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WHY PARAMETERIZED COMPLEXITY?

Parameterized Complexity... a new notion of feasibility?
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WHY PARAMETERIZED COMPLEXITY?

Parameterized Complexity... a new notion of feasibility?

Let's revisit some classic NP-complete problems.
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THREE NP-COMPLETE PROBLEMS

VERTEX COLORING
Instance: A graph G and an integer k > 0.
Question: Jo : V(G) — {1,...,k} : Y{v,u} € E(G) o(v) # o(u)?
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THREE NP-COMPLETE PROBLEMS

VERTEX COLORING
Instance: A graph G and an integer k > 0.
Question: Jo : V(G) — {1,...,k} : Y{v,u} € E(G) o(v) # o(u)?

It can be solved in O(n? - k") steps.
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THREE NP-COMPLETE PROBLEMS

INDEPENDENT SET
Instance: A graph G and an integer k > 0.
Question: 35S € V(G)*: Ve € E(G) l[en §| < 1?
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THREE NP-COMPLETE PROBLEMS

INDEPENDENT SET
Instance: A graph G and an integer k > 0.
Question: 35S € V(G)*: Ve € E(G) l[en §| < 1?

It can be solved in O(n**1) steps.
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THREE NP-COMPLETE PROBLEMS

VERTEX COVER
Instance: A graph G and an integer k > 0.
Question: 3S € V(G)k : Ve € E(G) |en S| > 17
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THREE NP-COMPLETE PROBLEMS

VERTEX COVER
Instance: A graph G and an integer k > 0.
Question: 3S € V(G)k : Ve € E(G) |en S| > 17

It can be solved in (1.2738)% 4 O(n) steps. (Chen, Kanj, Xia. 2010)
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PARAMETERIZED PROBLEMS

Notice that, for fixed values of k, VERTEX COVER can be solved in linear
time, INDEPENDENT SET in polynomial, while VERTEX COLORING still
needs exponential time.
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PARAMETERIZED PROBLEMS

Notice that, for fixed values of k, VERTEX COVER can be solved in linear
time, INDEPENDENT SET in polynomial, while VERTEX COLORING still
needs exponential time.

Given an alphabet X, a parameterization of ¥* is a recursive mapping
Kk:X*— N

A parameterized problem (with respect to X) is a pair (L, k) where L C ¥*
and k is a parameterization of X*.
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PARAMETERIZED SATISFIABILITY

A parameterization x of SAT:

) = number of variables in x, if xis a valid encoding
] 1, otherwise

k defines the following parameterized problem:
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PARAMETERIZED SATISFIABILITY

A parameterization x of SAT:

) = number of variables in x, if xis a valid encoding
] 1, otherwise

k defines the following parameterized problem:

p-SAT

Instance: A propositional formula ¢.
Parameter: The number of variables in ¢.
Question: Is ¢ satisfiable?
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OTHER EXAMPLES

A parameterization of INDEPENDENT SET can be defined as k(G, k) = k.
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OTHER EXAMPLES

A parameterization of INDEPENDENT SET can be defined as k(G, k) = k.

We can do the same with all the problems that have some integer in their
instances, such as VERTEX COLORING or VERTEX COVER.
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OTHER EXAMPLES

A parameterization of INDEPENDENT SET can be defined as k(G, k) = k.

We can do the same with all the problems that have some integer in their
instances, such as VERTEX COLORING or VERTEX COVER.

That way, we define the parameterized problems p-VERTEX COLORING
and p-VERTEX COVER.
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NEW & EXCITING COMPLEXITY CLASSES!

@ The classes FPT, para-NP, XP

The classes W[P] and W[SAT]

The classes W[1], W[2],..

