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Ex. 2.37.1

`S5C CBφ ↔ CBCBφ

ϕ1 : CBφ→EBCB φ mix,Prop
ϕ2 : CB (CBφ→EBCB φ) Nec CB

ϕ3 : CB (CBφ→EBCB φ)→CB φ→CBCB φ induction of CK
ϕ4 : CB φ→CBCB φ MP 2, 3
ϕ5 : CBCB φ→CB φ mix, Prop
ϕ6 : CB φ↔CBCB φ Prop
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Ex. 2.37.3

`S5C CBφ ↔ KaCBφ

ϕ1 : CBφ→EBCB φ mix,Prop
ϕ2 : EBCB φ→KaCBφ Prop
ϕ3 : CBφ→KaCB φ HS 1, 2
ϕ4 : KaCBφ→CBφ axiom T
ϕ5 : CBφ↔ KaCBφ Prop 3, 4
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Ex. 2.37.4
`S5C ¬CBφ ↔ Ka¬CBφ

ϕ1 : Ka ¬ CB φ→ ¬ CB φ axiom T
ϕ2 : CB φ↔KaCBφ 2.37.3
ϕ3 : ¬ CB φ→ ¬ KaCBφ Prop 2
ϕ4 : ¬ KaCBφ→ ¬ CB φ Prop 2
ϕ5 : Ka (¬ KaCBφ→ ¬ CB φ) Nec for Ka , 4
ϕ6 : Ka (¬ KaCBφ→ ¬ CB φ)→Ka ¬ KaCBφ→Ka ¬ CB φ ax. K for Ka

ϕ7 : Ka ¬ KaCBφ→Ka ¬ CB φ MP 5, 6
ϕ8 : ¬ KaCBφ→Ka ¬ KaCBφ axiom 5
ϕ9 : ¬ CBφ→Ka ¬ CBφ HS 3, 8, 7
ϕ10 : ¬CBφ↔ Ka¬CBφ Prop 1, 9
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Ex. 2.37.2

`S5C ¬CBφ ↔ CB¬CBφ

ϕ1 : CB ¬ CB φ→ ¬ CB φ mix, Prop
ϕ2 : ¬ CB φ→ Ka′¬ CBφ 2.37.4, Prop, a′ ∈ B
ϕ3 : ¬ CB φ→EB ¬ CBφ Prop 2
ϕ4 : ¬ CB φ→CB ¬ CBφ Nec, ind., MP
ϕ5 : ¬CBφ↔ CB¬CBφ Prop 1, 4
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2.37.5
`S5C CBφ → Ka1 · · ·Kanφ where {ai}[n] ⊆ B

Proposition (1)

` ϕ→ ψ⇒`EB ϕ→EB ψ

Hint: ` (ϕ→ ψ) ∧ (x → y)→ (ϕ ∧ x → ψ ∧ y) & Ex. 2.18.2.

Proposition (2)

`EBCB φ→ En
Bφ, where n ∈ N

Proposition (3)

` En
Bφ→ Ka1 · · ·Kanφ where {ai}[n] ⊆ B
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2.37.5 Cont’d

Proposition (2)
CBφ→ φ

(1)
⇒ EBCBφ→ EBφ

CBφ→ EBCBφ
HS
⇒ CBφ→ EBφ

(1)
⇒ EBCBφ→ E2

Bφ

CBφ→ EBCBφ
HS
⇒ CBφ→ E2

Bφ
(1)
⇒ EBCBφ→ E3

Bφ
...

`S5C CBφ → Ka1 · · ·Kanφ, where {ai}[n] ⊆ B

ϕ1 : CBφ→EBCB φ mix,Prop
ϕ2 : EBCBφ→ En

Bφ Proposition (2)
ϕ3 : En

Bφ→ Ka1 · · ·Kanφ Proposition (3)
ϕ4 : CBφ→ Ka1 · · ·Kanφ HS 1, 2, 3
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Ex. 2.37.6.

`S5C CBφ → CB′φ iff B ⊆ B′

(⇐)

ϕ1 : CBφ→EBCB φ mix,Prop
ϕ2 : EBCBφ→ EB ′ CBφ Prop
ϕ3 : CBφ→ EB ′ CBφ HS 1, 2
ϕ4 : CB ′ (CBφ→ EB ′ CBφ) Nec for CB ′

ϕ5 : CBφ→ CB ′ CBφ ind., MP
ϕ6 : CBφ→ φ mix,Prop
ϕ7 : CB ′ CBφ→ CB ′φ Nec, distr.,MP
ϕ8 : CBφ→ CB ′φ HS 5, 7

�
(⇒)..?
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Ex. 2.39

Axiom D : ¬Ba (φ ∧ ¬φ)
Axiom D′ : Baφ→ ¬Ba¬φ

Axioms D, D′ are equivalent with respect to K

`KD D′

ϕ1 : ¬Ba (φ ∧ ¬φ) axiom D
ϕ2 : ¬Ba (φ ∧ ¬φ)→ ¬ (Ba φ∧ Ba ¬φ) 2.18.4, Prop
ϕ3 : Baφ→ ¬Ba¬φ MP 1, 2, Prop
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Ex. 2.39 Cont’d

`K+D′ D

ϕ1 : Baφ→ ¬Ba¬φ axiom D′

ϕ2 : ¬ (Baφ ∧ Ba¬φ) Prop 1
ϕ3 : ¬ (Baφ ∧ Ba¬φ)→ ¬Ba (φ ∧ ¬φ) axiom K ′′, Prop
ϕ4 : ¬Ba (φ ∧ ¬φ) MP 3, 4
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Ex. 2.40

`T D

According to 2.39, it is sufficient to show that

`T D′

ϕ1 : φ→ ¬ Ba ¬φ axiom T , Prop
ϕ2 : Ba φ→ φ axiom T
ϕ3 : Ba φ→ ¬ Ba ¬φ HS 1, 2
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Ex. 2.40 Cont’d

0KD T

`KD T

⇒

KD |= T⇒

∀M ∈ KD M |= T
2.12+
⇒

KD ⊆ T →←
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Ex. 2.41

`KD45 ¬Ba (φ ∧ ¬Baφ)

ϕ1 : ¬ (Ba φ∧ Ba ¬ Ba φ)→ ¬ Ba (φ ∧ ¬ Ba φ) axiom K ′′, Prop
ϕ2 : (Ba φ→ ¬ Ba ¬ Ba φ)→ ¬ (Ba φ∧ Ba ¬ Ba φ) Prop
ϕ3 : (Ba φ→ ¬ Ba ¬ Ba φ)→ ¬ Ba (φ ∧ ¬ Ba φ) HS 1, 2
ϕ4 : Ba φ→BaBa φ axiom 4
ϕ5 : BaBa φ→ ¬ Ba ¬ Ba φ axiom D′

ϕ6 : Ba φ→ ¬ Ba ¬ Ba φ HS 5, 6
ϕ7 : ¬ Ba (φ ∧ ¬ Ba φ) MP 6, 3
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ϕ4 : Ba φ→BaBa φ axiom 4
ϕ5 : BaBa φ→ ¬ Ba ¬ Ba φ axiom D′

ϕ6 : Ba φ→ ¬ Ba ¬ Ba φ HS 5, 6

ϕ7 : ¬ Ba (φ ∧ ¬ Ba φ) MP 6, 3
�
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