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Motivation

(Van Benthem)
“Rational agents are not those who are always correct, but those
who have an ability for the dynamics of correction.”

“Beliefs come with belief revision, an ability to correct ourselves
when contradicted by the facts.”



Motivation

§ In Dynamic Epistemic Logic we seek to study how agent’s
knowledge and beliefs change over time.

§ A related, but more philosophically oriented area of research, is
that of Belief Revision.

§ Belief Revision studies what happens when an agent is
confronted with new facts, that go against his prior beliefs

§ Belief Revision and DEL are concerned with similar subjects,
but the approach and the focus are different.

§ Belief Revision has traditionally restricted attention to single
agent, "ontic" belief change.

§ While DEL focuses on the multiagent setting, and is concerned
with beliefs about beliefs.



Motivation

§ However, at least originally, DEL was designed to model only
cases in which the newly received information is consistent
with the agents prior doxastic or epistemic state.

§ More recently, the focus of DEL has been to combine some
ideas from Belief Revision, to deal with scenarios in which
agents receive surprising new information that contradict what
they already believe.



History

§ Belief Revision is the child of two research traditions,
philosophy and computer science.

§ Belief change has been the subject of philosophy since
antiquity. Belief Revision can be seen as an attempt to
formalise Epistemology.

§ In computer science, we have databases and we need rules to
update them.

§ Furthermore, with the emergence of artificial intelligence, we
need to design rational agents.



History

§ In 1985 the paper, "On the Logic of Theory Change: Partial
Meet Contraction and Revision Functions" was the seminal
work that sparked the birth of Belief Revision.

§ It was written by Carlos Alchourron(1931-1996), Peter
Gärdenfors(1949) and David Makinson(1941), hence called the
AGM approach to belief revision.

§ Alchourron and Makinson were previously researching about
derogations of legal systems, and the hierarchies of regulations
and their logic.

§ Gärdenfors was into philosophy of science and counterfactual
reasoning.



Setting

§ Beliefs are propositional formulas.
§ Reasoning about change is done on a meta level.

§ We are not in a modal logic setting! Bφ is not in the object
language, instead we say that φ P K where K is a belief set.



Setting

§ Beliefs are propositional formulas.
§ Reasoning about change is done on a meta level.
§ We are not in a modal logic setting! Bφ is not in the object

language, instead we say that φ P K where K is a belief set.



Belief Sets

Definition 1
We define L0 to be the set of propositional formulas, generated by
some set of atoms P and the classical connectives. Let
CnpΣq “ tσ P L0|Σ $ σu be the classical consequence operator. A
belief set K is a set of propositional formulas closed under Cnpq, i.e.
CnpKq “ K.



Belief Sets

Levi
“A belief set consists of the sentences that someone is commited to
believe,not those that she actually believes in”



Belief Sets

Ex.1
if p, q P K then p ^ q, p _ q, p Ñ q, q Ñ p, p Ø q P K

Ex.2
A belief set K cannot by empty. It will always contain at least all of
the propositional tautologies!

Ex.3
A belief set K can by inconsistent. However because it is closed
under classical consequence, even adding a single inconsistency will
lead to K containing every single formula in the language. We
denote this unique inconsistent belief set KK.



Belief Sets

Ex.1
if p, q P K then p ^ q, p _ q, p Ñ q, q Ñ p, p Ø q P K

Ex.2
A belief set K cannot by empty. It will always contain at least all of
the propositional tautologies!

Ex.3
A belief set K can by inconsistent. However because it is closed
under classical consequence, even adding a single inconsistency will
lead to K containing every single formula in the language. We
denote this unique inconsistent belief set KK.



Belief Sets

Ex.1
if p, q P K then p ^ q, p _ q, p Ñ q, q Ñ p, p Ø q P K

Ex.2
A belief set K cannot by empty. It will always contain at least all of
the propositional tautologies!

Ex.3
A belief set K can by inconsistent. However because it is closed
under classical consequence, even adding a single inconsistency will
lead to K containing every single formula in the language. We
denote this unique inconsistent belief set KK.



Types of Change

The AGM approach distinguishes three types of change given a
belief set K and some new information φ.

§ Expansion of the belief set K by a formula φ, denoted K ‘ φ,
means accepting φ, even if it yields an inconsistency.

§ Contraction of the belief set K by a formula φ, denoted K a φ
means removing φ and everything that implies φ from the
belief set.

§ Revision of the belief set K by a formula φ, denoted K f φ
means incorporating φ into a new consistent belief set, that is
otherwise as "similar" as possible to K

Remark: Deliberation about the status of φ is not part of these
processes. It is already somehow been decided what to do with φ.
In a way the source of the information is considered to be
absolutely trustworthy.
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Postulates

§ The AGM theory, provides us with a set of postulates, i.e. a
series of "rationality conditions" that are meant to precisely
govern the way in which a rational agent should revise his
beliefs.

§ The guiding principle is that of minimal change or information
economy. Don’t add or remove anything from the belief set,
except what you absolutely have to.



Expansion

Expansion is in a way the simplest of the three types of change. We
will see that it has a unique and simple characterisation, and
coming up with postulates may seem unnecessary. In fact they
weren’t in the first version of AGM. However we will provide the
postulates in order to have a uniform approach for all the operators
and to make some interesting properties of expansion explicit.



Expansion Postulates

pK ‘ 1q K ‘ φ is a belief set type
pK ‘ 2q φ P K ‘ φ success
pK ‘ 3q K Ď K ‘ φ expansion
pK ‘ 4q if φ P K then K “ K ‘ φ minimal action
pK ‘ 5q For all H, if K Ď H then K ‘ φ Ď H‘ φ monotony
pK ‘ 6q K ‘ φ is the smallest set satisfying 1´ 6 minimal change
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Postulate type guarantees that after expansion we end up with a
belief set, rather than for example H, or a set of belief sets, or a
set not closed under Cn.

pK ‘ 2q φ P K ‘ φ success
Once we have decided to accept new information, it should be
incorporated into our beliefs.
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Characterisation of Expansion

Theorem 2
A function ‘ satisfies pK ‘ 1q ´ pK ‘ 6q iff K ‘ φ “ CnpK Y tφuq



Contraction

Contraction is the act of giving up a belief. This is not as
straightforward as expansion. For example suppose K “ Cnpp, q, rq
and we want to give up the belief of q. Simply removing q from the
belief set does nothing, since p, p Ñ q P Cnpp, q, rq, and q would
immediately be reinserted in the belief set.

Therefore we also have to remove everything the implies q
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Contraction

What if we wanted to contract with p ^ q?

Obviously there seems to be no reason to remove r but under the
principle of informational economy, we should give up only one of p
and q. It is not clear how to make such a choice!
In the following postulates there is an underlying assumption that
the result of a contraction is unique, however they do not give us a
way to make such a choice.
We will have to later on bring in "extra-logical" components, to
uniquely define contraction.
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Contraction Postulates

pK a 1q K a φ is a belief set type
pK a 2q K a φ Ď K contraction
pK a 3q if φ R K then K “ K a φ minimal action
pK a 4q if & φ then φ R K a φ success
pK a 5q If φ P K then K Ď pK a φq ‘ φ recovery
pK a 6q If $ φØ ψ then K a φ “ K a ψ extensionality
pK a 7q ppK a φq X pK a ψqq Ď K a pφ^ ψq min-conjunction
pK a 8q if φ R K a pφ^ ψq then K a pφ^ ψq Ď K a φ

max-conjunction
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pK a 5q If φ P K then K Ď pK a φq ‘ φ recovery
This is motivated by the principle of minimal change,i.e. remove as
little as possible. So much is retained after removal of φ,that
everything will be reincluded if we add φ again.
It is however a very controversial postulate.

pK a 6q If $ φØ ψ then K a φ “ K a ψ extensionality
The result of the contraction should not depend on the syntactic
representation.
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Contraction Postulates

pK a 7q ppK a φq X pK a ψqq Ď K a pφ^ ψq min-conjunction
pK a 8q if φ R K a pφ^ ψq then K a pφ^ ψq Ď K a φ

max-conjunction
These postulates give constraints on the behaviour of a when
contracting with a conjunction.

Theorem 3
Let a satisfy 1-6. Then it satisfies 7-8 iff we have for any φ, ψ one
of the following:
1. K a pφ^ ψq “ K a φ
2. K a pφ^ ψq “ K a ψ
3. K a pφ^ ψq “ K a φXK a ψ



Revision

The most studied form of belief change is that of revision. The idea
is that after an agent has decided to accept some new information
φ, he has to sensibly change his beliefs so that:
1. His beliefs remain consistent
2. He believes φ
3. He keeps believing as much as possible as he already did
4. He adopts as few as possible new beliefs



Revision Postulates

pK f 1q K f φ is a belief set type
pK f 2q φ P K f φ success
pK f 3q K f φ Ď K ‘ φ upper bound
pK f 4q if  φ R K then K ‘ φ Ď K f φ lower bound
pK f 5q K f φ “ KK iff $  φ triviality
pK f 6q If $ φØ ψ then K f φ “ K f ψ extensionality
pK f 7q K f pφ^ ψq Ď pK f φq ‘ ψ iterated 3
pK f 8q if  ψ R K f φ then pK f φq ‘ ψ Ď K f pφ^ ψq

iterated 4



Revision Postulates

Similar motivations to the expansion and contraction prostulates.



The Levi Identity

Theorem 4
Suppose we have functions ‘ satisfiying pK ‘ 1q ´ pK ‘ 6q and a
satisfiying pK a 1q ´ pK a 8q.If f is defined as

K f φ ” pK a φq ‘ φ

then it satisfies pK f 1q ´ pK f 8q.



Characterisation Results

So far we have not defined contraction (and revision) in a unique
way. When contracting by a formula φ, we have many candidate
belief sets as possible results. It makes sense to look for these
among the sets that fail to imply φ but are otherwise maximal in K.

The set of all maximal belief sets that fail to imply φ is denoted by
KKφ.
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Example

Suppose we only have 3 atoms p, q, r and K “ Cnpp, q, rq.
KKpp ^ qq “ tCnpp, rq,Cnpq, rq,Cnpp, q Ø rq,
Cnpq, p Ø rq,Cnpp Ø q, q Ø rq,Cnpp Ø q, rqu



Selection Function

From KKφ we can find good candidates for K a φ. If S is a
function that selects a subset of this set, we can define contraction
as below:

Definition 5
Let S be a selection function as described above. A partial meet
contraction function apm is defined as:

K apm φ “
č

SpKKφq, ifKKφ ‰ H



Partial Meet Contraction

Theorem 6
A contraction function a satisfies the basic postulates
pK a 1q ´ pK a 6q iff it can be generated by a partial meet
contraction.



Entrenchment

Entrenchment is a notion of how much "epistemic value" each
formula has for the agent. Intuitively, if an agent is forced to give
up either φ or ψ, he will give up the one he is less entrenched in.
The notion of entrenchment will help as finally define contraction in
a unique way that satisfies all the postulates.



Characterisation

Assume a binary relation ď on the maximal sets of K that fail to
imply a formula(this means that the order does not depend on the
formula we want to contract with).
A selection function is a marking-off identity for ď if:

SpKKφq “ tK1 P pKKφqK2 ď K1@K2 P pKKφqu

Theorem 7
A contraction function is based on a selection function that is a
marking-off identity of a transitive relation iff the contraction
function satisfies pK a 1q ´ pK a 8q
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