The classes A[P] and A[SAT]

The classes A[1], A[2],..
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THE CcLASS FPT

Given an alphabet ¥ and a parameterization s : ¥* — N,
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THE CcLASS FPT

Given an alphabet ¥ and a parameterization s : ¥* — N,

(A) An algorithm A is a FPT-algorithm with respect to k if there is a
computable function f: N — N and a polynomial function p: N — N
such that for every x € 3*, the algorithm A requires

< f(k(x)) - p(|x]) steps
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THE CcLASS FPT

Given an alphabet ¥ and a parameterization s : ¥* — N,

(A) An algorithm A is a FPT-algorithm with respect to k if there is a
computable function f: N — N and a polynomial function p: N — N
such that for every x € 3*, the algorithm A requires

< f(k(x)) - p(|x]) steps

(B) A parameterized problem (L, k) is fixed parameter tractable if there
exists an FPT-algorithm with respect to x that decides L. We will
then say that (L, k) € FPT.
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THE CcLASS FPT

Given an alphabet ¥ and a parameterization s : ¥* — N,

(A) An algorithm A is a FPT-algorithm with respect to k if there is a
computable function f: N — N and a polynomial function p: N — N
such that for every x € 3*, the algorithm A requires

< f(k(x)) - p(|x]) steps
(B) A parameterized problem (L, k) is fixed parameter tractable if there

exists an FPT-algorithm with respect to x that decides L. We will
then say that (L, k) € FPT.

p-SAT is in FPT while p-VERTEX COLORING is not!

GROPHKA
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FPT-REDUCTIONS

Let (L,x) and (L', k") be parameterized problems
(with respect to the alphabets ¥ and X').
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FPT-REDUCTIONS

Let (L,x) and (L', k") be parameterized problems
(with respect to the alphabets ¥ and X').

A from (L, k) to (L', k'), is a mapping R: ¥* — (¥/)*
where
Q Vxe¥* : xels Rx) el

© R is computable by an FPT-algorithm (with respect to &)
[i.e. R is computable in f(k(x)) - p(|x|) steps]

@ there is a computable function g: N — N such that
Vx e X*: k' (R(x)) < g(k(x))
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FPT-REDUCTIONS

Let (L,x) and (L', k") be parameterized problems
(with respect to the alphabets ¥ and X').

A from (L, k) to (L', k'), is a mapping R: ¥* — (¥/)*
where
Q Vxe¥* : xels Rx) el

© R is computable by an FPT-algorithm (with respect to &)
[i.e. R is computable in f(k(x)) - p(|x|) steps]

@ there is a computable function g: N — N such that
Vx e X*: k' (R(x)) < g(k(x))

Observation: The class FPT is closed under FPT-reductions. GRAPHKA
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TWO EXAMPLES

From the definitions of the problems INDEPENDENT SET and CLIQUE we
get a straightforward FPT-reduction (since a graph has an independent set
of size k iff its complement contains a clique of size k), hence

k-INDEPENDENT SET =7 k-CLIQUE

DimiTRIS CHATZIDIMITRIOU (MPLA) PARAMETERIZED COMPLEXITY JUNE 30, 2014 13 / 49



TWO EXAMPLES

From the definitions of the problems INDEPENDENT SET and CLIQUE we
get a straightforward FPT-reduction (since a graph has an independent set
of size k iff its complement contains a clique of size k), hence

k-INDEPENDENT SET =7 k-CLIQUE

On the other hand, the classic reduction of INDEPENDENT SET to
VERTEX COVER (where a graph has an independent set of size k iff it has
a vertex cover of size V(G) — k) is not a FPT-reduction, since the size of
the parameter is not fixed.
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HARDNESS - COMPLETENESS

If Cis a class of parameterized problems,
@ (L, k) is C-hard under FPT-reductions if all the parameterized
problems in C are FPT-reducible to (L, k).

@ (L, k) is C-complete under FPT-reductions if (L, x) € C and is C-hard
under FPT-reductions.
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THE CLASS para-NP

(L,k): A parameterized problem with alphabet 3.

(L, k) € para-NP if there exists a computable function f: N — N, a
polynomial function p: N — N, and a non-deterministic algorithm that,
given a x € ¥, decides if x € L in O(f(k(x)) - p(|x])) steps.
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THE CLASS para-NP

(L,k): A parameterized problem with alphabet 3.
(L, k) € para-NP if there exists a computable function f: N — N, a

polynomial function p: N — N, and a non-deterministic algorithm that,
given a x € ¥, decides if x € L in O(f(k(x)) - p(|x])) steps.

Observation: If L € NP, then every parameterization of L is in para-NP.
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THE CLASS para-NP

(L,k): A parameterized problem with alphabet 3.

(L, k) € para-NP if there exists a computable function f: N — N, a
polynomial function p: N — N, and a non-deterministic algorithm that,
given a x € ¥, decides if x € L in O(f(k(x)) - p(|x])) steps.

Observation: If L € NP, then every parameterization of L is in para-NP.

Observation: p-VERTEX COLORING € para-NP.
(And is in fact para-NP-complete.)
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RELATION OF NP, para-NP

(L,k): A parameterized problem with alphabet ¥
(L, k) is trivial if L= 0 or L = X*

We define the of (L, k) as the problem:
(L,k)i={xe L|k(x) =i}
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RELATION OF NP, para-NP

(L,k): A parameterized problem with alphabet ¥
(L, k) is trivial if L= 0 or L = X*

We define the of (L, k) as the problem:
(L,k)i={xe L|k(x) =i}

Theorem: Let (L, k) € para-NP, be a non-trivial parameterized problem.
Then the union of finitely many slices of (L, k) is NP-complete iff (L, k) is
para-NP-complete (under FPT-reductions).
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RELATION OF NP, para-NP

(L,k): A parameterized problem with alphabet ¥
(L, k) is trivial if L= 0 or L = X*

We define the of (L, k) as the problem:
(L,k)i={xe L|k(x) =i}

Theorem: Let (L, k) € para-NP, be a non-trivial parameterized problem.
Then the union of finitely many slices of (L, k) is NP-complete iff (L, k) is
para-NP-complete (under FPT-reductions).

Corollary: A nontrivial parameterized problem in para-NP with at least
one NP-complete slice is para-NP-complete.

GROPHKA
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TWO EXAMPLES

p-VERTEX COLORING is para-NP-complete since, for any fixed k > 3,
k-Vertex Coloring is NP-complete.
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TWO EXAMPLES

p-VERTEX COLORING is para-NP-complete since, for any fixed k > 3,
k-Vertex Coloring is NP-complete.

The following parameterized problem is para-NP-complete:

p-LIT-SAT
Instance: A propositional formula ¢

Parameter: Maximum number of literals in the clauses of ¢
Question: is ¢ satisfiable?
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CONCLUSIONS ABOUT THE CLASS para-NP:

A: If P#NP, then the problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and other similar such as p-DOMINATING SET and
p-HITTING SET are not para-NP-complete with respect to
FPT-reductions.
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CONCLUSIONS ABOUT THE CLASS para-NP:

A: If P#NP, then the problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and other similar such as p-DOMINATING SET and
p-HITTING SET are not para-NP-complete with respect to
FPT-reductions.

B: Problems such as p- VErRTEX COLORING and p-L1T-SAT are not
interesting from the parameterized complexity point of view.
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CONCLUSIONS ABOUT THE CLASS para-NP:

A: If P#NP, then the problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and other similar such as p-DOMINATING SET and
p-HITTING SET are not para-NP-complete with respect to
FPT-reductions.

B: Problems such as p- VErRTEX COLORING and p-L1T-SAT are not
interesting from the parameterized complexity point of view.

C: The class para-NP is for the parameterized complexity the equivalent of
NP for classic complexity.
(And in fact FPT=para-NP, iff P=NP)
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(L,k): A parameterized problem with alphabet 3.

(L, k) € XP if there exists a computable function fand an algorithm that,
given x € X*, decides if x € L in O(|x|T(#(X)) steps.
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(L,k): A parameterized problem with alphabet 3.
(L, k) € XP if there exists a computable function f and an algorithm that,

given x € X*, decides if x € L in O(|x|T(#(X)) steps.

Observation: The problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and p-DOMINATING SET all belong in XP.
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(L,k): A parameterized problem with alphabet 3.
(L, k) € XP if there exists a computable function f and an algorithm that,

given x € X*, decides if x € L in O(|x|T(#(X)) steps.

Observation: The problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and p-DOMINATING SET all belong in XP.

Observation: The class XP is for the parameterized complexity the
equivalent of EXP for the classic complexity.
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AN XP-COMPLETE PROBLEM!

p-EXP-DTM-HALT

Instance: A deterministic Turing Machine M,
axed, and a ke N.

Parameter: k

Question: Does M with input the string x accept in

at most |x|* steps?
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FPT aAnD XP

Corollary: FPT C XP
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FPT aAnD XP

Corollary: FPT C XP

Proof: If p-EXP-DTM-HALTE FPT, then there exists a ¢ € N such that
every slice of p-EXP-DTM-HALT belongs in DTIME(n).

Then the (c+ 1)-th slice of p- X P-DTN-HALT can be resolved in
DTIME(n®).

This means that DTIME(n°t!) C DTIME(n€) and this contradicts the
Polynomial Hierarchy Theorem.
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SUMMARY: FPT, para-NP AND XP

para-NP

DimiTRIS CHATZIDIMITRIOU (MPLA) PARAMETERIZED COMPLEXITY JUNE 30, 2014 22 /49



PART 11

WIP]
W[SAT]
THE W-HIERARCHY: W[1],W[2],..
THE A-HIERARCHY: A[1],A[2],..
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K-RESTRICTED NON-DETERMINISTIC TURING MACHINES

> is an alphabet and x : ¥* — N is a parameterization.

A non-deterministic Turing Machine M with alphabet ¥, is called
k-restricted if there are computable functions £, h: N — N and a
polynomial function p : N — N, such that the machine M requires
f(k(x)) - p(|x|) steps, but at most h(k(x)) - log|x| of them are
non-determininstic.
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THE cLass WIP]

WIP] is the class of all parameterized problems (L, x) that can be
decided by a k-restricted non-deterministic Turing Machine.
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THE cLass WIP]

WIP] is the class of all parameterized problems (L, x) that can be
decided by a k-restricted non-deterministic Turing Machine.

Proposition: The class W[P] is closed under FPT-reductions.
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THE cLass WIP]

WIP] is the class of all parameterized problems (L, x) that can be
decided by a k-restricted non-deterministic Turing Machine.

Proposition: The class W[P] is closed under FPT-reductions.

Observation: The problems p-INDEPENDENT SET, p-CLIQUE,
p-VERTEX COVER, and p-DOMINATING SET all belong in W[P].
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SUMMARY: FPT, para-NP, XP, AND W|P]

FPT C W[P] C XP N para-NP GRBPHKA

DimiTRIS CHATZIDIMITRIOU (MPLA) PARAMETERIZED COMPLEXITY JUNE 30, 2014 26 / 49



A W[P]-COMPLETE PROBLEM

The weight of a string x = x1x3 - - - X,—1xp € {0,1}" is defined as
Yi=1,..nxi (i.e. the number of ones of the string).

A circuit C is k-satisfiable if there exists an input x € {0,1}" such that
C(x) = 1 and the weight of x is k.
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A W[P]-COMPLETE PROBLEM

The weight of a string x = x1x3 - - - X,—1xp € {0,1}" is defined as
Yi=1,..nxi (i.e. the number of ones of the string).

A circuit C is k-satisfiable if there exists an input x € {0,1}" such that
C(x) = 1 and the weight of x is k.

p-WsAT(CIRC)

Instance: A circuit C and an integer k > 0.
Parameter: k

Question: is C k-satisfiable?
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ANOTHER W[P]-COMPLETE PROBLEM

p-BOUNDED-NTM-HALT

Instance: A non-deterministic Turing Machine M, a x € X,
and a k€ N,

Parameter: k

Question: Does M with input the string x accept in at most
|x| steps using at most k non-deterministic steps?
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ALTERNATIVE DEFINITION OF WI[P]:

Fact 1: [(L, &)t = {(L', &) | (L', k") <PPH(L, &)}

Fact 2: p-WsaT(CIRC) is W[P]-complete.
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ALTERNATIVE DEFINITION OF WI[P]:

Fact 1: [(L, k)Pt = {(L',x") | (L', k") <IPY(L, K)}
Fact 2: p-WsaT(CIRC) is W[P]-complete.
Therefore W[P] can be defined as follows:

WI[P]= [p-WsaT(CIRC)}/?

...where CIRC is the class of all circuits.
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THE cLASS W[SAT]

PROP is the class of all propositional formulas.
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THE cLASS W[SAT]

PROP is the class of all propositional formulas.

p-WsAT(PROP)

Instance: A propositional formula ¢ and a k€ N.
Parameter: k

Question: Is ¢ k-satisfiable?
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THE cLASS W[SAT]

PROP is the class of all propositional formulas.

p-WsAT(PROP)

Instance: A propositional formula ¢ and a k€ N.
Parameter: k

Question: Is ¢ k-satisfiable?

WI[SAT]:= [p-WsaT(PROP)}/?
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THE cLASS W[SAT]

PROP is the class of all propositional formulas.

p-WsAT(PROP)

Instance: A propositional formula ¢ and a k€ N.
Parameter: k

Question: Is ¢ k-satisfiable?

WI[SAT]:= [p-WsaT(PROP)}/?

Observation: W[SAT|CW[P]
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SUMMARY: FPT, para-NP, XP, W[P], AND W[SAT]

para-NP

WP]

W[SAT]
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SUBCLASSES OF PROP

Tog={MA...AX]|1<c<d, and A,...,Ac are literals}
Agg={MV...VA|1<c<d and Ay,..., A are literals}

Fip1,49= {/\ i | 1'is a set of indices and Vig; 6; € Ar g}
icl

App14d= {\/ i | I'is a set of indices and Vig v; € Tt 4}
icl
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SUBCLASSES OF PROP

Tog={MA...AX]|1<c<d, and A,...,Ac are literals}
Agg={MV...VA|1<c<d and Ay,..., A are literals}

Fip1,49= {/\ i | 1'is a set of indices and Vig; 6; € Ar g}
icl

App14d= {\/ i | I'is a set of indices and Vig v; € Tt 4}
icl

Observation: T'g; is the class of formulas in normal conjunctive form
(CNF-formulas).
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SUBCLASSES OF PROP

Tog={MA...AX]|1<c<d, and A,...,Ac are literals}
Agg={MV...VA|1<c<d and Ay,..., A are literals}

Fip1,49= {/\ i | 1'is a set of indices and Vig; 6; € Ar g}
icl

App14d= {\/ i | I'is a set of indices and Vig v; € Tt 4}
icl

Observation: T'g; is the class of formulas in normal conjunctive form
(CNF-formulas).

Observation: I'y 3 is the class of the 3-CNF-formulas.
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THE CLASSES W([t], FOR t > 1
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THE CLASSES W([t], FOR t > 1

For every t > 1, we define: W[t]:= [{ p WsAT(T;q) | d > 1}
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THE CLASSES W([t], FOR t > 1

For every t > 1, we define: W[t]:= [{ p WsAT(T;q) | d > 1}

Observation: FPT C W[1] C W[2] C --- C W[SAT] C WIP]
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DeEPTH AND WEFT OF CIRCUITS

In a circuit C we call small gates those that have at most 2 inputs and
large gates those that have more than 2 inputs.

The of C is the maximum number of gates between an input and the
output of C.
The of C is the maximum number of large gates between an input

and the output of C.
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DeEPTH AND WEFT OF CIRCUITS

In a circuit C we call small gates those that have at most 2 inputs and
large gates those that have more than 2 inputs.

The of C is the maximum number of gates between an input and the
output of C.
The of C is the maximum number of large gates between an input

and the output of C.

Observation: depth(C) > weft(C)
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ALTERNATIVE DEFINITION OF THE CLASSES W/[t]

If d> t> 0, we define:

Cta = {C | Cis a circuit such that: weft(C) <t & depth(C) < d}

Example: 3CNF-SATe G o
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ALTERNATIVE DEFINITION OF THE CLASSES W/[t]

If d> t> 0, we define:

Cta = {C | Cis a circuit such that: weft(C) <t & depth(C) < d}

Example: 3CNF-SATe G o

Alternative Definition: (Downey and Fellows, 1991)

For every t > 1 we define W[t]:= [{p- WsaT(Cpq) | d > 1}]7¢
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A GENERAL STRUCTURAL THEOREM

p—\\'SA'I‘(\le ): we restrict the instances of p-\WsAT(I'y1) to those that
have only positive literals.

p-WsAT(I',;): we restrict the instances of p-\WsAT(I'y1) to those that
have only negative literals.
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A GENERAL STRUCTURAL THEOREM

p—\\'SA'I‘(\le ): we restrict the instances of p-\WsAT(I'y1) to those that
have only positive literals.

p-WsAT(I',;): we restrict the instances of p-\WsAT(I'y1) to those that
have only negative literals.

Theorem: If t is even, then p-WsAT(I'f,) is W[t]-complete.
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A GENERAL STRUCTURAL THEOREM

p—\\'SA'I‘(\le ): we restrict the instances of p-\WsAT(I'y1) to those that
have only positive literals.

p-WsAT(I',;): we restrict the instances of p-\WsAT(I'y1) to those that
have only negative literals.

Theorem: If t is even, then p-WsAT(I'f,) is W[t]-complete.

Theorem: If tis odd, then p-WsaT(I';;) is W[t]-complete.
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A PANORAMA OF THE CLASSES SO FAR

W[SAT]
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p-CLIQUE € W([1]

Proof. The following circuit proves that p-CLIQUE<P!p - WsaT( Cit).
(the weft of the circuit is 1)

. =% i
bl s HRR TN
/ Ao 7 \Q_}\ \ %/

0: gate AND, O: gate EQUIV GRAPHKA
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W[1]-COMPLETE PROBLEMS

WI[1] is arguably the most important class of intractable parameterized
problems, because the parameterized version of a great number of
prominent NP-complete problems is naturally complete for this class.
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W[1]-COMPLETE PROBLEMS

WI[1] is arguably the most important class of intractable parameterized
problems, because the parameterized version of a great number of
prominent NP-complete problems is naturally complete for this class.

Theorem: p-CLIQUE is W[1]-complete.
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W[1]-COMPLETE PROBLEMS

WI[1] is arguably the most important class of intractable parameterized
problems, because the parameterized version of a great number of
prominent NP-complete problems is naturally complete for this class.

Theorem: p-CLIQUE is W[1]-complete.

Corollary: p-INDEPENDENT SET is W[1]-complete.
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W[1]-COMPLETE PROBLEMS

WI[1] is arguably the most important class of intractable parameterized
problems, because the parameterized version of a great number of
prominent NP-complete problems is naturally complete for this class.

Theorem: p-CLIQUE is W[1]-complete.
Corollary: p-INDEPENDENT SET is W[1]-complete.

Corollary: p-VerTEX COVER is W[1]-complete.
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MORE W[1]-COMPLETE PROBLEMS

Theorem: The following problems are W[1]-complete.

p-SET PACKING

Instance: A finite family of finite sets S1,..., 5, and k€ N.
Parameter: k

Question: 31 € {1,...,FN : Vi 1jei SN S5 = 07

GROPHKA
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MORE W[1]-COMPLETE PROBLEMS

Theorem: The following problems are W[1]-complete.

p-SET PACKING

Instance: A finite family of finite sets S1,..., 5, and k€ N.
Parameter: k

Question: 31 € {1,...,FN : Vi 1jei SN S5 = 07

p-SHORT-NSTM-HALT

Instance: A non-deterministic Turing Machine M,
with exactly one tape and a k € N.

Parameter: k

Question: Does M halt with input the empty string in
at most k steps?

Ui
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A WJ[2]-COMPLETE PROBLEM

Theorem: The following problem is W[2]-complete.

p-SHORT-NMTM-HALT

Instance: A non-deterministic Turing Machine M,
with one or more tapes and a k € N.

Parameter: k

Question: Does M halt with input the empty string in
at most k steps?
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MORE W[2]-COMPLETE PROBLEMS

Theorem: p-DOMINATING SET is W[2]-complete.
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MORE W[2]-COMPLETE PROBLEMS

Theorem: p-DOMINATING SET is W[2]-complete.

Corollary: p-HirTiNnG SET is W[2]-complete.
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MORE W[2]-COMPLETE PROBLEMS

Theorem: p-DOMINATING SET is W[2]-complete.
Corollary: p-HiTtTING SET is W[2]-complete.

Theorem: The following problem is W[2]-complete.

p-STEINER TREE
Instance: A graph G, S C V(G)[Sk}, ke N.
Parameter: m

Question: 3R € (V(G)\ S)I=™ : G[SUR] is connected?
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MORE W[2]-COMPLETE PROBLEMS

Theorem: p-DOMINATING SET is W[2]-complete.
Corollary: p-HiTtTING SET is W[2]-complete.

Theorem: The following problem is W[2]-complete.

p-STEINER TREE
Instance: A graph G, S C V(G)[Sk}, ke N.
Parameter: m

Question: 3R € (V(G)\ S)I=™ : G[SUR] is connected?

Note: The same problem, parameterized by k instead of m, is in FPT.
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THE CLASSES A[t], FOR t > 1

We define the following natural model-checking problem for a class ® of
formulas.

p-MC(®)
Instance: A structure A and a formula ¢ € .
Parameter: |¢|

Question: Is ¢(A) # (07
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THE CLASSES A[t], FOR t > 1

We define the following natural model-checking problem for a class ® of
formulas.

p-MC(®)
Instance: A structure A and a formula ¢ € .
Parameter: |¢|

Question: Is ¢(A) # (07

For every t > 1, we define: Aft]:= [p-MC (X,
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THE CLASSES A[t], FOR t > 1

We define the following natural model-checking problem for a class ® of
formulas.

p-MC(®)
Instance: A structure A and a formula ¢ € .
Parameter: |¢|

Question: Is ¢(A) # (07

For every t > 1, we define: Aft]:= [p-MC (X,

Observation: FPT C A[1] C A[2] C --- C A[P] C XP
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RELATION OF THE TWO HIERARCHIES

p-CLIQUE, p-INDEPENDENT SET, p-VERTEX COVER, p-SET
PACKING, and p-SHORT-NSTM-HALT are all A[1]-complete.
In fact...

DimMITRIS CHATZIDIMITRIOU (MPLA)

PARAMETERIZED COMPLEXITY JUNE 30, 2014 44 / 49



RELATION OF THE TWO HIERARCHIES

p-CLIQUE, p-INDEPENDENT SET, p-VERTEX COVER, p-SET
PACKING, and p-SHORT-NSTM-HALT are all A[1]-complete.
In fact...

Theorem: W[1] = A[1]
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RELATION OF THE TWO HIERARCHIES

p-CLIQUE, p-INDEPENDENT SET, p-VERTEX COVER, p-SET
PACKING, and p-SHORT-NSTM-HALT are all A[1]-complete.
In fact...

Theorem: W[1] = A[1]

Also, p-DOMINATING SET and p-HITTING SET are in A[2].
In fact...
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RELATION OF THE TWO HIERARCHIES

p-CLIQUE, p-INDEPENDENT SET, p-VERTEX COVER, p-SET
PACKING, and p-SHORT-NSTM-HALT are all A[1]-complete.
In fact...

Theorem: W[1] = A[1]

Also, p-DOMINATING SET and p-HITTING SET are in A[2].
In fact...

Theorem: Vt > 1, W[t] C At]
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AN A[2]-COMPLETE PROBLEM

Theorem: The following problem is A[2]-complete.

p-CLIQUE-DOMINATING-SET

Instance: A graph G and k,m € N.

Parameter: k+ m

Question: Does G contain a set of k vertices that
dominates every clique of size m?
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THE TWO HIERARCHIES
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A LAST REMARK

@ The W-Hierarchy was defined as a "refinement” of NP for
parameterized problems.
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A LAST REMARK

@ The W-Hierarchy was defined as a "refinement” of NP for
parameterized problems.

@ The A-Hierarchy was defined as the analog of the Polynomial
Hierarchy.
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A LAST REMARK

@ The W-Hierarchy was defined as a "refinement” of NP for
parameterized problems.

@ The A-Hierarchy was defined as the analog of the Polynomial
Hierarchy.

For this and other reasons it is unlikely that the two hierarchies coincide.
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Thank you!

DimiTris C



