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Yroloyiowotnre IR

To mtpodypappa tov Leibni(t)z

O Leibniz mpotewve o e€nfg mpoypappo:

@ Na dnpovpynOei puo tomikn yAwooa (formal language), pe tnv omoia va prropodpe va
mepLypafiovpe OAeg TIg padnpatikég £vvoleg Ko TPOTAoELS.

@ No dnpovpynBei pia poOnpatikn Oewpia (Snradn éva odvoro artd adpata kot
GUHITEPACHATIKODG KAVOVEG CUVETOYWYNG), HE TNV OTTOlo VO LITOPOVHE Var
amodeikviouvpe OAeg Tig 0pBég pabnpatikeg Tpotdoels.

@ No amodeyBei 6TL vt 1) Bewpia eivar cvvenng (consistent), (dnAadr 6t n tpdTaon
A ko Ot A" (A A —A) Sev elvou Suvatdv va atodery el o' o) T Bewpin).
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Yroloyiowotnre IR

To mtpodypappa tov Leibni(t)z

—

Gottfried Wilhelm Leibniz
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L8l Iotopic - Ewoayoyn

Y\omoinon ... Awcoa

George Boole Gottlob Frege
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YAomoinon ... Eviaia Oewpia

Georg Cantor
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Yroloyiowotnre IR

Mn ovvémela g apelotg cuvorobewplag

Bertrand Russel

( CoReLab - NTUA) Ymo). & IoAvmh. Ampiliog 2021 7/ 422



Yroloyiowotnre IR

[poypoppo Hilbert, Yvvémeia

David Hilbert Kurt Godel
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Yroloyiowotnre IR

©¢on (thesis) Church-Turing

©¢on (thesis) Church-Turing

OAo Ta yvwoté kot dyvoota” povTéda Tng Evvolng — UITOAOYIGLHOG" eiva U oVIoTIKA
woodvvaypa (effectively equivalent).

Alonzo Church
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Yroloyiowotnre IR

AN VTTOAOYLOTLKA PHOVTEAD

&

Stephen Kleene Emil Post Andrei Andreevich Markov, jr.
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Iotopia - Eoayoyn

Halting Problem

Oeapnpa
To Halting Problem (HP) civou pn amokpioiyio.

Amddeitn).

Q@ Eotw 6t M0, 71, T2, -

.. glvou pa pnyaviotikn amapiBpnon (effective enumeration) 6Awv
TWV TPOYPOPHATOV.

@ 7 : read(n); if ,(n) terminates then loop_forever else halt

@ Awxywviomoinor.
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Yroloyiowotnre IR

YmoAoylopotnra

Oplopog

‘Eva obvodo S Aéyeton amokpiopo 1 vrtoloyioo 1 extddopo (decidable, computable,
solvable) av kot povo av vtdpyet évag ahyOplOHOG TOL CTOHATAEL 1] IO DTTOAOYLOTLKT)
pnxavr) ov divel £€0do T Tvon” yia kéBe eicodo a € S kan £€0do T ToxL" yio k&Oe eicodo o & S.

v

Oplopog

‘Eva odvodo S AMéyeton katarypaypyuo (pe pnyaviotikr yevvrtpia) (listable, effectively
generatable) av ko poévo ov LILAPYXEL pial YEVVATPL SladLkacion 1) YoV} TTov KaToypa@et
O\a ta ototyeio Tov S. TN, mbavag drelpn, Aiota €630 emitpémovtan oL eavaliPelg Kot

dev vmdipy el mepLOPLopROG Yo T Sttaln Twv oToLXEiwY.
v

IMopatrpnon
To HP dev eivaun decidable eivan opwg listable.
An6derEn: Dovetailing.
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GVl Iotopic - Elcayoyn

Avtoavopopd

e Avutr) 1 pdToot eivor Yevdrg.

o ITapadoto (xvtivopia) tov Russel:
A={x|x¢x}. ToreAc AnA¢A?

e Tov kovpéa oe éva xwpld mov Eupilel GAovg dooug dev EvpilovTat povol Tovg, ToLdg Tov

Eupiley;

@ Metamouyvidt.
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GVl Iotopic - Elcayoyn

Awxywviomoinon

@ A :n x nboolean mivakog
o di = Aii, yiouxéBe i, pe 1 < i < n.
e Di=1—d,yaxdOeipel <i<n.

@ To diavuopa D Sev eppavifetar 00te g ypoyr], 00Te wg oTHAN oTnV mivoko 4.
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Yroloyiowotnre IR

Awxywvionoinon kot Halting Problem

@ MnxavioTikr) aropiBpunom twv TpoypoppudTey He pio eilcodo:

T, M1, T2, ...

Tpagpovpe mx(y) | av 10 x-0016 Tpdypappa pe eicodo y € N teppoartilel. Apopetiké ov
Sev teppartilel ypagovpe me(y) 1.
o 'Eotw 611 umdpyel tpdypoppa halt(x, ) mov Adver to halting problem.

o 7 : read(n); if halt(n, n) then loop_forever else halt

e di:m=m

o 7Ti(i) l@ 7Ti(i) T
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Yroloyiowotnre IR

Awxywviomoineomn kot pn tAnpotnTe tov Godel

o Mnyaviotikn anopiBunon twv tonwv (otnv aptbuntkr] Peano) pe pio ehedBepn
petafAntn:
¢07¢17¢21 o

@ Yuvémelo: Av ¢ arodeiipog, tote ¢ aAndng.

IMAnpotnto: Av ¢ akndrig, 10te ¢ amodei&yog.

@(x) =""8ev vmapyer amddelEn yio ¢y (x)"
e Ji: ¢ =0o.
o ¢:(i): dev pmopet va elvon Yevdiig.
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Yroloyiowotnre IR

Awxywviomoineomn kot pn tAnpotnTe tov Godel

Oeadpnpea (un rAnpérnrag, Godel)
Kdbe ovverijc abiwpatixomroinon g apifunnikrc Peano eivou pun mAnpng. J

Znueiwon: Agv 1oveL TO TOpotdve yioe v apduntikr Presburger (;tov dev éxer tnv mpdén *).
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NGO LVal  MoOnpartiko Ynopabpo

MoaOnpoatikr) Eroywoyn

P(n): 8ot tov n € N.

T va Sei€ovpe 0tL P(n) elvan adnOng yioe k&be n € N apkel vo Set€oupe:

Q@ Enaywywn Baon: n diotnra woydel yix n = 0.

@ Enaywywo Bipo: n 1didtnta kAnpovopeitar amd to n 6to n 4 1 (av eivon ahnbng yix n
Oa eivon ko yioe n + 1).

P(0), Vn(P(n) —> P(n+ 1))
VnP(n)
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Mabnpatikd Yropabpo

Svpporocelpég, ahpafnta, YAOooES

Svpporocerpd (String)
Mrkog ovpfoloceipag: |w| =# eppavicewv copforwv.
Substring (vtooupPorocelpd)

e: xevij cupPorooelpd, T.w. [e| = 0.

IIpoBepa (prefix)

EniBepa (suffix)

*, map&Oeon (concatenation)
AlpéPnro X

ok

I'\booo L enti tov 2.

Yro. & Hohvmh. Ampikiog 2021
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NGO LVal  MoOnpartiko Ynopabpo

>Ovolo

o A= {x|P(x)}

ex¢Ad:—(xed)

@ ZopPora Aoykig: —, A, v, —, <>V, 3

e A € B (vnoctvoro): Vx(x € A — x € B)

e A=B:A<BABcA4

o A#B:—(4=B)

e A c B (yvolo umochvoAo)

o J (xevd ocvvolo)

@ Evwon (union): A UB = {x|xe A v xeB}

o Top (intersection): 4 " B={x|x€ A Ax € B}
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OGITGLCl  MoOnpatikod Yropabpo

>Ovolo

Awgpopé: A\B = {x | x € A A x ¢ B}

Soppetpicr] Awpopd: A @ B = (A\B) U (B\A)
Kapreoioavd ywopevo: 4 x B = {(x,y) | x€ A4 Ay € B}
o Avvapooovolo: Pow(4) = {B | B < 4}

Zovoro 4% HAwv TeV 0AkGY cuvapTiceny B — A.

|[A| = nA00g oToryeinwv Tov 4. I8iotnteg (Yo emepacpéva cOVOAQ):
|40 B| < |4| + |B]

|4 > B| = [4] - |B]

[Pow(4)| = 214l

|47] = |4]1¥
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NGO LVal  MoOnpartiko Ynopabpo

Yovola - AplOunoydTnTa

Avo (mbavag dmerpa) cvola A, B éxovv tov i8to mAnO&pdpo (|[A| = |B]) av vrapyer
Hix évo-TTpog-évar Ko et atetkovion 4 — B

o NZ,Q,R

ApOpnopo cOvoro: vTdpyel e Eva-pog-éva kot i atetkovion atd to N oo
oOvolo autd.

IN| = |Z| = Q|
IN x N| = |N| (Cantor)
@ To R eivou pn apburioyo dmwg ko to Siotnua [0, 1)

o [Pow(N)| = [R]
° [N— N| = N[ = [R]|

o INxN— N| = NN = NN = |R]|

o [N— {0,1} = [Pow(N)| = |R|

° [X*| =|N|

@ |o0voro bAwV Twv YAwoodhv L oto 3| = |Pow(T*)| = |R|
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NGO LVal  MoOnpartiko Ynopabpo

Y xéoelg

Oplopog

M Syuedig oxéon R oto obvolo 4 eivan éva vtochvolo tov cuvorov 4 X A: R € A x A.
IMopopoiwg, yio pio n-ped) oxéon: R S 4 x ... X A.

T TG Syeleig oXECELS, ELGAYOUHE TIG TOPAKAT® EVVOLEG:

R reflexive (avaxAaotikr): Vx € 4 : (x R x)

R irreflexive (av-avaxiaotikn): Vx € 4 : (—(x R x))

R symmetric (cuppetpikn): Vx,y € 4 : (x Ry — y Rx)

R asymmetric (acvppetpikr}): Vx,y € 4 : (x Ry — —(y Rx)), m.x. <

R antisymmetric (avtiovppetpikn): Vx,y €A : (x Ry Ay Rx —> x =y), mx. <
o R transitive (petaPotikn): Vx,y,z€ A: xRy AyRz —> xRz)
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Mabnpatikd Yropabpo

Y xéoelg

@ R equivalence (toodvvayia): reflexive, symmetric, transitive. .. =

@ R partial order (pepixr} Suktagn): reflexive, antisymmetric, transitive. .. <, &

Oplopog
Av = px oxéon woodvvaiog emni tov A, ovop&lovpe TO0 GOVOLO TV LOOSOVOU®Y GTOLXELWV e

TO X KAQOT 160SUVapLG TOV X KaL TO GOVOAO OAWV TV kKAACEwV tooduvaypiog oupfolileton
pe 4/ =.

IMopdadetypoa
H wotipio =5 eivou n oxéon woodvvaptiog 6mov x =5 y < 70 5 Stoupei akpiog to x — y. Ot

kAdoelg tooduvvapiog eivat:

{0,5,10,...},{1,6,11,...},{2,7,12,...},{3,8,13,...},{4,9,14, .. .}
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:
2XECELG

o R, transitive closure (petafoticé kAeioyo) tng R: 1 pikpdrepn oxéon R mov mepiéxet
™V R ko givon petoPatikn:
Q@ xRy=xRty
Q@ xRTyAyRtz=xRTz
@ rtimota &Mo Sev avrjker oty R extdg aud 6,11 TpokOnTel outd 1, 2

o R*, reflexive and transitive closure (avaxAaotikd kou petafatikd kAeioio):

R* := R" U {(x,x) | x € 4}
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NGO LVal  MoOnpartiko Ynopabpo

Yuvaptroelg kot Ioopoppiopol

Oplopog

M oAkn cvvaptnon foamd To cOvoro 4 6to cvvoro B (f: A — B) eivou pio oxéon

R € A4 x B tétowx ®ote yia k&be x € 4 vo viapyel akplParg éva y € B tétolo wote x R y. To
povaldikd avtd otowyeto y yio k&be x cupforilovpe cuvibug we fx) A fx 1 fr.

Oplopog

M pepikn suvaptnon famd 1o cOvoro A 6to 6Ovoro B (f': A — B) eivau pia oxéon
R € A x B tétowa ®ote ylo k&be x € 4 vo vmdpyet To oAV éva y € B tétolo wote X R .
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NGO LVal  MoOnpartiko Ynopabpo

Jvvoptroelg kot Ioopopgpiopol

Oplopog

M cvvéaptnon f: A — B ovopaletan injection (povopop@iopdc 1 1-1) av
Vx1,x2 € 4 : (flx1) = flx2) = x1 = x2)

Oplopog

M ovvéptnon f: A — B ovopdleton surjection (emypoppiopog 1 emni) av
VyeB:3dxed:flx) =y

Oplopog

M ohkr} cuvaptnon ovopdleton bijection (appylovootpavn avtiotolyio) dtav eivor 1-1
Ko emi.
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GIONOITITT LBl MoOnpatikd Yropadpo

Jvvoptroelg kot Ioopopgpiopol

Oplopog

AhyePpixn Sopr): M = (M, g1, . . ., &), OOV M pun) kevd cOvodo ko g TpdEels i) otabepég.

X N = <N7 07 S>7R = <R7 0, +>

Oplopog

M ovvéaptnon f: M — N ovopaletar opopop@iopog (homomorphism) dtav eivon 1-1 ko

ovpPatn pe g TPAEELG.
X Ri = <R+7 ]-a >7R = <Ra 07 +>

In: Ry — R,In(1) = 0,1In(a - b) = In(a) + In(d)

Oplopog

‘Evog woopop@ropdg (isomorphism) eivon pio oAikr) cuvéptnon pe tig dotnteg: 1-1, emi,

OLOHOPPLGHOG.

IMopaderypo

(N, +, *) eivon toopopikd pe (N/ =5, 4, *).

( CoReLab - NTUA)

Ymo). & IoAvmh.
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NGO LVal  MoOnpartiko Ynopabpo

Tpapot ko dévdpa

Oplopog

‘Evag ypaeog G = (V, E) anoteleital and éva nenepacpévo cOvolo V kopupdy (1) kopPwv)
Kot atd éva oOvoro E akpciv, Snhadn (evydv petad Twv mopamdve Kopugav.

m.x. [l Tov yp&yo Tov oxpatog toyveL:
V=1{1,2,3,4,5LE={{x,y} |x+y=4vx+y=T}
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NGO LVal  MoOnpartiko Ynopabpo

Tpapot ko dévdpa

Opiopdg (ZuvekTikdTnTO)

‘Evog yp&gpog ovopdleton ouvektikog (connected) av viépyet Stadpopr| artd omoradrimorte
KOpLET TOL YP&POUL TTPog omoladrrote GAAN KOpLPT).

O ypayog Tov mtponyovpevoL Tapadelypatog Sev elvat GUVEKTLKOG.
Oplopocg

‘Evag katevbuvopevog ypagog (directed graph 1) digraph) eivain évag ypagog 6mou ot akpiég
Sev eivar oA Levyn, aA\& Siaretayuéva {evyn KopLEGOV.

n.x.{(ab),(b,c)(c.,b)}a—-bSc
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Tpapot xou dévdpar I

Oplopog
‘Evag k0kAog (cycle) eivan pio kAerotr Stoadpopr). J

TN
N

Opiopdg (AkvkAKOTNT)

‘Evog yp&gpog ovopdletar akvkAkog (acyclic) av dev mepiéyet kOxAoug. J
Oplopog

‘Evag ypdgog ovopdaleton 8v8po (tree) av elvor ouVeEKTIKOG Kol AKUKALKOG. J
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MGl Mabnpoarico Yrofabpo

Tpapor ko dévdpar 11

I

/N

Oplopog
Aév8po pe pila ovopdleton éva dévdpo to omoio éxel piler, dnAadn évav kdpPo ov Sev éxel
TTPOTYOUHEVO.

EmunAéov évvoreg: tpoyovol (predecessors), amdyovol (successors), yoveig (parents), wouduk
(children), pvAAa (leaves), ecwtepikoi kOpPol (internal nodes).
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

[Meprypopny Tng LOOP

o Ae ypedlovtou dnAwoeig (declarations)

o Téooepa 10N avabécewv (assignments)
x=0,x:=y,x:=y+1, x:=y-1

Hapatijpnon:0 -1 =0, (x+1) - 1=x

o for loop:
fori:=1toydo...end
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

Mopadeiypotoa LOOP

Q Ilpdypoppa o x :=y + z (dnA. add(y, z)):
x:=y;forw:=1tozdox:=x+ lend
Q x:=y sz (dn\ mult(y,z)):
x := 0; for w := 1 to z do x := add(x,y) end
0
Q x:=y - z(Bn\ sub(y,z)): (Hapoc'rr’]pr]cr]:y lz= { ’
Yy -z
x:=y;forw:=1tozdox:=x - 1lend
Q ify = 0 thenx := 0 else x := 1 (8nA. ifnzero(y)):
x:=0;z:=0;forw:=1toydox:=z+ lend
@ ify = 0 then x := 1 else x := 0 (dn\. ifzero(y)):
x:=0;x:=x+1;forw:=1toydox:=0end

Adéoxwv: Stébng Zéxog ( CoReLab - NTUA) Yro). & HoAvmA.

y<z
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LOOP: Mo et} YAOGG® TTpOYPOPHATIGHOD

Svvtaktikd Atypéppoto tng LOOP 1

@ Variable:

o Assignment:

Ymo). & IoAvmh.

Ampikiog 2021
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Svvtaktikd Acypéppoto tng LOOP 1T

@ Program:
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Emaywyr) ko Avadpopr)

H emaywyn eivaw:

o Mé6odog anodeiEng

o A4(0): Baon

o Vn:A(n) > A(n+ 1): Enoywywxod pripoa
@ Tpomog oplopol enaywylkod mediov

o Apyikd oroyyeia (initial objects)

o IlpdEeig yio kAeiowo (closure operations)

T k&Be emarywyLkd medio propolpe vor amodetkvOoupe LWLOTNTEG TV AVTIKEHEVOV
xpnoiomoidvtog tn pébodo tng emaywyng.

( CoReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021
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Emayoyn I

Hopadeiyporo:

@ N = 70 60OVOAO TV PUGIKGOV aPLOp®V

Apyw6 otolyeio: 0

TIpé&én ya kAeiowo: successor
N={0}u{n+1|neN}

@ X* = 10 cVvolo dAwV TV strings Tov cA@éPnToL T

o apxlké oTolyeio: €, o yux k&be o € X
o mpdEelg Yo kAeiowo: concatenation

@ ZVvolo Bewpnuatowv:
o apykd oToyeio: afidpata
o mpdleig yx kAeiowo: ovpmepaocpatikoi kavoveg (inference rules)
@ X0volo dpwv ot pia pobnpatikn Bewpio:
o apyLkd oTolyeio: oTabepég Ko peTaAPANTEG
o mpdleig yix kAeiowo: ovvOeon (composition) cvvaptnoakdy cupPoAwy

( CoReLab - NT Yro). & HoAvmA. Ampikiog 2021
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;
Eroyoyn I

@ XVvtaktikd op901 ToOTOoL (Kot?\cog, optopévol, wif) oe pia Bewpio povo pe to
Kot yopnpatikd ovpforo ="

o apyikd oTotyeio: TOTTOL TNG POPYPNG OPOG; = OPOGy
o mpdEelg yio kAeiowo: tng poperig =P, O A U, & v U, & — U, $ « U, Ixd, VxP, 6mov
P, W eivon TOmOL KO X elvar peToBAnTr.

Q@ Xivolo mpoypappdtwv LOOP:

o apyikd otorxeio: g poperigx := 0,x :=y,x :=y + 1,x :=y = 1 ko 10 keVO TPOYPOpCL.
o mphEelg yio kAeiowo: " (mapdBeon), ~for" (Bpoyog)

Q@ Si={0tu{n+2|nesi}
Q@ S2={3,5}u{2n+m|mneSynn<m}
Q@ S3={0}u{n+2|neSs}u{n+5|nesSs}
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

Avadpopn I

Oplopog

Avadpopiké nedio = Emaywyucd medio + Unique parsing J

Topadeiyporo:

ON

@ To T* pe tov mapastéve oplopd Sev eivar avadpopiko.
abb = conc(ab, b) = conc(a, bb)

Opog o B* Sev eivou ovoiwdic Sipopotpevo (inherently ambiguous). Me Tov mapak&to
opiopd to XF eivan ava§popkd:

S ={c}u{walwe Z* rae X}

@ To S eivou avadpopikd eved to S3 dev eivow. mx. 10 =04+2+24+2+2=0+5+5.
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

Avadpopry I

Q A4 = {a,ab,ba}. To A* eivon emaywywkd medio acAAd ovoLwEHG Sipopoipevo ()
avadpopikd). .y aba = conc(a, ba) = conc(ab, a).

e avadpopkd medio prropovpe va opilovpe HOVOSTIHOVTA CUVOPTHOELG Y PTCLHOTOLOVTOG TT)
péBodo tng avadpopnc:

, ol=1

Q Ilapayovrtixo: i+l =nl-(n+1)

S0

ye

fln

@ Axolovbia Fibonacci:

\./\./

1
=1
2) =fln) +fn+1)
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

Avadpopn 1T

@ Zvvaptnon mapdpola pe avtr Tov Ackermann:

Sfix,,
Sy, 1
Six,,
Six,,

y+1
=x+y=x+1+1+...4+1(ypopéc)
=x-y=x+x+x+...+x(ypopég)
X =x-x-x-...-x(y popég)

X

Sy, 4) =x" (v gopéq)

0) =
)
2)
3) =

0 x+0=x , add(x,0) =x
X+ Sy = S(r+)

add(x, Sy) = S(add(x,y))
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

Avadpopn IV

o {x £0=0
XESy=x+xxy
o {i N gy:_xp ooy OTOOPO) =1
° {jigi):_ol i sgl) = x = P()
° {jggi)__lo i s =15

Adéokwv: Stédng oReLab - NTUA) Yro). & HoAvmA.
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

[Mpwrapyikn avadpopn I

ExAHa tpwTapxikig avadpopung (scheme of primitive recursion):

{ fx,0) = g(x)
f(x,Sy) = h(x’yvﬂxvy))

Oplopog
H xAd&omn tov primitive recursive functions (Tpotapyik® avadpopk®v cuvapticewy) P
elvar 1 ppoTepn KAAOT GLVAPTHCEWY TTOL:

o mepiéyel Tig e€nfg apyikés ovvaptioelg: S, P, Z, U} (ywe Ohac ta i 2 1 < i < m) xou

@ cival KAELOTH WG TPOG T GYNHATA GVUVOEGTG KAl TTPOTAPYLKNG AVASPOUNG.
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RGO LAl LOOP: Miot arthi] YAGGGW TTPOYPOPHATIOHOD

IMpwrapyikn avadpoun II

Oplopog
H xA&omn twv primitive recursive functions (tpwtapyicd avadpopikdv cuvapticewv) P
elvan 1 pkpOTEPT KAAOT) CLVAPTHOEWV TTOL:

o mepiéyel Tig e€fg apyikég cvvaptioelg: S, P, Z, Uj (yw Ohac ta i 2 1 < i < m) xou

@ cival KAELOTH WG TPOG T oYNHaTa GVUVOEGTG KA TTPOTAPXLKHG AVASPOpNG.
Atevkprvioeig:

- S(x) = x + 1 (emopevo)

-- P(x) = x = 1 (;tponyodpevo)

- Z(x) = 0 (undevikr)

- U(x1,...,x) = xi, 1 < i < n (npoPolég)

- ZovOeon: mx.: fx,y) = g(hi(x,»), ha(x, ), hs(x,y))

-- Ipwrtapyikr avadpopr: m.x.:

{f(O) =c
A1) = h(y, /)
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GGG LCAl  Kwdikomoinon

AmapiBpnon (evyov euotkdv aptBpodv I

0 1 2 3 4.

