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We want efficient algoriths for these
Polynomial Operations (Multiplication, Addition, Evaluation)
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Some reperesentations
2+3z+22 - A=[2,31]

(-1,0).(0,2).(1.6)
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Fact: A polynomial of degree d can be uniquely represented by its values
in any d + 1 points. (at least d + 1)
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Algorithms vs.

Representations
Coefficients Roots Samples
Evaluation O(n) O(n) O(n?)
Addition O(n) 00 O(n)
Multiplication O(n?) O(n) O(n)
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Multiply

So we want Coef — Value representation
and then Value — Coef.
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NAINE APPROACH

{(zo, P(x0)), (1, P(w1)), - - -, (xa, P(xa))}

P(x) = po + p1& + pax® + - - + paz?

P(z) = po + p1xo +p2x3 + .- -I-pda:f)l

P(x1) = po + p1zy + pox? + -+ + paxd

P(z4) = po + p1&a + paxs + - - - + paxd
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To find the values in d + 1 point computation is O(d?)
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A nudge towards the Solution

What will happen when | compute A(zg) and A(—x¢) ?77

344z + 622 +22° + 2 +102° = (3462 + o) + x(4 + 22% 4 102*).
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A nudge towards the Solution

What will happen when | compute P(z¢) and P(—zg) 777

P(z;)
P(—z;)

3+4dx +62% 4 22° + 2 +102° = (34 62% + 2Y) + x(4 + 227 4 102%)

Pe($z2) + JIiPo(ZL'?)

Pe(z7) — i Po(z7)

Evaluate only at squares of the original points (n/2).
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The degree of P, and P, also drops to half!!
Evaluate:

A(z) .
degree <n —1 at:  +wo —wo 4wr —r1 - +Tpoo1 —Tnjaod
VARV I
Equivalently, Ae(z) and Ao(x) ¢ v,_, V2 ) V
evaluate: degree <n/2—1| 2 *o 1 ”‘ Tn/2—1
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P(x) : [po,p1,
Evaluate K

[:tl‘l, :tLEQ,

-7pn71]

'a:‘:In/Q]
P(z) = P.(2?) + 2P,(2?)

Po(2?) : [po,p2, - - - s Pr—
Evaluate (@) : [po, P2 - -, P2

[+

2
1, T,

2T
[Pe(ﬁ)vpe(z%)v s 7Pe(ng/2)]

Evaluate

P(x:)
P(—x;)

[}

PO(EQ) : [P17P3y e 7Pn71]
1735%,

P, (a:z

(2

<y Th]
[PO(Il)vpa(“”%)v . 7Po(zi/2)]
Po(z2) + 2P, (z?)

)—ziPo(xf)
i={1,2,...,n/2}
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It would be of a good complexity if there was no problem
T(n)=2-T (g) +O(n) = O(nlgn).

X the set of all points stops geting halfed after step 1.
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Solution: nth Roots of unity 2" =1

Example 4th roots: {1, -1, i, -i}
Example 2nd roots: {1, -1}
Example 1st root: {1}
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Expand the domain of the polynomials to C and everything still holds.
With the help of some equations we denote the nth- roots by the complex
2 .

numbers 1,w,w?, -+ ,w" 1 where w = €27/ And pick n = 2.
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numbers 1, w, w?

convinience.

Expand the domain of the polynomials to C and everything still holds.
oo w1 where w = €27/ And pick n = 2 for

With the help of some equations we denote the nth- roots by the complex
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_ - . -
P(xp) 1 =z 3 xy Do
P(z1) 1 2?2 o 2t g
P(za) | |1 o z2 | pe

_P(mn—l)_ _1 LTn—1 LTp_1 $Z:}_ | Prn—1 |

[ P(wo) i [1 1 1 1 1T Do 1
P(wh) 1 w w? o w" ! D1
P(UJQ) _ 1 w? wh - wﬂ(n—l) Do

_P(w-n—l)_ _i ol 2= w(n—l')(n—l)_ _pn;1_

So in cases where V is as follows we have the FFT.

A4O> «F>r «E>» «E» E DA
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IFFT

Now given the values of a polynomial computed in the roots of unity how

to go back to the coef representation 7

We solved V « Cper =Y now to solve Coer = V15 Y. How V! looks
like?
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IFFT
Po

T = w* where w = e
1 1 1 1 P(w?)
P1 1 w w? w1 P(wh)
pe |- |1 w? wt cee 2(n=1) P(?)
Pn—1 1 w”'_l w2(7;L—1) . w(n—lv)(n—l) P(w‘nfl)
Po 1 1 1 1 P(w?)
P1 1 w1l w2 . w—(n—l) P(oﬂ
P2 | = l 1 w2 w4 w—2(n=1)
Pn—1 1 w*(;H) w72<'n~1>

—(n=1)(n-1)
diAttTrog
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IFFT

So if V=1 = 1V we have that the the conjugates of the roots of unity ara
also roots of unity of we can apply the FFT with w = w™! and then divide

the resulting array by 1/n.
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Proof. We claim that P =V -V =nl:
pix = (row j of V) - (col. k of V)

n—1
— E eiij/TleikTm/n
m=0

n—1
_ § ez_]rm/nefzkrm/n
m=0

e -1 ., . .
Now if j =k, pjr = Y m_, = n. Otherwise it forms a geometric series.

n—1

[ i(j—k)T/nym

Pjk = = E (€' )
m=0
(61'1'(_7'7}{)/71)71 -1

@iT(.j*k)/n -1
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