing that for any y € R™ such that [jy| = 1, we
have y " Ay = S AY2 < Amax D oieq Y2 = Amag- The proof for Ay is identical.

. Let # € R nonzero. Then, ||Az||2 = 2TAT Az = ||z|2 (z/||z]) T ATA (z/]|z])) < |22 Amax(AT A).

. Consider the eigendecomposition: A =UAU". Then, ATA= A2 =UA*UT.