& WO DN =2 O

eLab - NTUA) Ymo). & IoAvmh.
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Yroloyoyotnta RGNS

AmapiBpnon Levy®v puoikdv aptBpdov II

o C(0,0) =0
e ((2,1) = 7 xwdwomnoinon kot Cantor
o Di(7)=2, D2(7)=1 : amokwdikomoinon

e C(m,n) = %;m“) + n,n C eivon 1-1 kou eni.

Oplopog

Mia cuvaptnon ovlevng (pairing function) C eivon pa texvikn apibpnong Levydv yio tnv
omoia vithpyovv oL avtiotpogeg cvvaptioelg (D1, D2) mov tkavomolodv Tig e€rg cuvlrikeg
yo k&b n, m, k:

D1(C(n,m)) =n, D2(C(n,m)) =m, C(D1(k),D2(k)) =k
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Yroloyoyotnta RGNS

AmopiBunon n-&dwv euotk®v aptOpdv

e C?=(, D«2 =D;
o C3(a,b,c) = C*(a,C*(b,c))
o Di(z) = Di(2), D3(z) = DI(D3(2)), D3(z) = D3(D3(2))), x.0x.

KoL YEVIKA Y 11 > 3:

C'(ar,az,. .. ,a,) = C*(ar,C" aa, ..., a,))
Di(z) = Di(z) xauywxi > 1:D!(z) = D]~} (D3(z))

T kwdikomoinon menepaopévev akoAovdLOV:

Cf(al,ag, ceeyan) = C"H(n,al,az, ceeyln)  KOK.

O1oU 1 glval To PKOG.

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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Yroloyoyotnta RGNS

Godelization (T'kevtelomoinomn)

MéBodog kwdikomoinong kata Godel mov faciletal oto unique factorization property Twv
QUGLKOV aPLOPDV:
Mopaderypo

G(4,8,3) = 2411 . 38+ . 53+1
G(2,0) = 22*!. 3!

Ko yevikd:

ap+1 a,+1
G(ao,...,an) =ps° " ...py"

Haparrpnon: H nopandve kwdikomoinorn kabdg kot 1 atokwdikomoinon propodv va yivouv
pe poypdppoato LOOP.
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[Ipcdtor aptBpoi I

Oplopog

IIp®dTog apBpudg Aéyetal £vag aképatog peyahiTepog tov 1 ov dev éxel dAAovg Soupéteg
€KTOG amtd TO 1 Ko ToV €T TOV, ELSGAAWG AéyeTon GVUVOETOG.

Ipéraon

KdBe axépaiog pueyalvrepog tov 1 eivau eite mpadTog €ite yivopevo mpidtwy apiOudy.

Oedpnpa (EvkAeidn)

O1 pddroi eivau dmerpor o€ mA0og.

Amddeitn).

‘Eotw OTL oL TpOTOL gival TemePACHEVOL O€ TATIO0G---CUYKEKPEVD P1, P2, - . . , Pu---TOTE O
aptBpodg p1ps . . . pn + 1 8¢ Sroupeiton ammd kavéva TPOTO €K TOV P1, P2 - - . P, Gpa v
TpKdTOG 1] Srartpeiton pe GAAO TPOTO, KATL TTOL gival &TOTO. O
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Ipotor apBpoi I

Ocedpnpa (Oepedicddeg Oecopnpo Apibuntixiic)

KdOe apiBudg propei va ypapei jie provadiké tpomo o€ yivéuevo mpdtwv apifudv (yr arapaitnta
SiaapopeTikdV avd Uo).

Oedpnpa (Oecopnua Teoodpwv tetparydvov Tov Lagrange)

KdOe Oetiks axéparog pmopei vor avamapaotabel wg dbpoiopia Tecoapwyv TETPaydVwY.

Eiwkaoia (Eikaocia tov Goldbach)

Kabe dpriog puoikds peyavrepos tov §vo pmopel va avarapaotabei ws to abpoioyia Svo mpatwmv.

Oplopog

Av 0 p eivon Tp®TOG KoL 0 p + 2 elvan emtiong mpwrtog toTe avtoi Aéyovtan didvpot TpdTot.
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GGIULEl  Kodikomoinon

Ipcdror aprBpoi III

Eikaoia (Eikacia twv Aildtuwv Ipdrwv)

Yrdpyouvv dreipa to mAjfog {evyapia Sidtpwv mpctwv.

Oedpnpa (Oecopnua Ipdrwv Apifucv (de la Valee Poussin, Hadamard))
Av pe 7(x) ovuPolricovpe to mAjfog Twv mpdTwv apifudy pKkpdTepwy 1j iowv Tov X, ToTE
x

ﬂ-(x) X—00 logx

Oedpnpa (Vinogradov)

Yrdpyer axépaiog N dore kdbe n mepirrég apifués peyadvrepog tov N ypdperar oav dfpoioyic
TPV ety apiucv. H xadvtepy yvoorj tyrf tov N eivar N = 3,33 x 10*3090,

Adéoxov: Stédng g (CoReLab - NTUA) Yro). & HolvmA. Ampikiog 2021
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Kodikormoinon

[Ipcror aptBpoi IV

ITopropa

KdbBe apiués peyadvrepog ard v mapandvo orabepd pmopei v ypaptei wg dBpoiopa tecodpwv
TPATOV.

Oedpnpa (Chen)

Yrdpyer axépaiog N dore kdbe n dpriog apifudg peyadvrepog tov N ypaperar oav dpotopic evég
TPATOV Katt £VOG YIVOREVOU TO TOAD 8U0 TTpdTewov aptbucdv.

Hoaparipnon: IIpéceata(2002) ot Saxena, Kayal ko Agrawal amédel&av 6tL To TpoPAinua
PRIMES eivou oo P.
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Yroloyoyotnta RGNS

AN\ e suvapTnon Kodikoroinong

Mopokdre meprypdpoupe pa akodpn ocvvaptnon ovlevéng, C:
Clnym)=2"%(2m+1)—1
Yrépyet tpogavdg mpdypappa loop mov va vrtodoyilel tn C(n, m).

Qg mpog tig avtioTpogeg cuvaptioelg D1, Do, av k eivan évag guoikdg aptbpog,
amodetcvieTon 0Tt viapyeL povadikd Ledyog n = D1 (k), m = Da(k), dote: C(m,n) = k.

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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LTVl LOOP-umoAOYioIieg Kot TPOTAPYIKEG AVUBPOPLKEG GUVALPTIGELS

Ynuaoctoloyio tpoypoppdtov LOOP

Program semantics (ocnpaocioloyia): specifications, formal verification.

Ynédpyovv tpelg pabnpatikol TpodTOL VO (AGOUVHE Yia GTjHOGLOAOY oL

e Operational semantics (Aettovpyikr) onpacioloyic)
o Denotational semantics (dnAwtikr} onpacioloyic)

o Axiomatic semantics (a€lopatikr onpaciohoyior)

Yro. & Hohvmh. Ampikiog 2021
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

Inpoctoroyio poypoppdtwv LOOP

Agrtovpyikr] onpoactoloyio

Opropot
@ LOOP,: to cbvoro twv LOOP mpoypappdtov pe HeTaPANTEG €K TOV X1,X2, . . ., Xn.

o Configuration eivai éva otoiyeio Tov N”,cuykekpyévo oL Typég Twv petapAntdv
X1,X2, ..y Xn.

e Computation eivai éva ototyeio Tov (N")*: cuykekpipéva pa ockoAovdior ctd
Sradoxiicég StapopPdoeLs.

Optopodg (Aertovpyikt} onpactoloyio)

S,: LOOP, x N" — (N")*
(n So propel va opLoTei pe TpwTapyLkt) avadpopr)

Yro. & Hohvmh. Ampikiog 2021
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LOOP-vmo)oyioiieg kot TpOTaPYIKEG GVUSPOPLKEG GUVAPTIGELS

Inpoctoroyio poypoppdtwv LOOP

AnAwTikn onpactoloyia

Opiopdg (Anhwtikn onpaclohoyio)

S4: LOOP, x N — N"
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MGG LOOP-uTo)oYioieg Ko TpOTAPYIKES XVUSPOPLKEG GUVAPTIGELS

Inpoctoroyio poypoppdtwv LOOP

Afwpatik} onpactoloyio

Assertions, Invariants

Iopaderypor 1:
(1) x:=y; (2) for w:=1 to z do (3) x:=succ x (4) end (5)

Q@ vy = a1 Az = as. BeBaiwon etcddov.

Qyv=a1rz=as AX=a.

Q@rv=airz=as Ax=a1+w—1Aw< az. Avalloiwtn Bpdyov.
Qyv=airz=axAx=a+w.

@ y=a1 Az=as AX = a1+ az. BeBaiwomn e£ddov.

Yro. & Hohvmh. Ampikiog 2021
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

Ynuaoctoloyio tpoypoppdtov LOOP

Afwpatik} onpactoloyio

Hopaderypo 2 (Pascal):
(1) z:=0; u:=x; (2) repeat (3) z:=z+y (4) u:=u-1 (5) until u=0 (6)

Befaidoeig:

Q@ x> 0 Ay > 0.Befaivon etcddov.

Q:z=0Au=xArx>0Ay>0.

Q@ z+usxy=xx*yAu>0. Avalloiwtn Bpoxov.

Q z—y)tuxy=xxyru>0.

Q@ z—y)+U+1l)xy=xxyAru=0.
Q:z+usxy=xxyAu=00nradiz=x=*y A u=0).BeBaivon e£odov.

u: ovvOnKn TeppaTiopov (termination condition) pua yvnoing ¢bivovoa cuvaptnon mov
EYYLATOL TOV TEPHATIONO 0TV U = (.
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LOOP-vmo)oyioiieg kot TpOTaPYIKEG GVUSPOPLKEG GUVAPTIGELS

LOOP-vmoAoylopoTnTa

Oplopog

Muwx ovvéptnon f: N* — N Aéyetou LOOP-voloyiciun (LOOP-computable) eév vidpyet
évae LOOP, 4 pOypappo
(X1 e ey Xny e e vy Xnm)

Ko éva i < m + n étol dote Y ke ai, az, ..., a, € N:

flai,az,...,an) = Sai(m)[ar,...,an0,...,0].
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

[Mpwrapyikég avadpopkég cuvaptroetg I

Oplopog
H xAé&on P tov TpodTtopXiK®dVv ovodpopik®V cuVapTHoe®wy ivat 1) LkpoTtepn KAGoT
GUVAPTHGEWV TTOL:

Q mepiéyel Tig e€Ng apyxikég ovvaptioelg: S, P, Z, U (ywx 6o ta n ko i < m) Ko

@ civon KAELOTH WG TPOG TAL GYAHATA TNG CVVOEGTG KAL TNG TPOTAPYIKNG VS popnc.
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

IMpwrapyikég avadpopiikég cuvaptroetg I

E&nynoeig:
S(x) =x+1,P(x+1)=x,P0) =0,Z(x) =0,
Ul (x1,X%2, ... Xn) =X, 1 <i<m

Zvvlean: flx) = h(g(x))
YeVIKG f{x1, X2, . ., Xn) = h(g1 (X1, X2, ..., Xn), - o, 8m(¥1, X2, ., Xn))

{f(()) =C

Tpwrapyikr Avadpour: N
f8y) = h(y. /)

Tevikad:

Sfx1,x2, .., x0,0) = g(x1,x2,. .., %)
f(X17X27. .- ,mey) = h(xlﬂan s axmymf(xlvx% e 7xn7y))

ASbokwv: Stédng Zéy oReLab - NTUA) Yro). & HoAvmA. Ampiiog 2021 62/ 422



POVl LOOP-umoloyioeg kot TpwTopxikés avadpopikés cuVaPTHoELG

IMpwtapyikég avadpopikég cvvaptroeig Il

Hopadeiyporo:
{add(x, 0) = Ui(x) omov h(x,y,z) = S(US(x,,2))
add(x,Sy) = h(x,y,add(x,y))
mult(x,0) = Z(x)
{mult(x, Sy) = h(x,y, mult(x,y))
6mov h(x,y,z) = add(U3 (x,y,z), U3(x,y,z))
Q@ mult2(x) = mult(S(S(Z(x))), Ui (x))
{powQ(O) =1 omov h(y,z) = muth(Ug (,2))
pow2(Sy) = h(y,pow2(y))
@ Avn g(x,y) eivou tpotapyikd avadpopkn, tote eival ko n fi
flx) = g(x,x) = (UL (x), UL () (rowromoinon opropsroom)
0 Avng(x,y) eivon mpwrapyikd avodpopkr, ToTe eivou ka1 f:
fix.y) = 8(r,2) = g(U3(x.»), Ui (x.y)) (evahharyn opiopiéeraov)
@ abs(x—y)=(x=y)+(—x)

Adéoxwv: Stébng Zéxog ( CoReLab - NTUA) Yro). & HoAvmA.
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

IMpwrapyikég avadpopiiég cuvaptrioelg IV

@ mpoonpocuvvaptricelg (sg, 5g)
9 eq(x,y) = sg(abs(x - ))

IMopatrpnon

OL sg, 58 KaL eq eival XopaKTnpLoTIKEG CUVAPTHCELS.

Oplopog

Muwx oxéon R € N” eivou mpwtapytkr] avadpopikn, av 1 xapakTnploTiky cuvapTnon Xg eivon
TPWOTOPYLKT) VA POLKT], OTTOV

1, ov(x1,...,xs) ER

X1y eonyXn) =
Xr(x1 ) 0, aAodg
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

AN eidn avadpopnc I

AxolovBia Fibonacci:
A0) =1
=1
ASSn) = f(n) + fiSh)

Avtd t0 oxrpa eivan avadpopr] aAid dev eivar Tpwtapyikn avadpopr!
ApoBaic (Mutual) Ilpwtapyikn Avadpopn

£1(0)=1 £2(0)=0
1(Sn) = f1(n) + f2(n) S2(Sn) = fi(n)
£:1,1,2,3,5,8,...  f2:0,1,1,2,3,5,...

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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LOOP-vmo)oyioiieg kot TpOTaPYIKEG GVUSPOPLKEG GUVAPTIGELS

Ao €idn avadpoprig I

Fevika: ywaj=1,...,m:

153, 0) = g )
Silxr,x2, . x0,SY) = Ri(xa, X, Y (X1, X2, Xy V),
,fm(xl,x27- .. 7x"?y))

Ajpper
Av 6Aeg o1 ovvaptijoels g kau hy eivon TPWTAPYIKES AVASPOUIKES, TOTE Kl 0L CUVAPTHOELS fj, OTwS
opilovTau amd 1o TAPATAVW CYHUA, EVaL ETIONG TPWTAPYIKES AVAOPOUIKES.
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LOOP-vmo)oyioiieg kot TpOTaPYIKEG GVUSPOPLKEG GUVAPTIGELS

Ao €idn avadpoprig 1T

Amddelln.
Xpnoupomotovpe kwdikomoinomn kot aokwdikomnoinon kot (n.x.) Cantor. Znpeiwtéov OtL

avtég (C" xan D) elvon mpwtapyikég oavadpopikéc.

Sx1,x2, 0, x0,0) = C™ (@1 (X1, -y Xn)y e o vy Gm(X1, -0 vy Xn))
Sfx1,x2, .0, x0,8Y) =
C"(hlx1, .« %0, DT (fx1, X2, -y X, 1)), « -+, D (flx1, X2, - .+, X, )],
coshmlxt, o X 2, DT (e, X2, - ooy Xy 1))s - e Dy (f1, X2, <y X, 1))

H fopiletan pe mpotapyLkr) avadpopr, eival &pa TpowTap)LKn avadpoptk.

Jfilxn,xa, .. X0, ¥) = D (flxn, X2, . .., Xu, ) KOU GUVETIOG KOL OL GLVAPTHGELG fj eivau emiong
TPWOTOPYLKEG VA POHLKES. O
v
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

Ioodvvapia tpwtapytkov avadpopkdv kot LOOP cuvaptricewy I

Oecpnua
KdOe mpwrapyixr avadpouikrj ovvdprnon eivar LOOP-vmodoyiown. J

AmdderEn: Me emaywyn ot Sopn NG oLVETAYWYLKAG akoAOUBIaG TV TPWTAPYLKOV
aVAd POHLKGOY CUVAPTHCEMV.

Iapoatnpnon
H emayoywkr) anddeién biotrag oe emaywylkd medio cvvendyetou:

Q@ amddein g 1d1oTNTOG Yo Tor apyLkd oToLyEio

Q amdden g doTnTOg Yo T v oTouyela tov dnpovpyodvTon pe TpdiEelg kAeloipatog
Ko pe oM ototyeio yio T omoio vtoBéTovpe Ot éyovy T WLOTN T
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POVl LOOP-umoloyioeg kot TpwTopxikés avadpopikés cuVaPTHoELG

Ioodvvapia mpotapytkov avadpoptkov kot LOOP cuvaptrcewv II

Q@ Apxkég cvvapTioelg

apxkég ovvaptroels | Loop-mpdypappo | petaPAinth e€65ov
S X 1= succ x X
P X :=pred x X
VA x:=0 b
Uy KEVO TPOY PO Xi

Q Xxnuata kAeloipatog

@ X0vbeon: Eoto 611 divovton ta m + 1 mpoypéppota yuo:

o “yri=gi(x,x2, .., x)"

° ...

0y = gm(x1,x2, .., X)" KU
o “z:i=h(y1,y2, .- ym)"

Tote 1 f mov opiletar pe cOVOeon o TIG g1, 82, --., Em KoL A, pe TO ox1ipa SnAodr):
f(x17x27 ... 7x’1) = h(g1(x1,x2, .. ’xﬂ)v s ,gm(X1,X2, .. 7x’1))

ptopet va virohoyiotel pe to e€nRg Tpodypoppo:

Tyri=gr(xn,xe, X)) o5 v = gm(X1,x2, 00, x0)" Uz = (L, v2, -, V)"

Lab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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NGOG LAl  LOOP-vmoAoyicijeg Kot TPWTAPYLKEG aVadPOjILKEG CUVAPTITELS

Ioodvvapia tpwtapyikev avadpopikov kot LOOP cuvaptricewv III

0 Tpwrapxkn Avadpopn: Eotw o1t divovton mpoypdppato yua 'y := g(x1, ..., Xn)" ko

Cyi=h(x, X u, )"
Tote 1) f ov opiletal pe TPOTAPYIKY avadpopr) ortd TG CUVAPTHOELG g KO A, e TO OO
dnhadn):

Sfx1,x2, ..., x0,0) = g(x1,...,xn)

f(x17x27 e 7levsy) = h(x17 e 7x)17y7ﬂx17x27 et axﬂvy))

prtopel va virohoyloTel pe To €€ TPOYpappO:

z:=xXpg1; Yy i=g(x1,x2,...,x) " foru:=1tozdo 'y := h(x1,x2,...,x,u—1,y)" end
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GG  LOOP-UToAoYioieg KOl TPOTAPYIKES XVOSPOPLKEG GUVAPTIGELS

Ioodvvapia tpwtapytk®v avadpopikov kot LOOP cuvaptrcewy I

Oecpnpa
KaOe LOOP-vmoloyiouun ovvaptnon eivar mpotapyikty avadpopxt. J

AmodelEn: Me enaywyn otn dopr) twv wpoypappdtov LOOP:

Q Apxwd mpoypapporo (evodéceig)

Apykd mpdyp. (avabéoelg) | pwt. Avadp. Zvvaprt.
v := x; (uet. e€680v y) Ul (x1,x2,...,%n)
¥ 1= succx; S(U} (x1,x2, ..., Xn))
y = predx; P(U} (x1,X2,...,%n))
y:=0 Z(Ui (x1,%2, .-y Xn))
kevd T (pet. €680 x;) U (x1,x2, ..., Xn)
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Ioodvvapia mpotapytkov avadpoptkov kot LOOP cuvaptrcewv II

@ Aopég EAéyyxov pong mpoypappotog
@ Iap&Beon (5): Eotw 611 to 71 vmooyilel Tig mpwTapyLkég avadpopikés cLVaPTHCELS g1
(petafAnTn e€O6Sov: x1), g2 (peTafAnT) eEOSOL: X2), ..., gn (HeTaPANTN eEOSOL: X,) KO OTL TO T2
vroAoyilel TNV TpwTap)iky avadpopikn covaptnon h (petafAnty e£6dov: x;).
Tote T0 TPOYPOPPR 715 T2 LITOAOYIleL:

h(gL(x1, .-y xn), s gn(x1, .o X)) = flxn, X2, . Xn)

OV EVOL TPWOTAPYLKT) AVaSPORKT) AOY® TOV KAELGIHATOG (G TTPOG 6VVOEST) GUVAPTHOEWV.
@ Ppoxog for: Eotw 6t1L T0 T vIoAOYilEL TIG TpWTApPXLKEG avadpoptkég cuvapTroels hiy
(petofAnTn e€680v: x1), Ao (petaPAntr e€ddov: x2), ..., by (peTaPAnTh e€6S0L: X,) KoL XwPig
BA&PN NG YevikoTnTOG 0G LITOBEGOLE OTL 0UTE 1) peTaPANTH EAEY)XOL W 00TE TO vy OpLo z
Sev eppavifovron 610 T (AAMOG peTatpéYte To T o€ 1oodVvapo- deg eENynon TaApaKAT®).
Tote to mpodypappa for w := 1 to z do 7 end vroloyilel Tig suvapticels fj (1 < j < n):

filx1,x2,...,%,,0) = Uj’.’(xl,...,xn)
i1, x2, 00,20, 82) = Bi(fi (X1, X0, 2)5 o fa (X1, X255 X0, 2))

7OV eivo TPWTaPYLKEG avadpopég Adyw Tov KAELGIHATOG g TPog apolPaia TPOTap)LKT
avadpopr.
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POVl LOOP-umoloyioeg kot TpwTopxikés avadpopikés cuVaPTHoELG

Ioodvvapia tpwtapyikev avadpopikov kot LOOP cuvaptricewv III

Egnynon: Av i petaPAntr eréyyov (§otw Xi) kot To dve 0plo (EoTw Xu) epgaviCovran
oto T, petatpémovpe to npdypappa for xi := 1 to x,, do 7 end oTo akdAovbo teodOvapo
npoypoppa T (looSHvapo TPodYpappa KOG TPOG TIG PETABANTEG X1, X2, ..., Xn, TOV TT):
Xp:=1;z := xp; for w := 1 to z do (* w, z véeg petaPAnTég *) m; x4 := x; + 1 end
Baowlopevol Todpa oTIg Tponyolpeveg amodei&elg yia v topdbeon mpoypappdtov kot
to Bpdyo for, propodpe evkora va deifovpe dtL kdBe o ard Tig f; (1 < j < n) Tig omoieg
vrooyilet to ' elvon mpwtapykr| avadpopr|. Emopéveg, kot kébe f; Tov 1oodVvapov
npoypappatog for x; := 1 to x,, do 7 end eivon Tpwtapyikn avadpopkr.
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Stabepé onpeio

YtoBepi onpeio I

Oplopotl
M=Mx---xM

[

k gopég

NY: 6ivoldo Twv odikdv ovvaptiicewv and to M oto N.
X: yepoxtpiotiky ovvdprnon oto M: x: M — {0, 1}
1, aeS
0, aAhdg

To oVUVOAO TV XAPOAKTNPLOTIKOV CUVAPTHGEWV 6T0 M elvat loOopop@Lkd Tov SLVAHOGUVOAOL
tov M ({0, 1} = Pow(M)).

XSt YapaKTnpioTiky ouvdptnon cvvédov S € M: xs(a) =

Oplopog

Av M, N alyePpikég dopég ToTe pia svvaptnon f: M — N ovopdleton opopopPLopog otov
eivan 1-1 kou ovpPortr] pe Tig TpdeLs.

Opiopiog

'Evog 1o0pop@lopdg eivon pio covaptnon pe Tig Wiotnteg: 1-1, emni, opopopiopoo. (Emiong
oVopGLeTon Ko avrioToLyia.)

v
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Yroloyoyotnto  [ERRLCENEITIETE

YtoBepd onpeio 1T

Atjpper (ExacvéAnymg)

Eotwae Nkarg: N — N.
Yrdpyer axpifcis pia ovvaptnon [+ N — N téroia dore:

Zynipa Eravddnyng { f0) =a ()

(Scheme of Iteration) S(8x) = g(flx))

Amddelln).

Xpnowonotdvtag enaywyr] kataokevadlovpe Stadoxitkd cLVaPTACELS fo, f1, - fis - HE
dom(f;) = {0,1,...,i}, ¢towx wote f;(0) = a xaw fi(n + 1) = g(fi(n)), ywo k&be n < i. Oleg
oLf; éxouv T1g i8ieg Tég oTo KOO TEdio opLopol touvg (cLpPoropdsfo Ef I E L E .. L).
OpiCovpe: f(n) = fu(n), Vn € N. H fixovoroiet tnv (%), dpo amodeitope tnv Orapkn.

Eotw topaf &A\n Mon g (*). Hf nepropiopévn o omolodrjmote {0, 1, ..., n} mpémel va
éxeL Tig i8ieg Tipég pe v fo. Emopévag, f(n) = fu(n) = f(n), yra k&Be n € N, &pa amodeifoye
KOlL TNV HOVOSIKOTNTA. O

v
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Yroloyoyotnto  [ERRLCENEITIETE

YtoBepa onpeio I

Ag Sovpe v tapamdve amddelEn cuvoroBewpntikd. Mio cuvaptnon eivat éva chvoro
Cevyov: F = {(x,y) | y =flx)} € N x N. Tote 7o (*) yiveton

F={0,a}v{x+1y)[3z:y=2g() A (x,2) € F}.
To 8e€16 pérog to ovpPoriovpe pe 7o (F). O tedeothig To elvon To oxrpa opiopod.

O woupLopdg tov AMpporog eavaAnymg eivan o e€nig: F = 70 (F), Snhadr to 1o éxel orabepd
onpeio.

To AMjppa emavdAnyng eivar cuvénewx tov e€ng yevikdtepou Bewprpatog:

Oprlopdg (Zvveyng teleotnc)

Eotw Uy € Uy € Uz S ... pia advoide (chain) vmoouvodwv tov M. Aépe 6t o TeheoTr|g
7: Pow(M) — Pow(M) eivon cuvexng av yux k&be cdveida Up € Uy € Uz S ... o0
Pow(M) wyser 7({U}) = U{r(U))}.
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Yrohoytowotnte  [ERCEN R TN

YtoBepd onpeio IV

Oedpnpa (Etabepov onpeiov: Tarski-Knaster, Kleene)
KdBe ovveyric tedeatric T: Pow(M) — Pow(M) éxer arabepd onueio tnv
F=U{r'(@)|ieN}.

Mapaderypa: Eotw n cuvdptnon:

fact(0) =1
fact(Sn) = (n+ 1) = fact(n)

JuvoloBewpnTikd £xovpe:
FACT={(0,1)} u{(n+1,(n+1)*k) | (nk) € FACT}
1 oovropo: FACT = 7(FACT), 6mou:

T(X)={0,1)} u{(n+1,(n+ 1) xk) | (n k) € X}.

ReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 77/ 422



(TSI Stobepd onpeio

YtoBepi onpeioe V

Me xprion tov Bewprpatog otabepod onpeiov AapPavoupe:

(@) =

(@) = 7(2) = {(0,1)}

(@) = 7(r(@)) = 7({(0, D}) = {(0, D} L {(1,1)}
(@) = 7(r(r(2))) = {(0, D} L {(1,1),(2,2)}

(@) = r(r(r(r(2)))) = {(0, D} U {(1,1),(2,2), (3,6)}
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Yroloyoyotnto  [ERRLCENEITIETE

YtoBepd onpeio VI

Ipokepévou va epappocovpe PéPaia to Becdpnpa otabepod onpeiov Ba mpémet va dei€ouvpe
Ot 0 teheothg T givon ovveyxng. [pdypartt:

UX {0, D)} u{(n+1,(n+1)%k) | UX}

O,D}u{(n+1,(n+1)=k)|i: (n,k) € Xi}

{
«mn}uLym+44n+n*kn(m@ex}

U {0, D} u{(n+1,(n+1) k) | (n,k) € X;}
Urx
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Yroloyoyotnto  [ERRLCENEITIETE

StoBepd onpeio VII

‘Evog &AAog Tpdmog xpriong tov Bewprpatog otabepol onpeiov eivon yio va dei€ovpe 6tL * '
HLkpOTEPT) KAGOT) TTOL TTEPLEXEL ... KoL elva KAELGTH) WG TPOG ..." opilel povooripavta pia
khéon P: Eoto C pia onowadirote kAdon cuvapticewv. Eotw v(C) n xAdon twv
ouvapTNoewVy oL AapPavoupe av eQappHOCOLHE Hic popd To oxpa TG cvvBeong o
cuvaptioelg and to C. Eotw p(C) n kAdoT Tov cuvapTroewy mov Aapfdvoupe av
eQOPHOCOLHE Pt Popd TO oYU TPWTaPYLKAG avadpopr|g oe cuvaptioelg and to C. Eotw
A n ¥héon Tov apyikedv cvvapticewv: 4 = {S, P, Z, U'}.

Tote n P eivou o eAdyloto oTabepd onpeio g
P=4u~(P)up(P).
To P katackevAleTOL e EMOAVOANTITIKY EQOPHOYT) TGOV 7Y KAL P

P =40 7(4) U p(A) U YA U A(A) U p(A)) U p(A U (4) U p(d)) U ...
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TIpoypappara WHILE ko pepucég avadpojiticég ouvaptrioelg

YmoAoylopotnra

Oeapnpa

Yrdpyovv " vmodoyioweg” cuvaptijoeis mov Sev eivan TpOTAPYIKES AVAOPOpIKES.

Amddel€n: Alywviomoinor.

@ MnxavioTikn) amopiBpncon TpoTapyLKOV ovadpopLKOV GUVOPTHCEOV: Yo, Y1, P2, ...

@ OpiCoupe: flx) = @x(x) + 1
H feivan * vmoloyiown".

e Eotw 0111 felvou mpotapyikn avadpopikt], &pa epgaviletal 6Tnv Tapandve
pnxovietiky amapifpnon. Eotw m.y. 6t évag deiktng g feivar y, dniad ¢, = f.
Egappooe tnv foe oplopa y:

£ 0) =f0) = () +1  Aroro

eLab - NTUA) Yro). & HolvmA. Ampikiog 2021
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VOOt RVl [1poypéppotar WHILE kon pepiicég avadpopikég ouvoptioelg

YmoAoylopotnTo

Mapaderypa prog oAtkng (optopévng yia 6Aovg Tovg Puotkods aptbpoivs) vitoloyiong
ouVapTNoTG oL OHWG dev eivon TpwTapyLkn avadpoutkn eivar 1) e€ng cvvapTnon f:

f(xvya 0) =Sy

fx,0,1) =x, f(x,0,2)=0, f(x,0,8881) =1
Sx, Sy, 8n) = f(x, fix,y, Sn), n)

H napandve cvvaptnon fovyyevedel pe tnv mepignun cvvaptnon tov Ackermann A:
A0,n)=n+1
A(m,0) =A(m —1,1)
A(m,n) = A(m — 1,A(m,n — 1))
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VOOt RVl [1poypéppotar WHILE kon pepiicég avadpopikég ouvoptioelg

Avaykn vo emtekTao0pE a0 OALKEC OE PEPLKES GUVOPTIOELG

O tpodmog vo amogyovpe Tnv avtigaon (px(x) = px(x) 4+ 1) Tng Sraywviomoinong eivon va
emtpéPoupe pepikég (partial) cuvaptroelg, dniadn cvvaptrioelg ov dev eivar katé avaykn
OpLOHEVEG YLt OAOVLG TOVG PuOLkODG aptBpodg N.

YouvrBwg xpnoiporolovpe Tovg akdAovBouvg cupfoliopoig dtav 1 cuvaptno fdev eivor
OPLOPEVT YL TO OPLOHAL X:

Hf amoxivet (diverges) yia to x, f(x) 1, 1f axdua to mpdypappa yio tv f Sev
OTaOTHEL

To oxrpata 6OVOeoNG KoL TPWTAUPYLIKNG AVASPOTG YEVIKEDOVTAL KATA TTPOPAVT] TPOTO.
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DGONONTITI G LAl [Tpoypiypata WHILE ko pepiicég avadpopikég cuvapTrioelg

Ipoypappatoa WHILE ko pepuicég avadpopikég cuvaptnoelg I

e Ouassignments akpipag idieg 6mwg otn yAwooa LOOP.

@ program:

E assignment J
L whileH variable |—>C7$ 0 doH program

)
J
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DGONONTITI G LAl [Tpoypiypata WHILE ko pepiicég avadpopikég cuvapTrioelg

Ipoypdyporae WHILE xou pepikég avadpopikég ovvaptnoelg 11

Onwg eivan yvwoto, eivan duvatov n exktéheon evog mpoypdppatog WHILE va pnv otopotdel
TOTE.

Mopb&derypo

H +/x : N — N, g pepixi cuvéptnon, opileton (ctapordet) péovo av to x eivar téhelo
TETPAYWVO:

y:=0;z:= abs(x — y*); whilez # 0 do y := y + 1; z := abs(x — *) end

Ynpoactoroyia yio wpoypbppora WHILE ko akoro0Bwg 1 évvora tng WHILE-vmtoAoyioiung
GLVAPTNONG HITOPOVY VO OPLETOVV pe TAPOROLO TPOTO, OTTWG Kat Yia Toe LOOP-poypbppato.
H xAé&on tov WHILE-vnoloyiopov cuvaptioewny cuprepthoapPfdvel kow OAeg Tig
LOOP-vmoloyioipieg cLVOPTHOELS.
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LMLVl TIpoypappata WHILE ko pepuicég avadpojiticég ouvaptrioelg

p-oXNpo

O eloayGyoupe TOPA EVaL VEO CYNHAL, TO [L-GXTIQ 1) CXNHA XTEPLOPLOTNG
elaxiotonoinong (unbounded minimization).

IMopdadetypoa

Vx = pylabs(x — y*) = 0], Snhady to pikpbdTepo y, dote abs(x — ¥*) = 0, av vrdpyel TéTolo
¥, el8OAAWG 1) Tr] Sev eivan opLopévn.

Tevikdg: f(x1, .y xn) = wy[h(x1, ..., %, ») = 0].

H f'umopel va punv eivan opropévn yio Svo Adyoug: eite n) h dev eivan moté = 0, eite 1) & Sev
eivan kéurov opropévn pwy va Ppedel éva y yux to omoio A = 0.
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DGONONTITI G LAl [Tpoypiypata WHILE ko pepiicég avadpopikég cuvapTrioelg

Mepuiég avadpopLkég cLVAPTHOELS

Oplopog
H xAdon PR twv pepikdv avadpopik®dv cuvaptioemv (partial recursive functions) eivon
1 pkpOTEPT KAQOT) TTOL:

a) mepthopPavel Tig opxkég ovvaptiosis: S, P, Z, UY

B) eivar kAewoTh) wg mpog N 6HVOEST, TNV TPOTAPYLKN XVASIPOPTN KoL TO [1-CXAHOL.

ab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 87/ 422



DGONONTITI G LAl [Tpoypiypata WHILE ko pepiicég avadpopikég cuvapTrioelg

Mepukég avadpopikég ovvaptioelg |

Oecpnpo
Mia pepixrj ovvaptnon eivon WHILE-vroAoyiown avy eival epikt avadpopixi. J

Am6derEn (okeleTog):
Me emaywyr], TOPOpOiwG He TIG TPOTyoUHeVeG amodeielg ng toodvvapiog Twv
LOOP-vmoAoyioev Kot TV TPOTOPYLKOV OVOSPOULKOV GUVOPTHOTEMV.

IIpdoBeteg 1déeg:

<=: flxr, ... xn) = pzfh(x1, ..., x4,2) = 0]
HITOpEL VO UTTOAOYLOTEL PE TO TTPOYPOpOL:
z:=0; "y :=h(x1,...,%s,2)"; whiley # 0doz := succz; "y := h(x1,...,Xs,2)" end
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TIpoypappara WHILE ko pepucég avadpojiticég ouvaptrioelg

Mepukég avadpopikég ovvaptioetg 1T

=: while x; # 0 do 7 end
vroloyilet v fi(x1, . . ., X, V(X1, . . ., X)) [00VOeON], OOV Y 1 < @ < ;e

Silx1, .., x, 0) = Ui (x1, - . ., x0) [opotPoio tpwtapyikr avadpopr]
Silxi, oo X0, S2) = hi(fi(x1, -y Xny2)y oo fu(X, e X, 2))
[z = ap1Bpog emavadiPewv Bpodyov]

kot v(x1, ..., Xy) = pzlfe(x1,...,x4,z) = 0]
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QTR Bl Tpoypéyiparac WHILE ko pepiicég avadpopikég cuvapTrioelg

Avadpopkég Zuvaptroelg kot Zyéoelg I

Oplopog
H olixn) cuvéptnon A(X,y) etvou kavovikn (regular):

VX 3y h(¥,y) =0

IMopatrpnon
H f(%) = py[h(X,y) = 0] eivou opropévn yia k&e X yia o kavovikr) cuvéptnon .

Oplopog
R: 1 pikpOTEPT KAAOT) GLVAPTHCEWY TOVL
a) mepthapfaver g S, P, Z, Uf, ko

elvon kAelo T WG TPOg T 6OVBEST), TNV TPWOTAPYLKT] AVOSPOUT KOL TO (-
1) WG TTPOG 1 1, TV TPOTAPYIKT) poun XM
(epoppolopevo povo) o€ KAVOVIKEG CUVAPTHOELG.
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Avadpopukég Zuvaptroelg kot Zyéoelg II

Oecpnpua
HTR nepidapfaver axpifcss exeives Tig ovvaprtrioeis s PR mov eivan 0Aikég.

Amodelln.

‘Eneton and to Oempnpa Kavovikng Mopeng Kleene (Kleene Normal Form Theorem) O
v

Oplopog

Muwx oxéon (1] éva 6Ovolo) eivan avadpopikn av 1 xapaktnplotiky g (1) Tov) cLVEpTNOT
eiva (oAikr)) avadpopkr.
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H yAoooca GOTO I

Mia tepropiopévn yAwooo GOTO:

@ petafAnTtég ko evtorég avdBeong omwg otnv WHILE.

o label 4@} . .

@ program

# 0 then goto

I

s

Ymo). & IoAvmh.
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H yAooca GOTO II

IMapatnpnoeig:

o O evtorég tov mpoypappdtov GOTO eivor apibunpéveg pe Siadoxiiég labels
apyxifovrtag amd to .

e H vroloyiotikn extéleon evog GOTO mpoypapHaTOg GTApHATEEL OTAY EKTEAECTEL EVOX
goto /; kou xaypio evroAr] Sev eivon apOpunuévn pe label /.

AN\ i0080vapa vtoloyloTikd povtéda amoteAodv 1.y. pia yAddooo assembly, 1) piot yAdooo
cuvaptnookr 6mwg 1 LISP.

Olo awtd o povtéda eivor pnyavioTikd 16odOvape. Mepikd KOG XOPOKTPLOTIKE QUTOV
TV HOVTEAWV elval Tr.).:

@ VTETEPULVIOTIKN LITOAOYLOTIKY akoAovbia oe Srakprtd frpata.

@ TENEPACUEVO GUVOAO EVIOADMV TTOV HITOPODV VA EKTEAEGTOVV aTTd KAITTOLOV
ene€epyaotn (AvOpwmo 1) pn).
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Mnyxavég Turing (T.M) I

O1 Baoikég Aettovpyieg pag TM eivau:

o AwkPace To TTEPLEXOHEVO TOV TPEXOVTOG KOUTLOD
o T'pae 11 0 6To TpéYOV KOLTAKL

o Kave tpéxov to apécwng apiotepdtepo 1) 10 apéowg de€ldTepo KOLTAKL

H TM éxe1 éva menepacpévo aplbpd ecnteplkdv kataotdoewy (internal states):

Q: {q07q17"'}

Ipoypoppao pog TM: eivar éva cbvolo amd teTpadeg g popens {gi, e, d, g;y dmov

gi,qi € Q,e€ X, de A =3 J{L, R} pe tov e€fig cuvaptnoLokd (VIETEPULVIOTIKO) TEPLOPLOUO:
T k60 (gi, €) vdpyxer To oD éva {d, g;) éToL dote N tetpdda {gi, e, d, q;) va aviikeL 6T0
npdypoppa, dnAadn tpdkerton yio i cvvaptnon petdPaong (transition function)
0:0xX—>A4x0.
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Mopodeiyporo TM I

Topadevypor:

L ={0,1}, 0 ={q0,q1}

Tpoypappa: {(go,1,0,41),¢q1,0, R, g0y}

Eicodog: memepacpévog aplBpdg Stadoxikcdv “ 1" 6o Tor vitdAoLTa KOLTaKLe TEpLExouy 0"
ApYIKN KATAOTAON: o

Apykny 0éon kepaAig (Tpéxov kovtdkt): To aplotepdTepo 1"
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopadeiyporo TM 1T

IMopdaderypo vtodoyioTiknig akorovbiog, dnAadn vopung axorovbiog amd oTrypdoTLITA:

...0011100
go
.0001100
g
.0001100
go

.OOOq/:OlOO
.00004g0100
.00004¢:000
.00000¢g0000 halt

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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Mopadeiyporo TM III

Ye k@Be TM pmopodpe va avtiotolyicovpe pia pepikr) ovvéptnon and to N oto N. H eicodog
n € N nopiotdveton pe n 4 1 Sadoyikd 1 (¢Tor o aptbuodg 0 mapiotdvetat pe 1). Sav apyikod
OTLYHLOTUTIO £XOUHE TNV KEPOAT] (TpéYOV KOoLTGKL) Var SeiyVeL 6TO aploTepOTEPO 1 KarL v
Bploketar oty katdotaon go. Zav é£0do AapPdvouvpe To GuvoAkd apBpd and 1 ov
Bploketan otnv Touvia, dtav Ko €4y 1) o) oTopATOEL
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Mnyavég Turing kot GAhot LTOAOYIGTUKK POVTEAQL

Mopadeiypotoa TM IV

IMopaderypo
No kataokevaotel proe TM tov vitoAoyilel to 2 * x.

60 0o 12 12 1 1 0

I6éa: 1 11

H TM 6a epydleton oOppover pe To Tapokite mTpdypaipic (To 0moio ypaetot Tevto TpoTe
o€ Grumnn yAwooa vnioo enuédov):
apyikomoinon; (Siypagr Tov mpdTov 1)
while eicodog<>0 do
Sidypae éva 1 and eicodo;
petaxivnoe kepadn ek mépar amo eicodo xou éEodo;
mpéobeoe Svo 1 atnv ééodo;
LeTakivoe Kepadl apiotepa mépa amo éEodo kai eicodo
end
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopadeiypotoa TM V
< qo 1 0 q1 >
< g1 0 R q2 >
<gq2 1 0 g3>|hatyuww<gz 0>
< (g3 0 R gqu>
< g4 1 R qa>
<gqs 0 R ¢g5>
< g5 1 R g¢g5>
<gs 0 1 qeé >
<ge 1 R gg>
< gs 0 1 q7 >
< g7 1 L qr >
<qr 0 L gs>
< gs 1 L qs >
< gs 0 R ¢g2>

ITivakag: Hpoypappa TM napadeiypoatog oe popen tetpddwv
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopadeiyporo TM VI

0 R/q2 R/qs | R/gs | 1/q6 | 1/q7 | L/qs | R/q2
1| 0/q1 0/g3 R/qs | R/g5s | R/qe | L/q7 | L/qs

ITivakog: TM o popen mivako
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopodeiyporo TM VII

start— @ qs 6]40 qs 1—-R

1-0 1-0 0—1
0—R 0
D@ @D
0—R 0—1
0—L
1—-1 Cl98 i(‘ﬁ)

1—-1L

Sxnpo: TM oe popen) Sty pappatos Katas Thoewy
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Mopodeiyporo TM I

310 embpevo mapddetypa to ahpéPnto etvon ¥ = {0,1, L},
H eicodog ko 1) €€080¢ kwdikomolovvtan 6To dvadiko cvoTnpa.
Iopaderypo: No katackevaotel pioe TM mov vohoyilet to x + 1.

H TM 6o epyaletor oOp@wva pe TO TOpaKATe TPOYPOppoL:

Kave tpéyov to xovrdxki e tedevtaio avpPolro tng 10080V X;
repeat
Av tpéyov Kovtdki Exel LI, ypaye 1 Kk oraudre;
Av tpéyov KovtdKki xel 1, ypdie 0, Kave Tpéxov To auéows
QAPIOTEPOTEPO KOVTAKL, KOtl KPATOUUEVO := 1;
Av tpéyov kovtdki xel 0, ypde 1, Kave Tpéxov To apéows
QPIOTEPOTEPO KOVTAEKL, Kol KPATOUUEVO := 0;
until kparovuevo = 0;
Kave tpéyov 1o kovrdki pe mpato ovpPolro tov x + 1 kau oraudra;
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Mopadeiyporo TM 1T

start—> 0,1 >R

0,1->1L

' Halt

u—R
Sxnpa: TM oe poper) Sty pappatos KaTao Thoewmy
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopadeiyporo TM III

IMapaderypa Aettovpyiog pe eicodo x = 1011:

(0,1011) (q0,1011) (g0, 1011) F (go,1011)
= -

(g1, 1000)

|_
(q0,1011y) +  (q1,1011) (g1, 1010)
(q2,1100) I

(g2,01100) +  (HALT,1100)
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Mopadeiypotoa TM IV
< qo 0 q0 0 R >
< qo 1 q0 1 R >
< qo ] q1 ] L>
< q1 0 q2 1 L>
< q1 1 q1 0 L>
<q1 [ Halt 1 S >
< g2 0 q2 0 L>
< q2 1 q2 1 L>
< g2 L Halt o R>

ivaxog: Hpéypoppo TM

L o [ 1 [ o |
go || (90,0,R) | (g0, LR) | (g1, L)

q1 (g2, 1,L) | (q1,0,L) (Halt, 1, S)
q2 (g2,0,L) | (g2,1,L) | (Halt, u,R)

ITivokog: TM o popen mivako
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

Avtictoyio tpoypoppétov WHILE ko TM

WHILE - ntpoypappo [

avtioctoiyn TM

suce(x)

kevr) TM

pred(x)

{9010¢1, q10Rg2, q210q2}

zero(x)

{g010g1, q10Rqo}

5

évoon” Twv §bo TM pé avampocappoyn twv
OVOHATOV TWV KOTACTACEWV (DOTE VO Elval
SLOUPOPETLKEG KO ALVOTTPOCAPHOYT] TG TTOPOL-
otaong e£68ov g mtpdTng TM mov Ba xpn-
onpomotnBel &g eicodog yix tn dévtepn TM.

while

mapopoa (BA. eniong to mapaderypo Topamdve)

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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Ol  Mnyovég Turing kot @AAe vtohoyloTikd povtéda

Nreteppiviopog ko pn I

Nreteppiviotikn pnxavn Turing (DTM):
0:0xX—>Qx4,6movd=Xu{L,R}

Mn-Nteteppiviotikny pnxovi Turing (NTM):
§:0x X —Pow(Q x 4),omovd =X v {L,R}

H tpudda mov amoteeiton omd o meprexopeva tng towviag g TM, tnv 0éon tng kepaing
AV TNV Touvia kat Ty Ttpéxovoa katdotaon tng TM ovopdleton configuration
(omwypaio eprypogn) tng TM.
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Nrteteppiviopog ko pn II

o e pioc DTM o vmoloytopdg eivou pio ypappikni okolovdic oo configurations (oe
KkG&Oe Pripa vTdpyet axplPadg piar eV vopun configuration).

o e pio NTM, Opwg, 0 LITOAOYLOHOG TTepLypapeTal pe éva 8€vOpo atod configurations,
a@ov ot k&be Prpa eivon Suvatd va TpokOYouy TeEPLEGHTEPES OITO it ETLOPEVES VOULHEG
configurations.

Ou Aépe 0T pice cupPforoocepd yiveton arodektn atd pio NTM, av yiveton amodekt
TOVAXYLOTOV OO £V LITOAOYLOTLKO HOVOTIATL TOL déVSpov.

BOeapnua

T k&0 pn-vrereppuviorij pnyavy Turing (NTM) vrdpyer 16080vaun vietepuviotik) ppyavy
Turing (DTM).
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Moporroyég TM

IMoparrayéc Mnyavev Turing mov éxouvv tnv idia vtoAoyloTikn SuvvatdTnTa, OXL OPWG Ko
anodotikotnTa (efficiency) eivau:

® TOAAEG Touvieg, pvrjun mAéypatog (grid memory), pvrjpn mepLocoTépwy SLoTACEWV
@ peyolUtepo X

@ TTOAAEG TAPAAANAEG KEQOAAEG

@ LN VTETEPHUVIOTLKEG HETOPAOELG

@ piog katevfOvVoEWG, ATELPOL PHKOULG TaLVio

@ eyypogn ko kivion g kepaing oe k&be Pripa
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DOONONTIITI G Ll Mi)yovég Turing kot GAAG DTOAOYLGTIKG PHOVTENQ

YmoAoytotiké Movtéha I

Mepikd vroloylotikd povréda eivan T e€ng:

o mpoypappato Pascal

e mpoypappata Pascal ywpig avadpopn (agaipeon avadpopng pe xprion otoifog)

o mpoypappata Pascal ywpic avadpopr) kot ywpig dAlovg TOTOLG dedopévmv ekTOG aTd
TOUG PUOIKOVG aptBpoie (emiTuyaveTal He KWSIKOTOUOELS)

o mpoypappoato WHILE (povn Sopry edéyyov o WHILE)

o mpoypappata GOTO ko IF

@ Assembler-like RAM (random access machine), URM (universal register machine)

o SRM (single register machine) évog xatoywpntrg

@ Mnyavn Turing (npoécPacn povo oe éva kovtakt "cell” tng tawviag ke popd)

o mapoardayég amd pnyovég Turing

o Thue: kavoveg emaveyypagng (re-writing rules)

@ Post: xavovikd cvotipata (normal systems)

@ Church: Aoyiopdg A (A-calculus)
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Mnyavég Turing kot GAhot LTOAOYIGTUKK POVTEAQL

YroAoyiotiké Movtéha 11

Curry: ovvdvaotik) Aoyuwkr] (combinatory logic)

Markov: M. adyopibpot

Kleene: yeviké avadpopikd oxripoata (general recursive schemes)
Shepherdson-Sturgis, Elgott: URM, SRM, RAM, RASP
ExApata McCarthy (if ... then ... else ... = LISP)
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Mnyavég Turing kot GAhot LTOAOYIGTUKK POVTEAQL

YmoAoyiotiké Movtéha III

Tol XAPOKTNPLOTIKE TV TAPATAVED HOVTEA®V EivaL:

@ VTETEPULVIOTLKT] TOALTTAOKOTN T o€ dtarkpitd Pripotar

® TEMEPACHEVO CUVOAO EVTOAQDV TTOL ekTeEAOVVTOL o ene€epyacT

@ QUTEPLOPLOTI) HVIUN

Oeapnpa

[ eivar TM vrroAdoyiowun avv
o feivou WHILE-vmodoyiown
o feivar GOTO-vmoAoyiown
o feivar PASCAL-vroloyiown

o felvou pepikd avadpopukn (partial recursive)

Yro. & Hohvmh. Ampikiog 2021
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Yxfuoto McCarthy I

To oxnpa McCarthy eivat éva yevikdtepo TpoypOPHATIOTIKO GYTHOL:
fix,y)=if g(...) =0thenh(...)else k(...)

omov g(...), A(...) xow k(. . .) elvan Opor-cuvapTricelg oL KotackeL&lovTor pe cOVOEST) Ko
tpofolég pe x, v, fkaL GANeG *YVWOTEG" CUVAPTIOELS.

Mopadetyporto:

Q@ emavaAnyn:

flx) = if x = 0 then a else g(f{x — 1))
Q npwrtapxkn avadpopn:

flx,y) = if y = 0 then g(x) else h(x,y — 1,f(x,y — 1))
Q p-oxnua: f(x) = £ (x,0) dmou:

f(x,y) = if g(x,y) = 0 theny else f'(x,y + 1)

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampihiog 2021 113/ 422



Yxfuoto McCarthy 11

To McCarthy oyrpo opiletl pe povadikod tpomo pict GUVEPTNOT) £, GTNV TPAYHATIKOTNTA TO EAXYLOTO
otabepd onpeio g f = 7(f), 67ov T elvan pia 6HVOeoT aTd cLVAPTNCLAKODG Opovg Ko TN if-then-else
npotoo. (O cuvaptnolakoi 6pot 6mwg kat to if-then-else eivan cuveyeic!)

Map&derypa: fx,y) = if x = ytheny + 1 else f{x,fix = 1,y + 1))

Or axdrovbeg cuvaptrioelg amotehody dAeg Aoelg (oTobepd onpeiar):
(EmPePoucrote To eAéyyovtag OAeg TIG SUVATEG TEPLTTOGCELG!)

Silx,y) =x+1

f?(xvy) = {

x+1, avx=y
y=1, dwgpopetikd

. x+1, av x =y ko abs(x-y) eivou &ptiog
.f3 (X, y) = , ,
Sev opiletan, dpopetikd

IGXﬁOUV:f3 Efl,fg Efz, OC}\)\('xfg Efl,fl Efz
Iy f1(2,5) = 3,/2(2,5) = 4, /3(2,5): pn opiopévo.
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YxAuoto McCarthy II1

T tyr} O vtodoyicet pict VAomoinon oe PASCAL ywx f(2, 5);

PASCAL ovpPoAicpoc:

function f(x,y: integer): integer;

begin

ifx=ythenf:=y+ lelsef:=flx,flx — 1,y + 1))
end
PASCAL vmoAoylopdg:

f(2,5) - if 2 = 5 then 5 + 1 else f{2,/(1,6)) - f(2,/(1,6))
 f(2,if 1 = 6 then 6 + 1 else f{1,£(0,7))) + f(2,/1,/0,7)))
... ext' amepov, dnhadn f(2, 5) dev opiletoun (emiong kou to f3(2, 5)).

Iy topartéve akolovdio LITOAOYLGHOV XprioooLioae 300 SLaPOPETLKOVG HIYOVIGHOVG:
amlonomoeg (simplifications), tov eivon padnpatikoi vtohoyiopoi (if-then-else) ko
avtikotaotdoelg (substitutions) piog 1) tepiocotépwv eppavicewv tov 6pov f{. . .) pe 7(F)(. . .).
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAloylotikéc RTpotnytkég I

Mio vtodoyiotikn otpatnytkn kabopilel ool dpot wpémel va avtikatactadodv. Alvoupe
peptkd mopadeiypota oTpatnytkdv (voypopupilovpe Tovg 6povg mov B avtikatactadodv):

o LI apiotepotepn-eowtepikdtepn (leftmost-innermost). Avtictowyia pe v~ kAfomn pe
" (" call-by-value"), SnAadn:

f0,/0,1)) +/1/2,0),/3, 1))

o LO: aprotepotepn-eEmwtepcodtepn (lefimost-outermost). Avtiotouryio pe tnv *kAron
kot ovopa” (T call-by-name"), dnAadn:

f0./00,1)) +/12,0),/3, 1))
o PI: mapdAAnAn-eowtepikdTepn (parallel-innermost), dniadn:

A0,10,1)) +£(A12,0),/3,1))
@ PO: mapdAAnAn-eEwtepicdtepn (parallel-outermost), Sniadm:

f0,00,1)) +f(£(2,0),/3,1))
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikég Srpotnyuiég Il

o FA: edevBépou opiopatog (free-argument) (vtdpyet TovAdyLoTov éva dOpLopa ehevbepo,
dnAadn dev mepiéxer v f):

S0,/(0, 1)) +1(1(2,0),/(3,1))

e FS: mAnpoug avtwat@otaong (full substitution), dnioadn:

f0,/0, 1)) +£(£(2,0),/3,1))

o xovovikn otpatnywkn (normal strategy): PAéne mopakdTw.
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikég Rrpotnyuég 11T

Iapatipnon: Aev vroloyilovv OAeg oL oTpatnyLkég To eAdyioto otabepd onpeio. T
Top&delypa, 0Tw:

flx,y) = if x =0 then 1 else f{x — 1, f(x,y)).
To ehéyioto otadepd onpeio eivon f* (x,y) = 1 (emaAfBevon apyodtepa). Amd tnv AAn, n LI

oTpaTnyLKn vtoloyilet:

fu(x,z)—{l’ avx =0

1) OpLopEéVT],  SLaLpopeTIKGR

dniadn f(1,0) — f0,/1,0)) - f0,/0,/1,0))) ...
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikég Xtpatnyukég IV

Evpeon tov eléyiotouv otabepod onpeiov evog McCarthy oyfipatog:
flx) = ifx > 10 thenx — 5 else f{x + 3)
EMéxioto otabepd onpeio:

x—>5, avx>10

x—2 oav8<x 0

<1
) =1x+1 avb<x<T7
x+4 av2<x<4

x+7 oavx<l1

SvvoloBewpnTikodg cLpHPoALoHOG:
={0,x=5)|x>10} U {(x,z) | x<10A{x+3,2) e F}
Evpeon ehdyiotov otabepol onpeiov Tov

7(Y) = {(,x—=5) |x > 10} U {{x,2) [ x <10 A (x+ 3,2y € ¥}

ASéokwv: Stébng Zéyog ( CoReLab - NTUA) Yro). & HoAvmA. Ampikiog 2021
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikég Xtpatnyikég V

Hopatipnon: To T eivat cuvexég, Gpa To Bedpnua otabepod onpeiov divel:

0

(Q) =

Tl(@):T( ) = {¢x,x =5y | x> 10}

() = 7(7(D) = {&,x = 5) [ x > 10} U {<10,8),¢9,7),(8,6)}
(D) = 7(7*(D) = (D) v {<10,8),49,7),(8,6),(7,8),(6,7),{5,6)}
(@) = 7°(D) v {{4,8),(3,7),(2,6)}

(@) =D)L {{1,8),{0,T)}

(@) = 7°(D)

xouyw dhatai = 5: 7() = (D), dpa F = |, 7 () = 7° () mov Siver axpiBédg mv
TapaTéve oplopévn ¥,
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YmoAloylotikéc Xrpotnyukég VI

Méypt otiypng vobéoape (tpoomoinOrkope) 6TL aoyorobpacte poévo pe avotnpég (strict)
ovvapthoelg, dnradn cuvaptiocelg ov dev opilovton dtav dev opilovral kdmola atd o
opiopaté Tovg. Opwg, cuvapthoelg ov opilovtal xprnoiporotdvag cOvheon ko
if-then-else dev éxovv mAéov avtr Tnv W8oTnTa! OéAoupe if x = x then 5 else y + 3 va
opiletan kot va givat ioo pe 5 akdpa kot ov To y dev opileta.

T v doocovpe pio L0 GLYKEKPLHEVT TTEPLYPAPT) TNG KATAOTAOTG eTTeKTEIVOUHE TO PaciLicd
nedio N (puowkoi) pe éva véo odpPolro L mov cupPolriler v un opiopévy ™ tpn'":

Nt = N u {L}. IIpogavég toyber: L = x, Vx € Nt (Snhadi to L eivan Arydepo, 1 eicov,
oplopévo oe oxéon pe omotodrimote aTotyeio Tov mediov pag). TuVenng, avticTora

1L Lux=x Vxe N

Mmopovpe va eeKTELVOLE QUTT T1) YEViKELOT) TOL E ko LI o€ n-adeg, dnAadn
Gy, L) € oy, 2V, y,z € N xon {Cr,p, L} w {20} = {0, 2))-

EmmnpocBeta, éxouvpe akopa Tnv akdlovdn W8iotnta cuvénelog:

fx, L) =y ovverdyeton Vz: flx,z) = y.
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikéc Rrpotnyikég VII

Emotpépovtag oto apyicd mapadetypo Tov kepadaiov propotpe va Eekabapicovpe tov
opLopod ™G f1:

x+1, ovxkoy eivor Siepopetikd amd L
filx,y) =

1, Srapopetikd

Mmopotpe emtiong va emaAnBeboouvpe dtL

1, avx# L

1, Swgopertikd

f*(xvy) =

eivan To eAdyloto otabepd onpeio g

flx,y) = ifx =0 then 1 else f{x — 1,/(x,y)).

( CoReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

YmoAoylotikéc Rrpotnytkég VIII

ZuvoroBewpnTikdg GLUPOALGPOG:
F=7(F)= {0, 1)|yeN"}u
{e,y2) | x#0 A Julx,y,uye F A {x—1,u,z) € F}

T v voAhoyicovpe emavaAnmTiké To eAdyLloTo oTafepd onpeio mpémel va Egkivijooupe pe §2
avti yia . Q eivan 1) *“movBevé opiopévn’” cuvaptnon, Snadty Q = {(x,y, L) | x,y € Nt}

(@) =Q = {¢y, L}

Q) = ( ) ={0,3, D} v {¢xny, L) | x # 0}

Q) = 7(7(Q) = {0y, 1), Ly, D} 0 {,y, L) x> 1va= 1}

7(Q) = {€0,,1),(1,y, 1), 2,3, D} U {x,y, L x> 2va =1}
F= UT'(Q) {(,y,1> [ xeNAye N} U {(L,y, L) |yeN*}

i

IMopopora propet va SetyBei 6t 1 f3 elvan To eEAdyioto otabepd onpeio yix To apyLkd
nop&detypa Tov Kepaiaiov.
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Yroloyioyotnra

YmoAoylotikég Rrpatnyukég IX

ZuvoroBewpnTikdg GLUPOALGROG:

F={{,x,x+1}u

Ixnpata McCarthy. Ztpatnyikég Yrnoloyiopon

frz X £ 9 A u(Gx = Ly + L uy e F A (ryu,z) € F)}

ab - NTUA)

Ymo). & IoAvmh.
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Oedpnpa Cadiou I

Oedpnpa (Cadiou)

KaBe vodoyionikyj atparnyikyj vmwodoyiler pice pepikyj ovvdprnon g mov eivar Atydtepo 1j eéioov
opioévn pie To eAdyioro otabepd onueio f* SnA. g T f*.

Iépiope

AV KamoL0g vITOAOYIOUOG TURPWVOG JI€ KATTOLX VTTOAOYLOTIKY OTPaTNYIKY TEPHaTI(eL, TOTE Sivel
TEVTOTE TV OWOTH TN THG ouvdpTHoTG eAayioTov oTabepot onusiov £,

I8¢a tng anddegng:
Svpporiopog: o (f; f) avti tov 7(f) yio v vrodnidoovpe akpipng o eppaviceig Tov foto 7.
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Oeopnpa Cadiou I

Oewprjcate To axdAovbo dévtpo mov éxel (wg povoTdTia) LITOAOYLOHOUG OAWY TV SLVATOV
OTPATNYLIKOV:

o(o(o(2,2),Q),Q)

o(o(c(2,9),0(2,90)),Q)

o(o(92,9),9Q)

0— 0(Q,0)
a(,0(Q,Q) —/——— -

o(0(92,9Q),0(0, Q) ——— o
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Oewpnpa Cadiou I

o Koatd prikog k&Be povomartiod éyxoupe pio pn ¢Bivovoa akorovbia amd cuvaptrioelg (6Ao
KoL TTEPLOCOTEPO OPLOPEVEG).

@ To yapuniodtepo povomart avriotoryel oto: Q@ — 7(2) — 7(7(2)) — ... ko 0dnyei oo
eA&yioto oTadepd onpeio f*.

@ Y& k&be eminedo tov dévTpov dAeg oL cuvapTroelg 6Tovg kopBoug eivat Atydtepo (1)
eEloov) oplopéveg atd TV XOUNAOTEPT).

o Emopévwg, To 6pLo omotovdrimote povorartioo eivan Atyotepo (1} e€icov) opiopévo amd to
6pLo Tov XAPNAGTEPOL HOVOTALTLOY, TTOV efvou To ehéixtoTo otodepd onpeto f*.
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Oewpnpa Cadiou IV

IHapatnpnosig:

o To younAodtepo povondtt avtiotoryei otnv otpatnywkr FS.

o Xtnv amddel€n xpropoTotoayle pio TEXVLKY TOL OVOUGLeTa ~ vITOAOYLOTIKY etaywyn"”
(computational induction): av 8¢Aovpe vo atodeitouvpe v 18LOTTA A(f) yrow puo
ouvaptnon fopiopévn pe éva oxripa tomov McCarthy

Q deiyxvoupe 4(Q)
Q vnobétovtag A(g), deiyvoupe A(7(g))
Q vmobétovrag Vi, A(77(2)), deiyvovpe A(||; 7(2))

o H LISP eivou pia yAwooa mtpoypappatiopod Paciopévn ot avadpopég tomov McCarthy.

o Ououtermost otpatnyikég eivan otpatnyikég otabepod onpeiov (Sraodntikd, diot TO
epPwALopéVo PaBog Twv vtapxovo®V eppavicewy dev avdvetar). Na avtd ot LO, PO,
FS wou FA eivou otpatnyikég otabepot onpeiov, arAid ot LI, PI Sev eivou (rapott mbavodg
£X0oUV AYOTEPEG AVTIKATAGTACELG AV TePPATICOVV pe Tr T fF).
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GGl >y rjjata McCarthy. Stpatnyikég Yoloyiopod

Oeopnpa Cadiou V

o Kavoviki otpatnyikn: pia otpatnyikr otabepod onpeiov pe eAdyloto aplOpo
VTIKATOOTAOEWY (OXL KOT' avaykT) eAGyLoTO aptBpd PriHATOY QVTIKATAGTAOTG).
ZuvOnuer: " Tloté pnv kd&velg k&TL orjpepa mov prtopeic va avaPdarelg yior oadpo” dniadn
koita prpooté: Edey€e av peté amrd tnv avtikatdotacn tng L.O. eppdviong, propeig
art' evbeiag va vtodoyicelg v if-ouvBrkn. ZTnv mepinTwon mov avTod yiveTal, K&ve
QLTI TNV AVTIKATAOTACT]. TNV TEPintwoT mov dev yiveton éeyEe pe Tov idwo Tpdmo v
L.O. eppavion otnyv if-ouvOrkn mov dev propei va virodoytotel amevbeiog, k.t.A. (TeAkd
Oa Ppeig pio *koAn" eppavion, mov divel vohoyioyeg if-cuvOrkeg.)

Mopb&derypa:

flx,y) = ifx <10 thenx +y
else f{x — 10, f{x — 5,y + 1)) + f(f(3,y + 2),y + 10)

Adéokwv: Stédng g (CoReLab - NTUA) Yro). & HoAvmA. Ampihiog 2021 129/ 422



DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Oedpnpoa Cadiou VI

Kavovikn otpatnyikn:

f12,5) - f12,/(7,6)) + (3, 7),15)
2+ A(7,6) +f(f(3,7),15)
-2+ 13+ f{f(3,7),15)
- 15 + £{10, 15)
- 40

ASbokwv: Stédng Zéy oReLab - NTUA) Yro). & HoAvmA.

(o€ 5 vtoloyioTikd Pripota)
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Mikpr BrpAtodrkn McCarthy voloyioipwy cuvaptricewy I

o apyxlkég ovvaptroelg: S, P (emdpevog, TpornyoOpevog)

o teheotég kAewotoTnTOG AV F elvan ) eldiyiotn Ao trhg
Fx1,...,x,) = ifgi(...) = g2(...) then h(...) else k(. ..)

omov g1 (-..), g2(...), A(...), k(.. .) OpOL KATAOKEVOGHEVOL AUTTO TOL X1, ..., Xn, OTAOEPES,
ouvoptioelg mov eivon McCarthy vroAoyioyeg kal Tnv cuvaptnon n opiopdtev F, tote
n F eivon McCarthy vroloyioipeg.

BOecdpnpc
F: McCarthy vrrodoyioyn <= F: pepixd avadpopukr. J

Amddeiln.
J

«—: PAéme oel. 113. —: BAéme oTpaTnyLKég LITOAOYLOHOD.
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DGOYONTIIT L LVal > 1jpata McCarthy. Stpatnyikég Yrnoloyiopon

Mupr] BLpAioBkn McCarthy voloyicipwv cvvapticewv II

S, P (* Apxwcég ouvaptrioelg *)

add(x,y) = ify = 0 then x else S(add(x, P(y)))

mult(x,y) = ify = 0 then O else add(x, mult(x, P(y)))
sub(x,y) = ify = 0 then x else P(sub(x, P(y)))

leq(x,y) = sub(1,sub(x,y)) (*xpron obvbeong yx to < *)
not(x) = sub(1,x)

Iss(x,y) = not(leq(y,x)) (*<%)

ged(x,y) = ifIss(x,y) = 1 then ged(x, sub(y, x))

else if Iss(y,x) = 1 then ged(sub(x,y),y) else x
(* Eppoacpévo if-then-else *)

A(x,y) = ifx = 0 then S(y)

else if y = 0 then A(P(x), 1) else A(P(x),A(x, P(y)))
(* Zvvéptnon Ackermann *)

Adéoxwv: Stébng Zéxog ( CoReLab - NTUA) Yro). & HoAvmA.
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

©¢om Church-Turing I

IToA)oi TpomoL eprypagrig ahyopibpwy. Olot eivar pnyaviotikd loodbvapor ko eldikd
LoOSVVAIOL [E HEPLKEG AVASPOLKEG CUVAPTHOELG

©¢on Church-Turing: OAeg o1 vmodoyiowies ocvvaptijoeis eivan PepIkés avadpopikés kan dAes o
QIOKPITIIES TYETEIS EiVaL AVASPOUIKES.

YrevOopion: Mia oyéon R Aéyeton avadpopikr) OTav 1) XapaKTNpLoTIKY TG CUVAPTNONG XR
eivan avadpopikr, émov:

1 ovR(x,y)

Xe(x,y) = {0 OAALDG

Yuvénewa tng 0é¢ong tov Church: T va Seiovpe ott pae cuvéptnon 1 oxéon eivon (pepikr)
avad popLLKT], aVTl PLoG akOAOLBING TUTTIK®V CUVETAYWYOV (HLE TPWTAPYLKEG CUVOPTIOELS KoL
oxfpoata) 1 avti evog mAripoug mpoypbppatog 1) T.M., apkel va divovpe evopartid (aAAd
0pBd) emuyelppaTa yia Tov TPOTO VITOAOYLGHOD TOUG.
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

©¢om Church-Turing II

‘Etot gaiveton TeEAMKE 0Tt KATaAHEape 6TOV TUTTLKO T OPLGHO TNG EVVOLAG VTTOAOYIGLHOG.
duokd vtdpyovv TOAAAEG GLVAPTHCELS TTOL eV elval LITOAOYICIEG.

Oeapnpa

Yrdpyovv un vroloyioweg cvvaptrioeis.

Amddeitn.
AmapiBpodpe OXeg TIG HePLKEG AVOOPOULKEG CUVAPTHTELS 0, P1, P2, .-

Aocknon: Xpnoomodvtoag kwdikomoinomn, anapibunce pnyaviotikd tnv kAdon PR 1) 6Aa
ta tpoypappata while.

Apa vrtdipyovv duterpeg pev, oAA& povo aplBproyieg To TARog pepiés avadpoptés

ovvaptioelg (No). Ard tnv dAAn pepLd Opwg, vtdpyovy pn apBproieg To A 00g
cuvapTHoElC yevikag (270 Seixvetou pe Siaywviomoinom). O
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

©¢om Church-Turing III

IMopddetypa pLog pn vwoAoyicpng cuvapTnong:

To npofAnua tepuatiopot (halting problem).

17 IZVSDX()/) l

gx.y) = 0, allidg
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Universal Machine I

KaBoAwko ITpdypappe (universal program): éva mpdypoppo tov aipvel yia eicodo omotodrjmote
npdypoppe pe too Sedopéver £16030V TOL kAL TPOGOHOLALEL TV eKTEAEST] TOV. AT 1) évvola eivat
mapOpolx pe T Aettovpyia evog endstn (monitor), petagppaoty (compiler) 1) Sieppnvéa (interpreter) o'
£VaL TPOYHOTIKO DITOAOYLOTH.

MidMjoope yia v toodvvoptior Twv HOVTEA®V, dpa prtopolpe vo puddype gite yio kaBolikd While program,
eite yua kaBoAkcd Goto program, eite yio koAt pnyovr) Turing (.otopikd étot
npwToxpnotponoOnke n évvora g kaboAkoOTNTOG), eite Yo kBOALKT] pepLkT} avadpopikr cuvaptnor.

KaBoAko While program «” (x, ) pe
@ £ic0d0 x = kwdiKkog evog Goto mpoypdppotog T pe 1 peTafANTEG.

@ £i6080 ¥ = kwdLKOG TV 1 TIHOVY 16080V (a1, az, . . . , dn| Yot TIG 1 HETAPANTEG TOL T KO

@ ££odo v i pe v £€0do Tov (a1, az, ..., dn)-

Ka@oAikn avadpopikn cuvaptnon ge.

Vx,y @e(x,) = @x(v)

670V TO ~ onpaivel: gite eivon kot oL Svo TAEVPEG OPLOpEVEG Kot io€g, eite Kaptior TAeLPG Sev eivon
opLopévT.
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Universal Machine II

NPAOTOG OKEAETOG Yia w” (x, y):

label := 0;

while label < maxlab do
extéleoe evtolr tng label;
Bpég emopevn label

end

Agvdtepn npocéyyion yro w' (X, y):

label := 0; maxlab := decodesearch(x);

while label < maxlab do
instruction := decode(x at label);
label := execnext(instruction,y);
y:= execvalue(instruction,y)

end
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Universal Machine III
Egappolovpe tnv akolovdn kwdikomoinon:

Kwdwkomoinon ywx v eicodo:
{ai,az,...,ap) — Celai,az,...,an)

T'a 116 evroAég Tov GOTO mpoypdppatog:

@ /;:assignment goto [; +—> Cy(0, 7, Cs(assignment), /) 6mov 1 kwdikomoinon yio tig avabéaelg, eivai:

Avabéoeis Kwdixomoinon
KeVv eVTOAT C(0,0,0)
xi:=0 Cf(].,l',o)
Xi 1= Xj Cf(Q,l',j)
xi=x;+1 Cr(3,1,))
xi=x—1 C/(4,i,))

@ /;:if x;y <> O then goto J; else goto [y > Cf(1,i,m,j, k)

‘Etol ta tpoypéypipata goto Oa kwdikorotodvron wg e€fg:

goto mpoypappa pe m evrorég > C(Crevtory), . . ., Cr(evtori,,_,))
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©éon Church-Turing. Kavovikr popgr Kleene

Universal Machine IV

Tpitn Pertiwon yra w(x,y):

label:=0; maxlab := decodesearch(x);
while label<= maxlab do
2= Tabet ()3
if D),(z) = 0 then
ass := Dg (2);
label := D (2)
end
else
m:i= D’; (2);
if m <> 0 then label := Dg (2) else label := D’; (2)
end

y := execvalue(ass, y)
end

H execvalue amoxwdikormotei Tnv ass kot avéhoya petafdAdet Tig TIHES TV PETAPANTOV TOL
TPOYPAPHATOC.

Tétaptn fedtioon yra w”(x,y): k.0.k. 'Acknon.
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Oedpnpa Kavovikng popeng Kleene I

IMapatnpnon
Adyo NG pnyovioTikig oodvvopiog Twv tpoypappdteov while ko goto, émeton 1 e€rg
npoTOCT):

Yrdpyer éve kaBodixd npdypapua while w", wov éyer pévo éva ™ mpaypariké” while
Ppoyo kau iows woAdovs for Ppéyovs (1j if eviodés ...), Etor dote yia kabe mpdypappa
while T kau yio kdOe eicodo va 1oy UeL:

w" (kawdidg(), eicodog) ~ m(elgodog)

ab - NTUA) Yro). & HolvmA. Ampikiog 2021
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Oewpnpa Kavovikrig poporc Kleene 11

Av peta@pAoovLpLE TNV TPOTYOVUEVT TPOTACT] GE 0POAOYLA HEPLKOV VA POULKOV
GUVOPTHGEWV, KATAAYOUE GTO €ENG:

Ozopnpa kavovikng popeng Kleene (Kleene normal form theorem)
VnIyp, TeP
Vfe PR" (PR" pepikég avadpopukés cuvaptiioels pe n opicpora)
3 deilktng x:
V¥ V) ~ ¢(pz[T(x, ¥, z) = 0], x,5)

OTOoUL:

[ avtioTolyel oTo TpOypoppo T

¥t QVTLOTOLYEL 0NV €l60d0 TOL T

X: avtioToLxel otov kddiko Tov 7 (deiktng g f)

z: avtiotolyei otov apbpd emavaljewv tov Ppdyov while oto w”

T: TpwTOPXLKT) AVOSPOHLKT) GLVAPTNOT] TTOL AVTLOTOLXEL 0TO owpa Tov while oto W”

Y TPWTAPYLKT] AVOSPOHIKT) GLVAPTNOT) TTOL AVTLOTOLXEL 6TO THRpA TOL W é€w artd Tov
Bpoyo while
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Oedpnpa Kavovikng poperig Kleene II1

Hapatnprioeis:

Q T Aéyetou cuvnBwg karnydpnue Kleene.

@ Apxei pio HOVO eQUPHOYT) TOL TEAECTH [L YL VO TTEPLYPOPEL OTOLOSNTTOTE HEPLKT)
avadpopLky) cuvapTno.

@ To mapamdvew Bedpnpa (KNF) divel o pnyaviotiky amapibpnon {¢y} 6Awv tov
HEPLKOV aVaSPOHLKGOY cUVAPTHOEWVY. Zav epappoyr) Ba deifovpe to e€ng (tepipnpo)
QTTOTENECHA QTTOKPLOLHOTN TOG:

BOecdpnpc
To HP (rnpdfAnpa teppariopot), eivan pun emAvoo, SnAadi n ovvdptnon g dev eivar avadpouki

omov:
17 av SDX (y) l

gxy) = {0, aAdidg
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NGOG L O¢on Church-Turing. Kavovikr popgr] Kleene

Oedpnpa Kavovikng poperg Kleene IV

Amddel€n (Sorywviomoinomn Kot £1G GToToV oaywym).

Ag vrobécovpe 0TL 1) g jtay avadpopkr. Opilovpe:

by [P0 L @) =1 [+ 1wl )
0, oAALOG 0, OAALDG
H ovvéptnon h propet v vitohoyiotei pe T Porjeta tng vtoAoyioyng g. Apa, Aoyw Béong
Church-Turing, n / eivou (oA avadpopikr. Apa, Aoyw tng kavovikng popeng Kleene, éxet
kamolo deiktn (¢otw) ¥, InAadn p, = h (ohwkr) cvvaptnon). Tote dpwe:

0, OAALDG

@) = h(y) = {W) Lo aOll i1 apos Wy () |

Atomo. Svvenmg n g dev eivan avadpopkr). O

oReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 143 / 422



Oeopnpo Kavovikrig popeng Kleene V

EvaAlaktikr amddelén tou idov pe mpoypapporta:

‘EGT® PNYavioTIKY oapiOpnon mpoypoppdTey: mo, T, T2, . . . . AG voBécoupe OTL LTLAP)EL
npoypoppa halt(x, y) ov aokpivetan av To X-06Td TPOYpappa e €il6080 ¥ cTapATAEL.

To e€ng mpoypoppa (pe eicodo x):
lo: if halt(x, x) then goto Iy (* loop forever *) else goto /1 (* stop ™)

Oa epgaviCeton xdov otny amapibunon (éotw) pe deiktn i. ToTe Opwg:

7 (i) otaporder avv not halt(i,i) avv (i) dev otopatdet. 'Atomo. O
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NGOYONIT LAl Mn) el uopotnTa. Oewpiot aVaSPOpIKGY GUVAPTHCEWY

Mn emAvopotnta I

Oedpnpa
To TOT (mpopAnpa odikiis ovvdptnong) eivan pn emiAvoipo, Snuradij nf Sev eivou avadpopuxij émov:

)L, aves eivor oAk
fx) = {0, aAhdg

Amddeiln.
Opilovpe

h(x) = ox(x) +1, avflx) =1 Jeu(x) +1, avor ol
o, aAAidg o, arAidg

‘Onwg oto mponyovpevo Bedpnpa,  cuvaptnon A Ba fjrav voloyiown av vrobétape 6TL N fHTay
avadpopkn, &po 1 h Oo fjrav (oAkr)) avadpopikry, dpa Oa eixe kétoro deitn y. Tote:

+1, av e, ol , X
ey (v) = h(y) = {gy(y) “ N = ey(y) + 1, agpod ¢, ol

[F2VNTATS

Atomo.
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OO RVl M emmilvoipotnTe. Oempio avadpopIKdY cuVapToenV
,
Avoywyég

Anhodn: Sev vrtdpyel alydpiBpog ov va prropei v amopoacilel av éva dedopévo mpdypoppo
OTOHATA Yior OAeG TIG Suvartég elcOd0VG.

IMopopota amodetkvoetal 0TL: dev vITapxeL adyoplOpog oL va ptopel va amopacicet av dvo
dedopéva mpoypappata givor loodvvopa (Snradh éxouvv tnv idia cupmepipopd elcdSoL -
e€odov).

Avti va deiyvoupe katevBeiav (dnhadn pe Staywviomoinon) 0Tt éva tétolo TpOPANpa eivor pn
eMAVGLHLO, HTTOPOVHE VXX XPTGLULOTOLOVHE TNV akOAovOn pébodo avarywyng (reduction):

T var deibovpe ot n f Sev eivan virodoyiown, avdayoupe to HP otnv f, SnAdadt, deiyvovue
éti av rfjrav vrodoyiown 1 f téte Oa fjirav emAvowo to HP (mpaypa wov Sev aAnBevei!).
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Bewpnpa S-m-n 1
Oewpnoe éva tpdypoppia T pe dvo esdd0ug a, b yux Tig petaPAnTég y kan z. Topa (kpatiote
TO ) oAV TOPAHETPO) PTIAEE Evar VEO TPOY PP
/
T yi=a; 7w

pe povo pia eicodo by Ty petofAntr z. H é€odog eivou 1 idio. Etor av 0 kwdikdg tov T
elval x ko 0 kwdikdg Tov 7 etvou s 1oy veL:

ex(a,2) = os(2)
Hopatnpodpe 6TL 0 kwdikdg Tov T’ propet v vroAoylotel Béoel TOL kKwWSIKOD TOL Y := a ko
TOU KWKoV TOL T, pe arthO Tpdmo. Apa 1 s eivon (LOOP-)umodoyiciyn cuvapTnon Tov X Kot
Tov y, dSnhadr s(x,y) ko cuvenadg:
Oswpnpa opapétpov. Is € P, Vx, ¥,z ¢u(y,2) ~ Py, (2)
Ko yevik& (yra modAég petafAntég ko ToAAEG TOPAPETPOUG):

Oeswpnpo S-m-n.
ElS:'n eP, ny)z? 80,\'()/17 s Vmy 21, aZ’l) = SOS’,;(J,yl,.u,ym)(Zly s aZn)
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Mn emhvopomta. Oewpio avadpoptkdV cuvapTioenY

Oedpnpo S-m-n 11

Oeapnua

Yrdpyerg € P dore ox(y(2)) = Pg(x,) (2)- (AnAadij o kwdixds tng mapddeons Svo
TPOYPOPPATOV, T1; T2, eival vrtodoyioyiog fdoel TwV KWAIKOV TV T1 KAl T2).

Amddelln).

Bedpnoe éva kaBoAtkd Tpdypoppa: w' (x,y,z) ~ (m1;72)(z), 6mov:
¥ = kwdikdg(mr ), X = kwdkodg(m2) ko z = eloodog yia 7.

To w' éxeL (fotw) Seirtn u: u(x,¥,2) ~ pr(py(2)).
Abyw tov S-m-n éxovpe: p,(x,y,z) ~ 52 (uxy) (2).

vApa: SDX(SDY(Z)) = SOS% (u,x,y) (Z)’ omoTE Sérovpe: g(x?y) = S% (uaxay) O
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Mn emhvopomta. Oewpio avadpoptkdV cuvapTioenY

Mopaderypo ovorywyng I

Oecdpnua
To CONST (npopAnpa arabepric ovvaptnong) eiven pun emAvopo, dnradty n ovvaptnon f dev eivan avadpopuxr,
émou:

1 Oeor .
=4 av %i otabepr cuvaptnon
0, alog

Amodern:
Opilovpe:

)5 aveex(x) ]
h(x’y){T, g

H h eivan voloyioyn:

@ Ppeg T X-00TO TPOYPapCL,
@ tpéke to pe eicodo x,

@ av ko 0tav otapatioel dwoe ££0do 5.
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OO RVl M emmilvoipotnTe. Oempio avadpopIKdY cuVapToenV

Mopdaderypo ovorywyrig I

Adyw g 0éong Church-Turing n 4 eivon pepikr] avadpopikr. Adyw g kavovikng popeng Kleene n /4
éxer detktn (¢otw) u: u(x,y) = h(x,y). AdYw TOL S-m-n: Qg ) (V) = h(x,). Oétovpe g(x) = S(u, x).
‘ETot £X0UpE Pg(y) (V) = h(x,) xou n g elvan vToAoyiown.

Topa B xproyomoujcoupe v f
1, av gy oTad. UV, 1, h(xy)=5, Vy 1, oe(x) |
— = = = HP
flgl) {o, aMhg 0, g 0, oA

Av 1 ftav vrohoyiown tote kou 1) oOvOeon fg(+)) Ba frav vrodoyiown dniadn to HP Ba frav
eMAVOG 0. O
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NGOYONIT LAl Mn) el uopotnTa. Oewpiot aVaSPOpIKGY GUVAPTHCEWY

Mopaderypo ovorywyrig I

Aocxnon: Aeifte pe avoywyr ot o €rg pofAfpata dev eivon emddoyo

O {(x,») | px =}
Q {(x,»,2) | px(y) = 2}

@ {x | to medio tng @y elvon dmepo}

Iapatnpnon
Ag drxpopomotjoovpe Topa Tig dvo ekdoxég Tov HP mov éyoupe ypnoipomnoiroet yia vo
eipoote akpiPeic:

o Ko ={(x,y) [ ¢:(y) I}

° K={x[p:x) I}
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Mn) emhvopdt T, Oewpio avVadpopIKdY CLVAPTHoEWY

Bewpnpa Rice I

H nopoamdve texvikn avaywoyng tov HP propei va xpnowomrowmBel yio v Seifovpe évor modd mo yevikd
omoTéNECHAL:

Kdbe pn tetpipévn 1816ty ta vrodoyiowiwv ovvaptrioewv aviimpoownever éva un emiAvoio
nmpdfAnue (Becdpnua Rice).

IIpw v axpifn dwatvmwon tov Bewpripatog tov Rice Oa mpémel va SlevkpLvicouvpe KATL TOAD GTHAVTIKO.
Omoradriote teX VKT amapiBUnong KL ov eQappOcOvpE Yot TIG HepLég avadpoptkég cuvaptrioelg (eite
péow poypappdtev while, eite péow Tov pobnpatikd opiopévou emaywytkod mediov k.T.A.), dev
MITOPODHE VO TETOXOVHE HOVOSTIHAVTT] KOILKOTIOINGT] YLt fet GUVAPTNOT (AVOQEPOHAGTE GTNV OLGIX TNG
ouvdptnong). Anhadr pa cuvaptnon, oTig Sipopeg Loodvvoyeg popPég NG, Ba avtiotolel o TOANODG
Seikteg oty amapibunon. Etor o cbvoro C mov avagépetor oo Bedpnpoa tov Rice eivan oovolo
oUVAPTHOE®V Kot oYL GOVOLO SELKTMV.

Opiopog

PR H kAGon 10V HEPLKGOV XVUSPOULKY GUVAPTHGEDY HE VL OPIGHCL. J

Yro). & HolvmA. Ampihiog 2021 152/ 422



NGOYONIT LAl Mn) el uopotnTa. Oewpiot aVaSPOpIKGY GUVAPTHCEWY

Oewpnpa Rice II

Oedpnpa (Rice)
Eotw C S PR, C # . Tore to {x | ¢, € C} elvau pum emAbowo, Sydadij n covapryon f Sev

eivan avadpopukt, ormov:
1, preC
fix) = {0, AAMGS

Amodegn:
‘Eotw k pa cuvaptnon g kAdong C. 'Eoto Q 1 movbevd opiopévn cuvéptnon, dnladn
Q(x) =1, ¥x.

Iepinrwon 1: Q ¢ C.

ki x
Opilovpe:  A(x,y) ~ {TO’)’ i}\gﬁoi
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OO RVl M emmilvoipotnTe. Oempio avadpopIKdY cuVapToenV

Bewpnpa Rice 11T

Onwg ato mponyovuevo Bedpnpa xovpe: Yy (V) = h(x,y) ko g eivan vrohoyioun). Tore,
agoo ) ¢ C:

L e €C_ )L pem =k _ )L ¢ulx) |
1)) {O, OAALDG 0, alliog 0, aAhodg

Sovenog n f dev eivan vtoloyiour).

Hepintwon 2: Q € C. AAA& téTe T0 Q Sev aviikel oo C. Aeiyvoupe opoing 6t {x | r € C} pn
emAOOIHO. AMAG TOTE KOl TO CUPTAT pwRG TOL eV eival eAVGLO:

{xleceC={x|pceC}
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NGOYONIT LAl Mn) el uopotnTa. Oewpiot aVaSPOpIKGY GUVAPTHCEWY

Aebtepo Oedpnpa Avadpopnc (Bewpnpa otabepodv Tipmv) I

Oedpnpa (Aevtepo Oeddpnpa Avadpopric (Oecdpnua orabepddv Tipidv))

VfEP'REInmp,, zwf(,o
[t008Vvayn expdvnon: Yz A n : on =~ @y (n)]

Haparrpnon
Av fn) =1 t6Te P11y = L

To Bedpnpa tng avadpoprg Aéet yio 0Tt yio kébe avadpopikn cvvéptnon fmov aviiotolyet
SelkTEG PEPIKOV AVASPORIKDOV CLVOPTHOEWV O SEIKTEG HEPIKOV VAOPORLIKDV GUVAPTICEWY,
vrapyet éva otabepd onpelo n, OGTE 1) pepLK avadpopikr) cuvaptnon pe deiktn 7 va eivort
1o0dOvapn pe T pepky avadpoptkr] cuvaptnon pe detktn f(n).
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OO RVl M emmilvoipotnTe. Oempio avadpopIKdY cuVapToenV

Aebtepo Oedypnpa Avadpopr|g (Bempnpua otabepdv Tipaov) I

Me &Ado Adyua, av petacynpaticovpe 0o ta tpoypappata while kata éva cvykekpipévo
TpoTo (1. TpocBéTovtag oTo TEAOG TOUG pia evTOAY ¥ := ¥ + 1, 6mov y i é£0d0g), B
vrtapyxel Eva tpdypoppo while 7, ov Ba eivan loodvvapo pe To peTooYNHATICHEVO
TPOYPOPHX Ty (GTO GUYKEKPEVO TapESelypa éva TPOYpOpPX OV TéPTeL Gt Gelpo loop).

Sovéneln TV Bewpnpatov avadpopng eivat kat to 0Tt vtapyel self reproducing program
(quine) mpdypappa Tov omoiov 1) £0d0g eivon axpPadg To Keipevo Tov idtov Tov
TPOYPAUHATOG,

Ou KATOOKEVAGOLE Ve oKaplpnpa Yo éva TéTolo Tpodypappa. H cuvéptnon dq
(doublequotes, mov dev vAoTOLOVHE AemTopEp®G) SutAactdlel kkbe quote ' . T vau
eppaviotel oty €€0do pia cvpPforoocelpd mov mepiéyel éva quote, mty. blah'blah, ) evroin
npémeL va éxet Svo quotes, SnA eivan write('blah"blah’). ©ewpoipe Ot To TPOYpOppa Eivar
ypayppévo oe pio ypoppr (Sev xwpdel o€ pia ypoyppr) otnv oeAida, yio autd To yp&poupe oe
dvo):
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Aebtepo Oedpnpo Avadpopng (Bewpnpa otabepov tipmv) I

IMop&derypo (Quine oe Yevdokmddika)

x:=';y::dq(x);write(”x::"””, y, "o, x)';y:=dq(x);write('x::”‘, y, ', x)
Trace:
x:;y:=dq(x);write('x:=""', y, '"', x)
y:;y:=dq(x);write("x:=""", y’ ||||||||, X)
Output:
x:=';y:=dq_(x);write("x:=""", Vs wnn x)';y:=dq(x);write('x:="', v, LN x)
v
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Mn emhvopomta. Oewpio avadpoptkdV cuvapTioenY
Aebtepo Oedpnpor Avadpopnc (Bempnpa otabepndv tipmv) IV

IMop&derypo (Quine oe python)

> cat quine.py
x='x=Yr;print x%%x';print xx

> python quine.py
x='x=Yr;print x%%x';print xUx

Egfynon:
Evtod1: x = 'x=Yr;print x%kx'
EvtoAf 2: print x¥x

Trace:
x  : "x=Yr;print x}%hx"
Xhx ¢ "x='x=Yr;print x)%x';print x/x"

Tevika: x%y divel wg amotéleopa 1) ovpPforoocelpd x pe tn Stapopd O6tL ot Béom tov Jr

vrtapyeL TAEOV TO representation tng y, SnAadn n Ty g cvpPforoocelpdg y pali pe To pov

ELCAYWYIKA YOPW TNG, kot ot Béom tov %% vitapxel TAéov povo éva coppfolro %
[http://pyformat.info ywx mepiocdTEpeg TANpOPOpieg].
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NGOYONIT LAl Mn) el uopotnTa. Oewpiot aVaSPOpIKGY GUVAPTHCEWY

AN exdoxr) devTepov Bewpripatog avadpoprg I
Ocedpnpa (AAAY exdoyrj Oewpriparog avadpopris) J

IrERVZ:0n(z) = Po.(r(2))

AnAodr) PITOPOVHE UNYXAVIGTIKE VO UTTOAOYIGOVHE TO 7 TOV TTPOTOL BEWPHHATOC.

Amodeign:
T to wp@To: Opilovpe A(x, u) =~ @, (v ().
H h eivan voloyioyn. Onwg napandve, vdpyel g vitohoyicpun dote:

Pg(x) (u) = h(x’ u)

H o0vBeon flg(+)) etvou vodoyiowyn.
Apa éyer deixtn, otw y: y(.) ~ flg(.)).
Apa: oy () = flg(v))

KOL Phgn) = Poy() = Pelv)

B¢tovpe n = g(»)

T To devtepo: Ilapatnpodpe OTL 1) KATAGKELT) TOL T TAY PNYOVIGTIKY, dnAady deiktng y propel va
VITOAOYLOTEL KOl 1) g eiva viToAoyior.
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& Ko G ) clvola

Yroloyioyotnra

Recursive and Recursively Enumerable sets I

Oplopog
To cOvoAo 4 eival avadpoptd avy 1 XapakTnpLoTIKY) TOL GUVAPTNOT X4 ELVOL avadpopLKT.

To ovvoro 4 eivon avadpopikcd apbunoyo (recursively enumerable) avw 4 = 4 =
nedio Tipdv g f (4 = ran(f)) ywa kémoia avadpopiky covaptnon f.

E&nynoeig:

- To oOvolo 4 eivar avadpoptkod (Amokpioo) av LITAPXEL TPOYPOHHO TOV HITOPEL VO
ATTOPOLVETAL YLot TO EPWTNHA: — Oedopévou Tov aptBpol n, eivon To 1 oToLXELD TOVL
ouvvolov 4;".

- To obvolo 4 eivou avadpopikd aptbprioo (katoypdyipo, r.e.) av vtdpxeL TPOYPOppLoL
1ov (Xwpig elcodo) diver oty é€0do OAa Ta ToL el TOL GLUVOAOUL A (o€ omoladrimoTe
oelpd).
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Yroloyioyotnra

POJLKE Kot 6 ) ohvola

Recursive and Recursively Enumerable sets II

IMopaderypoa
- ToK = {x| @x(x) |} dev elvou avadpopikd (un emdvopdtnTa tov tpofAijpoatog
TEPUATLONOD).
- To K eivou r.e. (Mmtopolpe va kKataokev&ooLpe TTpdyporppiar tov Eekivd Stadoxtd ko
Tpéxel TapdAAnia pe tn pébodo " dovetaling” dAa ta poypapparo while kou dtav
K&rtoto artd avtd otapataet Pyalet otny é£odo to deikTn Tov).

- To K dev eivaun ovte re. (yioti av kat to K xou to K fjtav ree., tote 10 K Ot 1ty
ovadpopLkd: AemTopépleg apyoTepa).
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& Ko G ) clvola

Yroloyioyotnra

Recursive and Recursively Enumerable sets III

Oecpnpa

(2]
(%]
(%]
(%]
o
(7]
Q

To A eivai re.

avv A = dom(f) (redio opiopov), émovf€ PR
avv A = ran(f), émovf€e PR

aw A = & A = ran(f), énov fe P

avwwA = {x| Iy R(x,»)}, dmov R avadpouxij
avv 1o 4 eivau while-xaraypaiuo

avv 1o 4 eivan Turing-katarypdynjio

avv 1o A eivau (while- 1j) Turing-amodektd (acceptable),
SnA. pmopei v averyvewpiotei and (npdypoypa while 1j and) pnyavi Turing (0mov 1 pnyavi
Turing (npdypoppa while) otapard yio kdbe x € A ko S¢ orapard yiex ¢ A)

av A = graph(f), omovfe PR
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& Ko G ) clvola

oyloyoTN T

Recursive and Recursively Enumerable sets IV

Iapatnpnosig:

@ Amd 10 TPMTO avv Tov BewprpaTog Kot amd e pryavieTikn amapibunon {¢i} 6Awv
TOV HEPLKOV AVASPORIKOV GUVAPTHOEWY PITOPOVHE VO AXPOUHE HLO HIXOVLOTIKT]
amoptbunon {W;} 6Awv Twv r.e. cuvolwv (= mediwv opiopod twv {p;}).

Wi={x]wilx) |} = dom(g:)

° K:{x|50x(x) l}:{x|err}

Adéokwv: Stédng g (CoReLab - NTUA) Yro). & HoAvmA. Ampihiog 2021 163 /422



Yroloyioyotnra

POHLKE KoL & il obvola

Recursive and Recursively Enumerable sets V

Oeapnpa

To A eivan avadpouiké avv 7o A kar 1o A eivau re..

Amddelln).

: Eotw 4 ovadpopikd, Sniadn vdpyel TpOypoppa T oL ato@oiveTol yio 1o A.
Kataokevdlovpe npoypojipa ov exteAel To m emovelAnppéva yia ve amogovBet yio dheg
T1g €106d0vg: 0, 1, 2, ... . Kat' avtdv tov tpodmo propodv va astaplipnBoidv to 4 kat to A.

: 'Eoto A4 ko 4 re., SNA. vépxovv 00 TPoypApIAT T1, KOL T2 TTOU amaptOpody
(xatayplpovv) To A kou o A avticToiywe. Kataokevdlovpe mpodypoppa ov eAéyyel ov
n € 4 tpéyovrtag ev maparAiiw to 71 ko o 2. To n Bo epgaviotel kdmote eite oTNV
¢€0d0 Tov 1 gite otV €080 ToL 2. 'EToL TOTE B cmopacicel To pdypappo av n € A 1

oxt (puotka Sev eivan yvwotd mdcog xpdvog Ba xpelaotei yia v amavtnOel To epodTnpo:
ned;").

O

v
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& Ko G ) clvola

Recursive and Recursively Enumerable sets VI

Oecdpnua

To A eivau avaSpopuxd avv A = ran(f), érov f yvnoiwg avéovoa avadpouixr cvvdptnon 1j 1o A eivou
TIETEPATYEVO TUVOAO.

AmoderEn:

<"1 Av 7o 4 etvon memepacpévo, Tote elvon Tpopavds ko avadpopikd. Av A = ran(f), 6mov fyvnoing
abdEovoa, Tpéyovpe Sradoyikd mpoypdppata f(0), (1), ... péxpLn flk) va yiver peyaddtepn 1 ion
o TNV eicodo pog x. Xe avtd To onpeio amogaciletaravx € A x ¢ A.

'=": 'Eotw pn nenepacpévo avadpopkd cuvoro 4. Av Siatd€ovpe ta otolyeio Tov A pe av€ovoa oeLpd,
toTe N suvapTnon fx) = ax (x—ototyeio Tov 4) elvon yvnoiwg adEovoa ko vrodoyiletol artd to
ako6AovBo mpoypayppa (e eicodo x ko ¢€0d0 y):
z:=0;y:=0;
while z < x do

ifyeAthenz:=z+1;
yi=y+1
end;
yi=y—1
Hapartipnon: Exeidn) to 4 elvon doterpo 1 feivor oAikr.

O
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Yroloyioyotnra

POHLKE KoL & il obvola

Recursive and Recursively Enumerable sets VII

Hapatrpnon

H xAdon tov ovadpopik®dv oxEcewy eival KAELGTH WG TTPOG:
@ OMeg TG Aoyikég TPAEELG (EvwoT, TOT), CUPITAT POHR) KOL WG TTPOG
o @paypévoug mocodeikteg (bounded quantification, V. <,3 <).

H xA&om (RE) twv recursively enumerable oxéoewv eivon kAeloTh ©g 1Tpog:
@ £VWOT) KL TOUN KoL OXL OHKOG KO WG TTPOG GCULITAT POLLCL.

o @paypévo kaBoAikod tocodeiktn (bounded universal quantification: V <) kot pn
ppaypévo vapElakod mocodeiktn (unbounded existential quantification: 3).
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Yroloyootnta POJLKE Kot & ) ohvola

Recursive and Recursively Enumerable sets VIII

Oppddpevol amd Tig avaywyég mov kavape tov HP, yio mapaderypa, oe dAla tpoPfAipara,
eLoGyoupe TOpa TNV évvola TG avaywyipudtnrag (reducibility).

Opiopiog

A < B : (4 eivou (ToAAG-éva) avaydyyo oto B):

dgeRVn:(ned - g(n)eB).

Av emumhéov 1) g elvan 1-1, tote ypagovpe 4 <1 B (t0 4 givon éva mtpog éva avarydypo oto B).

Av 1 ovvaptnon g eivot TOAVOVOHIKNG TTOAVTAOKOTNTAG HIAKHE YLOL QVOLYWYT) TTOAVOVUHLKOD
xpovou ko cupPorilovpe 4 <, B (avaywyn katé Karp).

Oeapnpa

a) <u elvar avaklaoTikl Kai petafarixy.
B) A<uB=A<,B
v) A <m B A B avabpouiké = A avadpopxo
[1i:A <m B A A pn emAboyo = B pn emidboo |
§) A<uBABre = Are.

oReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 167 / 422



& ko POpLKE otpLOpr] ohvola

Recursive and Recursively Enumerable sets IX

Oplopog
A=,B: A<wBAB<, A4

[Mopatrpnon

H =,, eivou oxéon woodvvapiog kot diafaletan "éxovv tov ido fabud (un) emAvopornrag”
(have the same degree of unsolvability).

'Eotw C pux kAdon amd cvvora (.x. RE 1) KA&OT) TV r.e. GLVOAWV).

Oplopog
B eivau §voxolo (hard) oy C wg mpog < : VA€ C: A <y B

)

Oplopog

B eivau mhrjpeg (complete) ornv C wg mpog <, : B € C xou B givar dvokoro otnv C wg mtpog < . J
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Yroloyioyotnra

POHLKE KoL POHIKE il obvola

Recursive and Recursively Enumerable sets X

Iapatipnon:

ILx. av C = NP éxovpe mpoPAnpoata (] covola) mArjpn otnv NP (NP eivon n kAdon
TPOPANUATOV LITOAOYLOTAOV UI) VIETEPHUVIOTIKG G€ TTOAVWVUHLKO XpOVO) (WG TPog avaywyn
TOALWVUULKOD XpOVOUL].

H xpnowotnta tg évvolag Tov NP-Afpoug tpoPAfpatog gaivetot kot amd to e€ng: Av éva
NP-nAfpeg poPAnpa A amoderyBel 6TL emddeTon pe TOAVWVURLKOD XPOVOL VIETEPHULVIOTIKO
alyopiBpo, tote k&Be NP mtpofinpa Oo emiddeton eniong pe TOAVWVLHLKS (VTETEPUVIOTIKO)
alyoptBpo, apod avéyeton ToALVOVLHLKE 6TO A.
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& ko HLKE opLOpr] ohvola

Recursive and Recursively Enumerable sets XI

Oecpnua

)
To B eivau mhtjpeg otnv RE
B<, C = C nmArjpes otnv RE.
To C eivau re.

B) A kou B eivau wAtipn oty RE= A =, B

v) ToK eivau mhtjpeg ornv RE.

AnoderEn: Acknon ...
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Mavreia. Zxetikr) Yroloyiopdtnra. Apbuntikég Xyéoelg

Mavteio I

1t ovvéxela Ba Tapovotdoovpe Tpoypdppata 1) pnxavég Turing pe pavteior.

Emtpénovpe ota Tpoypappata (1) pnyovés) va eioépyovtal oe katdotaot epdtnong (ocodrmote
ouyvd), eved vroloyilov kot va cupfovievovton éva pavreio yia to A, dnhadn pio cvckevr) ov propei
vo aro@ocilet TV WOTNTR *oTotyeio Tov" yia to 4 (x € A 1} 6xL;). Av To pavteio atokpiveTan yio évo
avadpopkd cvvoro 4, tote To Tpdypoppa pog (1 TM) vrtoloyiler axpiBog OAeg TIG LITOAOYICIHES
ouvapThoelg. Av Opeg To pavteio outokpivetal yio dAlo pn emddopa odvora (.. K), tote T0

TPOY PO PG LITOAOYILEL CUVAPTHCELG TTOL iva vmoAoyiouieg jie yprion pavreiov yie To cvvodo A v arld
A-vroloyioweg.

Oplopog

PRA eivou n pukpdTepn kAGon GUVAPTHGEGY
Q@ mepropPaver tig S, P, Z, U ko x4

Q civau kheloth) wg TTPog oVVOeDT), TPWTAPYXLKT) AVASPOUT) KoL P-CXTHOL.

Topdpol, PITopovpE va eTEKTEIVOUE TNV £Vvvolx o€ TOAAG povteio: (pepikrj) C-avadpopuxt, dmov C givon
pia kKAGon atd cuVPTHGELS Ka/T) GOVOAQL.
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GG OLCM  Movteio. Syetikr Yroloyiopotnta. Apilbpntikég Exéoelg

Moavreio 1T

Oplopog

A <1 B (4 avayeton xotd Turing oo B):
A eivar B-ovadpopikr.

Hapartrpnon: opopoteg 18LOTNTEG KA £VVOLEG OTTWG YL <y

o <7 elvort avaKAQOTIKY Ko HETaorTiK.

e =p: eivou 1) TpokOITTOVO X AvTicTOorKa o)XéoT) twodvvapiog, 1 Turing toodvvapio- Turing
Babpog pn emdvopotrag: d(4) = khéon wodvvopiog tov A4.

o d(J): pkpodtepog Pabpog, Pabuoc Twv avadpoptkdv cuvorwy.

o Aev urépyel peyohtepog Babuog: VA : d(4) < d(4X)

e d(K) eivou peyiotikog Pobpog petafd tov avadpopkd apbpficiov cuvorwoy.

@ Ynapyouvv avadpopikd apibprioipa covola 4, B tétola dote dev woxvel ovte 4 <r B
ovte B <7 A.

o <r-hard, <r-complete. (<r-80ck0No, <7-TANpEG.)

e K eivar <r-complete oto RE (avadpopukd apBpricipo chvora)
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,
Movteio II1

Oplopog

Mia oxéon R eivar apBpntikr av opileton otnv apduntikn (dnAad v oxeoioxr] Sopr:
N = (N; <8+ % 0)).

v
Oedpnpa (Godel)
R eivau re. (avadpopuxd apibujoyun) = R eivar apiBuntixi.
v
Amodeitn.
Enaywyn oto PR. O
v
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Mavreia. Zxetikr) Yroloyiopdtnra. Apbuntikég Xyéoelg

H apBpntikn epapyio I

$Y =RE = {§| S(x) < IyR(x,), R avodpopuxr}

19 = co-RE = ovpmhnpepata cuvérwv tov RE = {S | S(x) <> VyR(x,y), R avadpopuxn}
KO YEVIKG:

£9 , = J-RE = {S| S(x) < FyR(x,y),R € IIJ}

H)?Jrl = co—EgJrl = GUPTANPOHATA GUVOA®V TOV ES+1

A =30 A0

Hopaderypor: Vx1VxaIxzIxa Ixs Vxe Iy Vg VxgR(x) oto Hg av R: avadpopkr.
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Hg/ 3\22
\/

/Ag\

\/

A
A(l) = rec

19 = co— R.E. 0 =RE.

Ixnipo: ApBpuntikn wepapyio
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H apBpntikn epapyio II

BOeapnua

Ou eyxeiopol oty apiOuntiki iepapyio eivar yvijotol.

Oecpnpo

Mia oyéon R eivan apibyunricii avv vmdpyer k T.o. R € $2.
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To 100 poPAnpa tov Hilbert T

To 1900 oo [apiot, o David Hilbert ékave pio opidior yio ta 23 mio omovdaio pobnpoticd tpofAfpota
70V kAN povopovoe 0 200G aukvag omrd Tov 190. To 100 fTav:

Amdpavon mepi emiAvopdrnyrag pag Awogavrikis eéicwons

dnhadi) va evpedei adyopiBpog ov dedopévon evog TOAVWVOHOL e AKEPALOVG CUVTEAEGTEG VOl
amopacilel av éxel aképateg piteg.

Mia tétowx e€icwon

D(xlz"'yxn) =0,

6mov D moAv®VLHO pe aképotovg cuvteheotég Aéyeton Ato@avtiki mtpog tipfv Tov EAAnva
(AdeEavdpivod) pabnpaticod Atdgavtov, mtov élnoe Tov 30 awva pX.

‘Ewg 10 1900, vrtripxav péBodot enihvong (Betikng 1) apvnTikrig) yia Siépopeg viokatnyopieg Twv
Aogavtikov e€lodoenv, o Hilbert opwg {ntovoe pia kaBoAikn pédodo, Sniadn adyopibpo amdpacng,
yux OAeg Tig Ato@avTikég eEloMoELs.
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Aogavtiké chvoha

To 100 tpoPAnpa tov Hilbert II

Me xprjon tov Oewpriparog Lagrange (kée puotkdg eivar dOpolopa TECOAPOV TETPAYDOV®OV), PITOPEL Vo
Seikel kaveig 6TL Tar e€1ig SVo TPoPApATA ATOPAGTG AVAYOVTOL TO £va 6TO GAAO (givan 100dbVapa wg
TPOG = ):

o Emvowdtnta Aogpavtikg eicwong pe akepaiovg.

o Emlvowdtnta Aogavtikrg e€icwong pe guotkovg.

Oecopnpier (DMPR)
To 100 pdfAnue Tov Hilbert eivan pn emiAdoyo. J

Ko pédiota kataokevaotikd:

Oedpnpa

Yrdpyer adyopifuog mov, Sedopévov adyopibuov A mov 61j0ev emAver o 100 mpdfAnue tov Hilbert,
karaokevaler Awogavrikij eéiowon avtimapdderyua.

Anhadr) vtapyel <p-avayoyn, apa to TpoPAnpa eivon RE-mAnpeg.
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Ewaocio Davis I

Ag BewprioOLpE OLKOYEVELEG QO TTOPAPETPLKEG ALOPAVTLKEG EELEMOCELG:

D(x1,...,Xm,a1,...,an) =0,

@ aKképool cLVTEAEOTEG
@ TopapeTpoLay, . . ., dp

@ QYVWOTOLXT, ..., Xpm.

T Ttoteg TYéG TV TapopéTpwv a; £xeL ) D axépoeg pileg;
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Ll AogavTikd chvoha

Ewaocio Davis 1T

Oplopog

Awo@avtkd cvvolo:
{(a1y...,an) | I(x1,. .y xm): D(X1, ..., Xm,a1,...,an) = 0},
6mov D: Aogavtikn e£lowo pe aKEPALOVG CUVTENECTEG.

TapaPore avadpouikd apiBurjoiio ovvoldo:
{(aty.. . an) | I(x1, .o yxm): fX1, .y Xmy a1, ..., an) = 0},
omov f: avadpopikt cuvaptno.

Iapatripnon

Av 1 ouvaptnon D 6710 oplopd Tov SLoPavTikod GLVOAOL ELVAL EVO TTOAVOVUHO WG TPOG TOLG Oy VAOGTOVG
X1,X2, ..., Xm TOTE TO 6VUVOAO OVOpP&LeTo TTOAVWVUHLKE SLOQAVTIKO GUVOAO.

Av o1n cvvdptnon D emitpémeton vo vitdpyel dyvwotn petaPAnty (X1, . .., xm) ot ekbétn, 16t TO
cOVoAo ovopdletan ekBeTid SloPavTikd.
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Avogavtiké chvola

Ewaocio Davis IIT

Iopaderypo

NQ = {n | n 61 téhero tetphywvo} eivan Sopavtikd chvolo Siott
NQ = {d | 3(x,y): x> —d(y + 1)%2 — 1 = 0} (ekicwon Tov Pell).

IIpogavag k&be Atogavtikd odvoro eivon (katorypdpo) avadpopkd apiburotyo.

Hapatipnon
Ko ot 800 kAdoeig D ko RE eivat kAeloTéG G TPOG EvwoT) Ko Topn OxL OHOG G TPOG CUHITAT POHC. J
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QLA AlogavTiké GOVOAa

Ewaocio Davis IV

Ewaoia (Davis, 1950)

KdOe avadpopixd apiburjoiio ovvolo eivar Stopavrikd.

Martin Davis
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Aogovtiké cOvolo

Ewaocio Davis V

Mia ovvénela avtrg g etkaoiog eivon 6Tt o ovvolo PRIMES eivan Stopavtikd, dpa meprypdpetor pe
pa toAvwvoptky e€icwon! To idto woyvet kat yio To cbvoro POWERS-OF-2.

Muwx &AAn ovvénewa (T Davis Normal Form", tap&Boaie KNF) eivan n drap€n kaboAikrig (universal)

Avopavticig e€icwong [Un(a, k, y) = 0] mov neprypaepe (jie index k) xabe r.e. shvoro:

VD, 3k, Va [3xD(a,x) = 0 < 3y(Un(a, k,y) = 0]
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Ll AogavTikd chvoha

Ewaocio Davis VI

O Martin Davis anédeife apéowg:

Oedypnper (Davis Normal Form)
KdOe r.e. cvvoldo meprypaperar:
{al3z,Vy < z,3x p(a, x,5,2) = 0}
dnAadij To oUvolro Twv TapapETPwY a dote 6Aa Ta ToAVd VUL
p(a,x,0,2),p(a,x,1,2),...,p(a,x,2,2)

va yovv piler.

To {nrovpevo topa fjTary va omalelpBei o kaboAikodg mocodeiktng yio va amodery el 1) etkasio Davis.
Avtd éywve petd atd TovAdioTov 20 xpdvia.
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Yrohoytowotnte  [EENIIIGARANEGRTIT

J. Robinson, H. Putnam, Y. Matiyasevich I

§ &

Julia Robinson Hilary Putnam Yuri Matiyasevich
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Avogavtiké chvola

J. Robinson, H. Putnam, Y. Matiyasevich II

Eixacio (. Robinson)

Yrdpyet Sopavriké avvodo {evyapiiv D tétoio dore:
Q (a,b)eD:b<a ku
@ Vk,3(a,b)eD:b>dr

Opiopog

To cvvoro D = {(a, b, ¢) | a = b} ovopdleton oxéon exbetikng avEnTikdTnTag 1 oxéon Julia
Robinson.

Haparijpnon: Méxpt v dekoetio 1960 dev fjtay yvwotd 6Toug optbpobewpnTikog av LITAPXEL TETOLO
cbvoro D.

.
H Julia Robinson (pabrtpix Tov Tarski oto Berkeley) mov pehetovoe tnv drogavtikdtnta Tov GUVOAOL
POWERS-OF-2 anédeife to 1950 611 1) eikasia . Robinson ovvendyerar 6TL 1) oxéon ekbetikrig
avEnTikoTnTag Elvor dlogavtikd Ghvolo.
Ewacio (PAP)
Yrapyovv apibuntikés mpdodor mpdrwv apifudv, avbaipétov pijkovg. J

Yro). & HolvmA. Ampihiog 2021 186/ 422



Yroloyoyotnte NGRS EGATINGG

J. Robinson, H. Putnam, Y. Matiyasevich III

O Davis padi pe tov grhdécogo (Harvard) Hilary Putnam peAétnoav exBetikég Sropavtikég e€lothoelg (m.x.
(x4+ 1)+ (y+ 1) = (z + 1)%, Fermat: povov yir a = 1, 2) ou £8etéav to 1959 otu1:

ewkaoio PAP + esikacio J. Robinson = ewkaoio Davis

Avotuxdg n ewkaoio PAP Sev eiye amodeiytel tote. Opwg 1 J. Robinson xatdpbwoe va avtikatactioet
v ewkocio PAP pe kTt oXeTikd pe o Bedpnpa Tpdtev aptbpmv.

Hopatrpnon
H ewkaoio PAP amedeixBel to 2004 amd toug Ben Green kou Terence Tao ko wg ek To0TOL givon TAEOV
YV®oTH pe Tnv ovopacio Oempnpa Green-Tao.
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Yroloyoyotnte NGRS EGATINGG

J. Robinson, H. Putnam, Y. Matiyasevich IV
‘Eto, éxoupe:
Oedpnper (DPR)

@ Kdbe re. abvolo eivau exbetikd SiopavTiko.

@ H axaoia J. Robinson eivou icoSvvaun pe: Kdbe re. obvolo eivau (moAvwvopikd) Stopavrik.

Hopatrpnon

H ewcaoio J.R. eivar iodvvapn pe: {(a, b, a®)} eivou (modvwvopiké) Stogavtiko.

Télog, o (veapdg, 22 etwv) Yuri Matiyasevich asmédei&e to 1970 tnv ewkaoia g J. Robinson. ‘Edeite
dnadny 611 vtdpxeL oxéomn mov opilet axpBog tnv exkBetikr avEntikdtnta Tng J. Robinson ko pddioto n
oxéon eivo

{(a,b) | b = Fiba,}.

Xpnoipomoinoe pio ot v apbucdv Fibonacci wov avtdg amédeike:

Fib2|Fiby — Fiby|m.
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Avogavtiké chvola

J. Robinson, H. Putnam, Y. Matiyasevich V

IapartiBevron mo wyvpég maparlayég tov Bewpriparog DMPR.
Oecopnua

Yrdpyer Aogavrxi] efiowon W pe pia napdpetpo a: W(a, x) = 0 éro1 dote o {a | Ix € N" : W(a,x) = 0}
elvan umy emAvoo.

Oecpnua

Extdg and v napandveo W vrdpyer adydpibuog mov yia kdbe alydpifuo f pag Ppioker éva ay état dote o f var
unv arwopaciler cwotd av n Way, x) éxet pida.
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Teviketoeig I

Hopatrpnon

Av 1o 100 tpofAnua tov Hilbert eixe Oetikr) emidvomn yia aképatovg tote O gixe ko yio pnrovg. Topo
OUWG TTapaéVveL aVOLKTO TO TTPOPBANHA Yo prTovG.

@ To Becdpnpo DMPR édwoe ™ apvntiki” Aben oto Sikonpo 100 IIpoPAnua tov Hilbert, eivon 1 mmo
OTHOVTIKT] €EQappoyT) TNG AoyIkNG 0T KAaokd podnpatikd, ko obnoe tn dnpovpyia pog
kawvovplag epevvnTikng eproxfc: HTP, ard to ayyAwkd Hilbert's Tenth Problem.

To pacwké mpoPAirpata tng HTP eivon n amokpiopdtnta towv Bempiodv yio Sopég o mpokdatovy
e uoLkod TpoTo otV AdyePpa, Tn Oswpict ApOpdv kan tnv AlyeBpikr Tewpetpio.

o Xoapaxtnpiotikd Tng HTP eivan 611 ou amodeiferg Sev eivon amhég, ko Teivouvy va Xpropomolody
amnote éoparta kot pefddoug amd khaotkd padnpatikd, €w and tn Aoyukr. Kot opwg, to
amoteéopara Oewpiog ApOp®V mov amattovvton yix Tnv amddelén tov DMPR eivon oyeticd amid
---kAaoikég 100tnTeg g e€icwong Pell.

Amtd TV GAAN pepLE, TO avEAOYO epOTNHA Yiax TN Sopr) TwV pNTOVY aplBpdyv éxel avtiotabei oTig
npoontdBeleg TOAAGDVY Srakekpipéveov podnpatikodv (atd ToAlote, cuvageig kKAAdouvg) kot
TAPOpEVEL TO PAGLKO AVOLKTO TPOPANHA QUTHG TNG TEPLOXTIG:

Yrdpyer adydpiBuog mov var amopaciler av to Tuyaio moAvdvupo pie pnTovs cuVTEAETTES Exel
pnTés Avoeig;
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Tevikevoeig 11

@ 'Etol n meproyf) HTP eivou evhoynpévn amd éva khaoikd Bedpnpo (to DMPR), ko éva kevTpikd kot
(katd yevikn) oporoyia) oAb dvokolo avorktd TpdPAnpa ka xapaktnpiletan amd To yeyovdg Ott
eivou kéov avéypecao ot Aoyikr, T Oewpio AptBudv kou tnv Alyefpukr) Fewpetpio.

Yro). & HoAvmA. Ampihiog 2021 191/ 422



[Mepreyopeva

e Avtopara kan Tumikég TAoooeg
@ Tlapadayég, emektdoelg ko epappoyéc FA/REGEXP
@ I310TNTEG KAVOVIKOV GUVOA®V
@ AlyePpuikn meprypoagr} kavovikodv cuvolwv. Edayiotonoinon DFA
@ Tumkég Tpoppartikég
@ Amhomoinon c.f. ypappotikédv
@ Avtoparta otoifog (pushdown automata)
@ ot Teg c.f. yhwoohdv

@ 1810TNTeG re. YAo oMV, ATOKPLOIHOTN T

@ H epapyio Chomsky
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Autdpata Kat TUIIKEG YAOCOoES

" TuTTKEG YAWOOEG: XPNOIYOTTOIOUVTAI YIA TV KWAIKOTToIiNoN
UTTOAOYIOTIKWYV TTPORANUATWY aAA& Kal TOV OpIoUO
YAWOOWV TTPOYPAUPATIONOU.

M.x. L={x € {0,1}* | x duadikr) ypapn TTpwTou apibuou}

" AutopaTta: XpnolMEUOUV VIO TNV avOyVwEIoT TUTTIKWYV
YAWOOWV Kal yia TNV KoTaragn 1ng OUOKOAIAg Twv
avTioTOIXWV TTPORANUATWV:

" Kd&6e autdéparto avayvwpilel gia TUTTIKA YAwooa: 10
oUvoAo Twv ouuBoAoaeipwy TTou TO0 0dNyouV O€
Kar@oTaon armodoxng.
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‘qudﬁawua: aAvayveE101] TEPITIOV

1
O@)o @1

" Qo: TeEAeuTaio wneio didgwopo Tou 1

" Q,: TeAeuTaio yneio ico pe 1

"N gy AéyETal OPYIKN KOTAOTOON EVW N g, AEyETOI
KatdoTaon atrodoxns (1 Kai TEAIK)

= ekTéANeon pe gicodo 0110:
(00)0110 — 0(g,)110 — 01(g,)10 — 011(q,)0 — 0110(q,) AMOPPIYH

= ekTéAeon ue gicodo 101:
(95)101 — 1(q,)01 — 10(qe)1 — 101(q,) AMOAOXH

12



‘ AAAa autopata

* Mnxaviopoi: xwpig gicodo — £§odo: 6(q)) =
EKTEAEON: (p -> 0 -> Uy >y - - -

" Autouata oToifag (PDA, pushdown automata): éxouv
TTOAU TTEPIOCOTEPEG dUVATOTNTEG KABWGS PTTOPOUV va
XPNOIMOTTOINOOUV Pvhun (o€ Jop®n oToifag).

= Mnxavég Turing (TM): €xouv akOun TTEPICCOTEPES
dUVATOTNTEG KABWG £XOUV QTTEPIOPIOTN PVAUN (O€ Hopon
Taviag, e duvaTtdTNTA ETTIOTPOPNG).

" [pappikd eplopiopéva autopara (LBA): ival TM ue

MVAMN YPOUHIKA TTEPIOPIOHEVN (WG TTPOG TO PAKOG TNG
€10000U).
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| AAAeQ TUTTIIKEG YADOOEG
L1 :={w € {a,b}* | wapylleius "a’}
Lo :={w € {1,3}* | w mepiéyer domio maifloc 17}

Ly = {w € {a,b}* | w elvou movdpouner| }
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| [Tapadewypa: DFA yua L,

L1 :={w € {a,b}* | w opyile ue "a’}

7 . @D a.b a b
a.b

b Go | 91 42

@Ql q1

G2 | 42 (2

ekTéAeon ue gicodo abba :
(qo)abba — a(g,)bba — ab(qg,)ba — abb(qg,)a — abba(q,)
AMOAOXH
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\Turch')g oplopog DFA
" NTETEPMIVIOTIKO TTETTEPACHUEVO QUTOUATO

(Deterministic Finite Automaton, DFA):

mreviada M = (Q,2,0,q,,F)

" Q: 1O OUVOAO TWV KATOOTACEWY TOU M (TTETTEPACHEVO),
m.X. Q ={do, 01, 92}

= 2 Tremepaopévo aA@aBnTo ei06dou (2 N Q = ©),
m.X. 2 ={a,b}

" §:Qx2 - Q:ouvaptnon petapaong, m.X. 6(4y,a) = q,

" Qo € Q: apxikni kardoTaon

F < Q: ouvoAo TeAIKWV KaTaoTaoewV (aTTod0XNG),
m.X. F={q.}
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['Awooa pe DFA kat ylAwooa xowpig DFA

Lo = {w € {a, b}* | w repiéyat dpmio makfoc a’}
b

b Q)@ . a

qo (h
Ly = {w € {a,b}* | w eivar mouvdpouxr }

AtrodeikvueTal 0T dev uTrapyel DFA 1Tou va avayvwpilel Tnv L !
(xpe1aleTal uvAun he péyebog TTou e¢apTaTal atro Tnv €icodo0)
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‘Anoﬁoxr'] DFA: turmikoi opiopot

EmékTaon ouvdptnong 8: Q x 2* —> Q

H emrekTeTapévn 6 OEXETAI WG OPICPATA YI KATACTAON
Kal Jia oupBoAooeipd u kai divel Tnv KaTdoTaon otrou Ba
BpeBOei To autduarto av Eekivijoel atrd Tnv g Kail diaBdoel
TNV U.

Opiopég etrekTeTaPEVNG O (OXAMO TTOWTAPXIKAS
avadpoung):

6(g,e) =4q

6(q, wa) = 6(6(q, w), a)

OTTOU W €ival OUUBOAOCEIPG OTTOIOUBNATTIOTE UAKOUG, EVWD O
atTAG oUuBoAO TOou aApapriTou
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Anto6oxn DFA: turmikoi opiopot

‘Eva DFA atrodéxetal pia ouppoAooeipd u avv
0(qq,u) € F

‘Eva DFA M atrodéxetal Tn YAwooa
L(M) = {w | 6(ap,w) € F}

O1 yYAwooeg TTou yivovTtal atrodekTéC ammd DFA
AEyovTal KOVOVIKEG
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Mn vieteppiviotikda autopata

NTETEQPUIVIOTIKGA QUTOMATA: VIO KABE cuvOUQO S
KaraoTtaong / oupBOAou €100600U UTTAPXEI
MovadIkn ETTOMEVN KATAOTAON

Mn-VTETEPUIVIOTIKA QuTOMATA:

yla KaBe ouvduaouo katdotaong / cupBoiou
€10000U UTTAPXEI ETTIAOYN QTTG OUVOAO
QUVATWYV ETTOPEVWYV KATAOTAOEWV

a1Tod0XI AV KATToIa OEIPA ETTIAOYWYV 0dNYEi O€
aTTOod0XN
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Mn vieteppiviotika
IEMEPAOUEVA autopatd

NFA (Non-deterministic Finite Automaton): yia
KGBe KatdoTaon Kal cUUPOAO 10000V ETTIAEYETAI
Mia a1t €va ouvoAo duvaTwy ETTOPEVWV
KATAOTOOEWV.

NFAe (NFA pg e-KIVAOEIG): UTTOPEi va aAAGCE
KATAOTAON XWpPIig avayvwaon eTOUEVOU
OUMBOAoU.
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\ [Tapadetypa NFA

Ly:={we X | w repéyeL 8o ouveydueva a}

a.b C@ - @ ¢ @:) a. b

a b 2Tn ouvdapTtnon PETaRaaong,
q | {90. 1} {qo} Kevo oUvoAo anuaivel 6T N
. 0 TPEXOUTa EKTENEDN
¢ | et ATO00f
- _ PPITTTEI
@ {1 (TTPoCOX1]: LTTOPET KATTOIA

aAAn va ammodéxerai).
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TMapadetypa NFA

2\

o 1N

Aévdpo uttoAoyiopou q(;/ \51 q‘lga |
yla gicodo aabaa b| |b |b
qdo @ 42

(V \a |

do ol 12

ANOAOXH
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Turmkog opiopog NFA

mevrada M = (Q,2,9,q,,F)
Q : T0 OUVOAO TWV KATOOTACEWY TOU M (TTETTEPACUEVO)
2 TIETTEPAOHEVO aAQARNTO €10600U (2 N Q = @)

0:Q x2 - Pow(Q) : ouvdpTnon PeTaRaong,
m.X. 6(0, @) ={ 0, A, dm }
Jo € Q : apyIkn KatadoTaon
F < Q: oUvoAo TEAIKWYV KATAOTACEWV (ATTOO0XNG)

Ymrevlouion: otn ouvaptnon PETARaoNG, kevo aUVoAo
ONUAiVEl OTI N OUYKEKPIYEVN EKTEAEDT OTTOPPITTTEI
(Tpoooxn: utropei karroia GAAN va ammodéxerar).
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Amto6oxr) NFA: turmikoi opiopoi

‘Eva NFA amodéxetal cupBoloacipd w av 8(qo,w) N F # &

‘Eva NFA M atrodéxetal Tn YAwooa
L(M) = {w | 8(qe,w) N F # &}

2nuegiwan: n ouvaptnon O Eival ETTEKTETAPEVI WOTE VA
OEXETAI AV OPICHATA PIa KATAOTAON ¢ KAl YIa
oupBoAoaelipd w Kal va divel TO GUVOAO TwV KATAOTACEWY
OTTOU PTTOPEI VO BPeBei TO auTdpaTo av eKIv el ATTo TNV (
Kai dlaBdoel TV w

MNapaderyua: 6(d,, aa) = {dy,d; 05} » 0(dg, ba) ={dy,q:}
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'IooSuvapia NFA kat DFA

“ @ewpnua Rabin-Scott: yia kaBs NFA uttapxel
éva DFA 1Tou atrodéxetal Tnyv idia yA\wooa.

= Emopévwe Ta DFA kal Ta NFA avayvwpifouv
aKPIBWG TNV idla KAAon YAWoOoWV: TIG
KavoVvIKEG YAwooeg (regular languages).

= O1 KavoVIKEG YAWOOEG aVTIOTOIXOUV O€
KQAVOVIKEG TTAPAOTAOCEIG (regular expressions):

m.x. (a+b)*bbab(a+b)*
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'NFA 9 DFA (i)

NFA yia T1n yA\wooa L, ("2 ouvexopeva a")
a b

| .
a a g | {90:@1} {qo}
st Q——@——@D« |y
{g2} {a2}

KaTtaokeudloupe 10 SuVapooUvoAo TwV
KaTaoTAoEWwV. ApyIKn KataoTtaon: {q,}-
TeNIKEG: OOEG TTEPIEXOUV TEAIKN.

Y1odeién: e¢etaloupe pdvo
mpoaBaoiua ato {g,} CUVOAD KOTOOTACEWV.
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'NFA 2 DFA (i)

9 | {9091} {go}

NFAvyia 0 yAwooa L, et C@——@——@D«s o |'Cs’ '
{2} {42}

a b

Q\E

| {q07q1} {CIo}

DFA yia 1n yA\wooa L, J Ao}

Yrédeién: e¢etaloupe
MOvo mpooBaoiua
o110 {q,} oUvoAa
KATOOTAOEWV.
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'NFA & DFA

NFA yia Tn y\wooa L,

DFA yia 1n yA\wooa L,

Yrédeién: e¢etaloupe
MOvo mpooBaoiua
o110 {q,} oUvoAa
KATOOTAOEWV.

(iii)

a

b

9 | {9091} {go}

@b Q@——(@)——@D ot al o) 0
{g2} {g2}
Q\X a b
v {ao} {90, 01} {0}
V {QOT‘h} | {(Ioafhﬂh} {QO}
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'NFA 9 DFA (iv)

a b
NFA yia T yAooa L, ot C@—@—"—@Das 0|1t w0}
{g2} {g2}
Q\X a b
DFAyia TN yAwooa L, NERL); {qo0,q1} {q0}
V {QOT(h} | {QanhQQ} {QO}

Yrédeién: e¢etaloupe
MOvo mpooBaoiua

o110 {q,} oUvoAa
KOTAOTACEWV. v | {002} {002}
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'NFA 2 DFA (v)

9 | {9091} {go}

NFAvyia 0 yAwooa L, et C@——@——@D«s o |'Cs’ '
{2} {42}

Q\x a b
DFA yia 1n yAwooa L, v A} {a0, a1} {0}
V {%T‘h} {QanhQQ} {QO}

Yroodeién: ecetaloupe
¢n: egeTaloup Vdwe)>  [H{oa e} {o e}

MOvo mpooBaoiua

o110 {q,} oUvoAa
KOTAOTAOEWV. v ‘ {9001, %2} {0, 22}
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'NFA & DFA (vi)

a b

NFA yia T yAbooa L, «tQ@—"—@——@Des  &|'@2 0
{2} {42}

Q\X | a b
DFA yia Tn yAwooa L, v {ao} | {q0, a1} {q0}
V {6107‘11 {QanhQZ} {QO}

{q07(I17 QQ} {%7%}

L ]S
v ‘ {a0,q1,02}  {q0, 42}

a b
b -@@ - b
- a -
32

a



'NFA 9 DFA (vii
a b
NFAyia Tn yA\wooa L, b Q@——@)——@D b 2 {‘1{04:1}1} o]
{g2} {g2}
Q\X a b
DFA yia 1n yA\wooa L, 4 @} (g0, 01} (g0}
xis) e} )
Lol Lgo)
O1 un mpoaBdoiue 423 o4
K Tpoofdsijieg v {q, 01} {90,q1,92}  {q}

Karaoraoeig Oev
maidouv poAo!

Jerins

{q07(I17 QQ} {%7%}

i (o
CII7 227

fqat fout
{QOa‘IhQQ} {907(12}

a b
b -@@ - b
- a —_—
33
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NFA =» DFA: n pebobog turmka

‘Eotw 10 NFA M = (Q,2,q,,F,0).

‘Eva ic0dUvapo DFA M'= (Q',2,q,,F', "), opifeTal wg €EAG:
Q' = Pow(Q), dnAadn ol kataoTacelg Tou M’ gival 6Aa Ta
UTTOOUVOAQ KaTtaoTdoewy Tou M.
do = {do},

F ={R € Q"| R F # J}, dnhadA pia karadotaocn tou M'
gival TEAIKA av TTEPIEXEI JIa TEAIKN KaTdoTaon Tou M.

0'(R,a)={g € Q| qedr, a) yiar e R}, eivai dnAadr 1o
OUVOAO TWV KATOOTACEWYV OTTOU PTTopEi va Bpebei To M

EEKIVWVTAG ATTO OTTOIOdATTOTE KATAOTAOT TOU OUVOAOU R
Kal diadacovTag To cupPBoAo a (a-kivnon).
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Autonata pe e-rwvrjoeg: NFA,

EmTpétTouv petaBaocic xwpig va diaBaleTtal cUuBoAo
(lc0dUvapa: pe €i00do TO KeVO string €).

ATtrodéxovTal TIG CUPPBOAOCEIPEG TTOU ITTOPOUV VA
odnyrnoouv o€ TEAIKI KATAoTACH, XPNOIUOTTOIWVTOG
EVOEXOUEVWIG KAl E-KIVIOEIG.

Mapadeiypa: NFA, vy Ly := {a*b*} = {a"b™ | n,m € N}

a b £

ab @ [ {ot 0 {g.a}
O 0 o} Aa}
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'IooSuvaypia NFA, pe DFA:
rapadsetypa

NFA, v Ly (dnhad# “6yL 800 ouveybueve a”):

£,a

—®

b

DFA vyio Ly: b ‘- ¢ o. a,b
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NFA, = DFA: n neBobog turmka

‘EoTtw 10 NFA, M = (Q,2,q,,F,0).

‘Eva ic0duvapo DFA M'= (Q',2,q,,F',0"), opieTal wg €§NG:
Q' = Pow(Q), dnAadn ol kataoTdoelg Tou M gival 6Aa Ta
UTTOOUVOAQ KOTAOTACEWY TOU M.

g, = £-KAgiolpo(q,) (e-kAgiolpo(a;)= {p | p TpooBdaoiun
KaTaoTaon ato TNV g; MOVO PE E-KIVAOEIG})

F ={R € Q'| Rn F # J}, dnhadn pia katdoTtaon Tou M’
gival TEAIKA av TTEPIEXEI YIa TEAIK KaTAoTaon Tou M.
0'(R,a) ={q € Q| q € e-kAciolpo(d(r, a)) yiar € R},
onAadn &'(R, a) eival To cUVOAO TWV KATACTACEWYV OTTOU PTTOPEI va
Bpebei T0 M EekiviovTtag atrd oTToIadATTOTE KATAOTACT Tou R,

KAvVOVTaG pia a-kivnon Kal XpnolJoTToIWVTAG OTN CUVEXEIQ
00£0ONTTOTE £-KIVATEIC.
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NFA,_ = DFA: mapdadeiyua

e-kAgioIgo TNG 9,={d;,0,.05}
e-kAgiopo TG q,={q,}
€-kAgioIpo NG g;={q,}
€-kAgioigo TG g,={0,,q,4}
€-KAgioIpo TG gs={qs}
€-KA€ioIU0 TNG s={Us, 06}

ApXIKn KaTtaoTaon

{9:,92,95}
TeNIKEG O1 PTTAE

Q' 0 1
>{q1.92,45} ) {d3.05.6}
143,05.96 } {q2.q4} {95.q6}
{4204} 1) {q3}
{05,006} 1 195,96}
{qs} {d2.q4) )

{} 1 »
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NFA, = DFA: evaAAaktukr) pebodog
(oe NFA npwta)

J Eorw 1o NFA, M =(Q,%,q0,F9).
J Kataokeudoupe rpwta Icoduvapo NFA M'= (Q,2,q,,F’0")
WG E8AG:

F'=F U {q,} av e-kAcioipo(q,) TrEPIEXEI TEAIKN,

F' = F aANIwg.

0'(q, a) = e-kAcioluo(d(e-kAcioipo(q), a)), (6 eTTekT/VN)

onAadn 6'(q, a) gival To CUVOAO TWV KATACTACEWY OTTOU
pTTOpPEi Va Bpedei To M ekivwvTag atrd Tnv KartdoToon g,
XPNOIMOTTOIWVTAG OCECONTIOTE £-KIVAOEIG, Wi a-Kivnon, Kal
XPNOIUOTTOIWVTAG {AVA 00EOBNTTOTE £-KIVAOEIG.

A1é 10 M' KaTaokeuddouue I00dUvauo DFA.
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NFA, = DFA: evaAAaktukr) pebodog
(oe NFA npwta, taxutepaq)
J Eorw o NFA, M = (Q,2,q0,F,0).

J Kataokeudoupe rpwta Icoduvapo NFA M'= (Q,2,q,,F’0")
WG €GNG:

F': eival 10 F padi ye kaBe katdotaon g yia Tnv oTroia
TO £-KAgioIMO(Q) TTEPIEXEI KATTOIA TEAIKN).

0'(g, a) = 6(e-kAgiouo(q), a), (6 etrexT/VN)

onAadn d'(q, a) ival To OUVOAO TWV KATAOTACEWV OTTOU
pTTOpPEi Va Bpedei To M ekivwvTag atrd Tnv KartdoToon g,
XPNOIMOTTOIVTAG OCECONTIOTE £-KIVAOEIG TIPWTA, KAl META
Mia a-kivnon (dnA. xwpic e-KIvnoeI§ LeTa 10 a).

A1é 10 M' KaTaokeuddouue I00dUvauo DFA.
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EAaxiotortoinon DFA: mapadsiypa
={we{ab}*|w mepiéyer 2 cuveydueva a }:
Apxik6 DFA

a b
(eI I B ID DL
a

a

EAaxioto DFA

D= —=E——~@D
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EAaxiotorntoinon DFA (i)

Avo kataotacelg DFA AéyovTtal pn 1000Uvaleg,
onAadn diakpioiuec, av uttapxel oupBoAooeIpd
TTOU Va 0dnyeEi TNV dia atrd auTég 0€ TEAIKNA
KATaoTaon, eVvw TNV GAAN OxI.
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| EAaxiotoroinon DFA (ii)

AUO KATAOTACEIG JTTOPOUV VA OUYXWVEUTOUV O€
Mia (gival 1000UvauES) av:
odnyouv ue idle¢ ouuPoAooclpéC o€ idlo
armroréAsoua
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| EAaxiotortoinon DFA (iii)
Apxiké DFA
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EAaxiotortoinon DFA: 2° mapadewypa
Apxiké DFA 1

EAaxioto DFA

0 U 0,1
‘—‘—0 . L (7)
—|
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‘ EAaxtiotortoinon DFA: 3° mapadeypa

Apxik6 DFA




MeBobog eAaxiotorntoinong DFA

Avo kataoTdoelg AéyovTal k-B1aKpioIheg av Pe KAmroia

ouuBoAoceipda urikoug akpIBwe k odnyouv o€ dIaQopeTIKO
atmrotéAeopa (kal dgv gival I-OI0KPIOIKES yia Kavéva i<k).
‘ET01, U0 KOTAOTACEIS €ival:

0-01aKpioIYEG avv N Hia gival TEAIKN) evw N AAAN Oxl.
(i+1)-dlakpiciyeg avv Pe KA1ToI0 oUuBoAO 0dnyouv

o€ i-O10KPICIPEG KATAOTACEIG.

AUo kataoTaoelg AéyovTal Ic00dUvapeg av Ogv gival k-
OIaKPICIYES YIa otToiodnTToTE K.
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MeBobog eAaxiotorntoinong DFA

= 15éa peBodou: yia kéBe i =0, 1, 2, ... evioTi{OUME TA
I-O1aKkpioiua CeUyn KATAOTACEWVY £WG OTOU va PNV

TTPOKUTITOUV AAAa. Ta utréAoitta {euyn gival Icoduvaua.

" TaTi SouAevel:

Ocv urrapyouyv (i+1)-01aKkpioIuES KaTAOTATEIS AV OEV
UTTa@pXOUV i-OIaKPIOIUES KATAOTAOEIS
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H p€bobdog cuotnuatika

Kataokeudloupe TPIYWVIKO TTIVOKO YIO VO OUYKPIVOUNE KABE
Ceuyog kataoTdoswv. pdeoupe X, oTnv avriotoixn Béon Tou
TTivaKa TNV TTpwWTN QOopPA TToU dIATTIOTWVOUUE 6TI dUO
KOTOOTAOEIG €ival K-O10KPIOIPES, WG EEAG:

Apxikd ypagoupe X, o€ 6Aa Ta Celyn KAT/OEwV TTOU Eival
0-Ol0KpIoIYEG yIaTi N pia gival TEAIKE KAl N GAAN Ox1.

2€ KABe "yupo" i+1, e€eTaloupe OAA Ta PN oNUEIWPEVA
Ceuyn kal ypagoupe X, , o€ £va Ceuyog av atro Tig dUo
KATOOTAOEIG TOU UE éva ouuBoAo To DFA TThyaivel o€ i -
OIOKPIOINEG KATAOTAOEIG (AdN onu/veg pe X, ).
EmravaAauBavoupe PExP! TTou o€ KATTOI0 YUPO K va unv
uTTdpXEl (VYOG TTOU VO ONUEIWBET PE X, .

Ta un onuelwpéva ¢elyn AvTIOTOIXOUV O€ I00OUVOUEG
KATOOTACEIG (TTOU ETTOPEVWG CUYYWVEUOVTAI).
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‘ [Tapadetypa epappoyrg g pebodou

ROICIOR,

Xo | Xo
Xo | Xo
Xo | X

Xo Xo Xo
a|b|O|@
MNopog 0:

evvéa {euyn
0-S1akpiociuwv
KATAOTACEWV
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‘ [Tapadetypa epappoyrg g pebodou

ROICIOR,

Xi | Xq | Xo | Xo | Xo

a|b|@©|@|®

Mopog 1:

duo {euyn
1-d1akpioiuwyv
KATAOTACEWV
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‘ [Tapadetypa epappoyrg g pebodou

ROICIOR,

Xi | Xq | Xo | Xo | Xo

a|b|@©|@|®

Mopog 2:

kavéva {euyog
2-O1aKpPiCINWV
KATAOTACEWV
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‘ [Tapadeypa epappoyng g pebodou

b
© | Xo | Xq
@ [ X, [ %o
@ | Xo | Xq
FIXGTX X [ X [ %
a[b]O]@]|@®

Telxd ot oodlvaues xataotdoelc elvat a = b, c =d =e.
To eAdyLoTo QUTOUATO PULVETOL OTO TUPAXATG Ty UL,

0 0 No,1
(ot —(9)
—
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[A®wooeg, autopata, YPaPuHATIKEG

= TUuTTIKEG YAWOOEG: XPNOIKMOTTOIOUVTAI YIA TNV TTEPIYPOPN
UTTOAOYIOTIKWYV TTPORANUATWY aAAG KAl YAWOOWV
TTPOYPAUMATIONOU.

= AuToparta: XpnOIKMEUOUV VIO TV QVOyVWPIOoT) TUTTIKWY
YAWOOWYV Kal yIa TNV KATATAEN TNG OUOKOAIOG TWV
QavTiOTOIXWV TTPORANUATWY.

" TumKES ypapuaTIKES: AANOG TPOTTOG TTEPIYPAPNG
TUTTIKWV YAWoowv. KABe TUTTIKA YPAPUATIKR TTapayel Jid
TUTTIKA YAWOOOQ.
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BOecwpia YA®OOWV KAl YPAPHATIK®OV

Epapuoyég oe:

" WYnoeiakn Zxediaon,

" [Awooeg NpoypauuaTtiopou,
" MeTayAwTTIOTEG,

" Texvnti Nonuoouvn,

" Ocewpia MoAuTTAOKOTNTAG
loTOPIKA CNUaVTIKOI EPEUVNTEG:

“ Chomsky, Backus, Rabin, Scott, Kleene, Greibach, k.a.
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‘ Turmkeg yAwooeg

" TpwTapXIKES EvvoIEG: oUBOAa, TTapaBean.

" AA@ABnTo: TreETTEPACPEVO OUVOAO CUUBOAWY. IN.x. {0,1},
{x.y.z}, {a,b}.

" A€En (N oupBoloaoelpd, n TTPdTACN) EVOG aAQARTOU:
TTETTEPACTHEVOU PNKOUG akoAouBia cupBoAwy Tou
aAgaBnTou. MN.x. 011001, abbbab.

" |w| : uAKog AEENG w.

" g kevh AEEN, |¢| = 0.

" AMAeg €vvoieg: TTpoBepa (prefix), katdAngn (suffix),
uTTooUpBoAoCEIpG (substring), avtioTpoon (reversal),
TTaAIVOPOUIKN i KAPKIVIKN (palindrome).
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Turmkeg yAwooeg (ouv.)

vw = TTapdaBeon AEGEwv Vv Kal w.
loyuer: ex = x& = X, yia KABe cupBolooelpd X.
OPIOPOG X" PE TTPWTAPXIKA avadpoun:

.’E0=6

S

2*: T0 OUVOAO OAWV TWV AéEewv Tou aApapnTou 2.

FAwooa atrd 1o aA@apnTo Z: KABe oUvoAo
oupBoAooeipwy L < 2*.
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Turmkeg ypappatkeg

2UOTNUATIKOG TPOTTOG NETAOXNUATIOUOU OUNBOAOCEIPWV
MEOW KaVOVWYV TTapaywyng.

AAQARNTO: TEPPATIKA KAl PN TEPUATIKA oUMBOAa Kal éva
OPXIKO OUUBOAO (UN TEPUATIKO).

MeTrepacuévo oUVOAO Kavovwy TNG HOPPNGS a — fB:
opifouv duvaTdTNTA AVTIKOTAOTAONG TG CUMPBOAOTEIPAG
a ME TNV oupPBoAooelpd L.

KA&Be TUTTIKR YPAUUATIKY TTApAyEl hIa TUTTIKA YAWOOA: TO
OUVOAO TwvV cupBoAoCEIpwY (UE TEpUATIKG oUUBOAa
MOVO) TTou TTapdyovTal atrd To apxIKO oUUBOAO.

A€yovTal Kal CUCTHPATA PJETAYPOPNG (rewriting systems)
OAAG Kal ypaUUOTIKEG OOPNS pdocwyv (phrase structure
grammars).
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[Tapadsypa ypappatikng yia tnv
YAwooa TeVv IepItt@v aplfpwv

SSA1 S: 70 apyIK6 oUhBoAo
A—>AO0 A: un TepUaTikd oUuBoAo
A—>Al 0,1: TeppaTikd cUPBOAQ
A-c¢ £: N Kevr) ouPBoAoaEIpa

“ Ta S kal A avtikaBioTavtal ue BAoN TOUG KAVOVEG.

" KaBg 1TepITTOC TTPOKUTITEN ATTO TO S PE KATTOIN
oeIpd EYKUPWYV AVTIKATOOTACEWV.

= Kavovikr TrapacTtacn: (0+1)*1




Turkeg ypappaukeg: optopot (i

Mia TuTTIK YPpaupaTIKA G atroTeAcital atro:
éva aA@apnTo V até un repparika cUUBOAa
(HeTABANTEG),
éva aA@apnTo T amd repuarika oUPPoAa (OTABEPEQ),
TW.VNT=J,

EVa TTETTEPAOUEVO CUVOAO P aTTd Kavoveg
mapaywyng, donAadn diatetayuéva Ceuyn (a,B),
omoua,Be (VuUT) kKaia#e

(ouupaon: ypagoupe a — L avti yia (a,B)),
éva apyiko oupfoio (A agiwua) S € V.
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Turkeg ypappaukeg: optopot (ii)

2UhBaon yia 1N xpon YPauudatwy:

a, b, c,d, ... eT:1meld AaTIVIKQ, Ta apXIKA TOU
aA@aBnTou, cupBoAilouv TEpUATIKA

A, B, C, D, ... € V:kepaAaia AaTIVIKG cUuBOAiICouv un
TEPMATIKA

U, vV, W, X, y, Z ... € T*: 1Te& AaTIvIKQ, Ta TEAEUTAIQ TOU
aA@aBnTou, cupBoAilouv CUUBOAOCEIPEG TEPUATIKWV

a, B,y 0, ... e (VuT)*:eANnvikd cupBoAifouv
OTTOIECONTTIOTE CUMPBOAOCEIPES (TEPUATIKWY KAl [n)
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Turmkeg ypappatkeg: oplopot (iii)

Opiopoi yia TIG TTapayWwYEG:

NEpe oT1 v, ay, mapayel v, By, ,Kal OUPPBOAICOUPE PE
v.ay, = V.BY,, av 0 a — 3 gival kKavovag TTapaywyng
(6nAadn (a,B) € P).

2UMBoAIoupue pe £> TO AVAKAQOTIKO, JETABATIKO
KA€ioIUO TOu =, dNAAdH, a = 3 («TO a TTaPAyel TO B»)
onuaivel o1 UTTAPXEl hIa akoAouBia:

a=>0,=>0,=> .0, = p.

[Awooa mou mapdyerar ammo TN ypapuarikn G:
LG)={fweT*|S = w}

Ypauuatikég G, G, 100duvapes av L(G;) = L(G,).
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[Tapadetypa TUTKNG YPAPUHUATIKNG

G:V={S}, T={a,b}, P={S — =|aSb}

S - ¢ | aSh: guvtunon Twv S - € ka1 S —» aSh

Mia duvartr) akoAouBia TrTapaywyngc:

S = aSb = aaSbb = aaaSbbb = aaabbb

Awooa TTou TTapAayeETal;
L(G) = {a"b" | n € N}
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[epapxia Fpappatkev Chomsky

e timou 0: yewég ypoupatixée (general, phrase structure, semi-Thue).
a— B, a#e

e tinou 1: ypouuomixég e oupgealoueva 1 HovoTowxés (context sensi-

tive, monotonic).
a— B, o] < |B| (emtpéneton xou: S — ¢)

® TUTOL 2: ypauuaTné ywelc ouugpaldueva (context free).
A—-a (AeV)

® TUTOU 3: XovovixEC YpauuaTiés (regular).
SeCloypopués: A > w, A > wB  (weT* A, Be V)
apiotepoypouuéc: A — w, A — Bw  (w €T, A, B€EYV)

['vhola 1epdpymon: tirou 3 C tUmou 2 C timou 1 C timou 0



[epapxia Chomsky:
H1a EKMANKTIKL OUUITIOOoT (;)

" T1UTTOU O
" 1UTOU 1
" T1UTTOU 2

= 10T1TOU 3

< TM (unxavég Turing)
> LBA (YPOUMIKG TTEPIOPICHEVA AUTOUATA)
< PDA (pushdown automata)

< DFA (ka1 NFA)
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\ Kavovikeg I'pappatikeg
" Ol KOVOVIKEG YPOUMOATIKEG Eival YPANPATIKEG OTTOU OAOI
0l KavOVeg gival TNG HOPPNG:
" Acggloypappikoi (right linear)
A->wB A A—>w
= ApioTtepoypaupikoi (left linear)
A->Bw A A->w

(610U W gival pia akoAouBia a1ré TeppaTikd oUPBoAa TG YAWooag)

" @Qgwpnpa: o KAVOVIKEG YAWOOEG TauTidovTal UE TIS
YAWOOEC TTOU TTapAyovTal QTrod KOVOVIKES YPOUUATIKEG.
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[oobuvapia Kavovikowv yoappuatK®V
rat DFA

= XpNOIUOTTOIOUME TN OECIOYPAUMIKN HOP@:

“A—> wB QvTIOTOIXEi JE
“A—>Ww  QvTIOTOIXEl JE

" S avTioToIxXEi ME ()
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Mia akoun tooduvayia!l

Oeswpnua: ol KAVOVIKEG YAWOOEG TauTidovral LE TIC
YAWOOTES TTOU TTEQPIYPAQPOVTAI ATTO KOVOVIKEG

TTOPAOTACEIG.
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' Kavovikég mapaotdoelg
(regular expressions)

'Eotw L, Ly, L2 yhdooec enl Tou (ou aigafritou X
o [\ Ly:=Huv |u & Ly ANv € