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Setting and Motivation

m Number Multiplication
13=1101=1-224+1-2240-21 +1-2
7=011=0-22+1-224+1-21 +1.20
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m Polynomial Multiplication

A(z) = 523 + 422 + 3z + 2
B(z) = 2% +22° + 32 + 4
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Setting and Motivation

m Number Multiplication
13=1101=1-224+1-2240-21 +1-2
7=011=0-22+1-224+1-21 +1.20

m Polynomial Multiplication
A(z) = 523 + 422 + 3z + 2
B(z) = 2% +22° + 32 + 4

m Convolution

(ao,al, 0o ,ad)

k
— g = Zb —i
(bo,bl,...,bd)} (coscty-..,Ca) & C iz:;a -

O(d*) multiplications
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Setting and Motivation

Why would we? — ¢; not independent!
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Setting and Motivation

Why would we? — ¢; not independent!

co) = a()b()
c1 = agby + a1bg
co = agbs + a1by + asby

But agb; + a1bg = (a1 aF ao)(b1 aF b()) — a1b1 — apbo.
c1 needs by a single multiplication!

K Momali (NKUA) DR



Setting and Motivation

Convolution!

But
d
(a1,az2,...,aq) <= A(z) =Zazxz
1=0
Input:

m A(x) = ag + a1z + ... + agz?
m B(z) =by+ bz + ... + bgx?
Output:
m C(x) = A(x)B(z) = cp + c1 + . .. + cpqz®®

Fast Fourier Transform solves this problem in O(dlogd).
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Fast Fourier Transform
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Fast Fourier Transform

Why?
1z @5 i Qo A (z0)
1 z; z2 ¢ [ A(z)
1 zq 2% .- acg g A(zq)
We will determine zg, . .., x4 so as the above matrix (let’s call it M) has full rank!

C(z;) = A(x;)B(x;) — O(d) multiplications!
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Fast Fourier Transform

Why?
1z @5 i Qo A (z0)
1 z; z2 ¢ [ A(z)
1 zq 2% .- acg g A(zq)
We will determine zg, . .., x4 so as the above matrix (let’s call it M) has full rank!

C(z;) = A(x;)B(x;) — O(d) multiplications!

where A.(z) contains all even-terms and A,(x) contains all the odd-terms.
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Fast Fourier Transform

A(z) = 1+ 22 + 322 + 423, x0,X1, X2, X3.

A(x) = Ae(2?) + 1Ao(2?)

$2 / /( ZE2 1‘2 ;\ \‘ .T2
Ac(z) =1+ 3z Ao(z) =2+ 4z
1 3 2 4
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Fast Fourier Transform _

A(z) =1+ 2z + 322 + 423, \/Xo, —/X0, VX1, —/X1.
A(iﬁ) = Ae(x) + \/EAO(‘II:)

NI NN

Ae(z) =1+ 3z T)=2+4x

VAN VAN

K. Mamali (NKUA)




A(z) =1+ 22 + 322 + 423, 0, — Y0, &To, —i &To.

A(£V/T) = Ae(vVz) £ 3A0(V7)
A(:EZ\/_) e( \/E)ii%Ao(_\/E)

2T IVINNE

Ae(vz) =143/ Ap(£vz) =2+ 4\/x

VRN VRN
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Fast Fourier Transform

m We can calculate all d + 1 values by traversing the tree just once
= O(dlogd).
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Fast Fourier Transform

m We can calculate all d + 1 values by traversing the tree just once
= O(dlogd).
= We can simply set z = 1. Then the d + 1 points will be the (d + 1)-th

roots of unity i.e. e2m/(d+1),
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Fast Fourier Transform

m We can calculate all d + 1 values by traversing the tree just once
= O(dlogd).

= We can simply set z = 1. Then the d + 1 points will be the (d + 1)-th
roots of unity i.e. e2m/(d+1),

m We have specified the matrix M.

1 1 1 e 1

1 e2mi/(d+1)  pdmi/(d+1) .. g2mid/(d+1)
M =

i eQm’d)(dH) e4m‘d/.(d+1) . 62m'd2./(d+1)
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Fast Fourier Transform

m We can calculate all d + 1 values by traversing the tree just once
= O(dlogd).

= We can simply set z = 1. Then the d + 1 points will be the (d + 1)-th
roots of unity i.e. e2m/(d+1),

m We have specified the matrix M.

1 1 1 e 1

1 e2mi/(d+1)  pdmi/(d+1) .. g2mid/(d+1)
M =

i eQm’d)(dH) e4m‘d/.(d+1) . 62m'd2./(d+1)

m To multiply M with any vector (ag, 1, ..., aq)" the FFT algorithm
can be used!
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Fast Fourier Transform

MM* = (d+1)I

proof
Consider the k-th row of M and j-th column of M*. Then
1
e—2mij/(d+1) d
(1 627rik/(d+1) . e27ridk/(d+1)) ; — Z eZwi(k—j)/(d—l—l) )

: i=0
o—2midj/(d+1)

If £ = j then the inner product equals d + 1.

If k # j then we have the sum of a geometric series with ratio e2™(k=7)/(d+1) apd
equals zero.
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Fast Fourier Transform _

e | *
o M7 =g M

So to retrieve the coefficients of a polynomial A we just need to run
FFT using e=27/(@+1) a5 the (d 4 1)-th roots of unity.

(ao,al,.. .,ad) FFT (A(.’L‘()),A(.’L‘l), ,A(xgd))

(bo, b1, - -, ba) (B(®o), B(z1); - - -, B(%24))
O(d) mult.

(Co, Cilgoooqg ng) Ll (C((Eo), C((El), ey C(.’Egd))
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Fast Fourier Transform

Not clear yet!
m Morgenstern 1975, Winograd 1978
Need O(dlogd) additions and O(d) multiplications when d not a
power of 2.
m Papadimitriou 1979
FFT optimal when d = 2"V under certain assumptions on the FFT

circuit.
A(zo) ag
A(zy) — a
A(z2) al
A(zs) a3
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The End
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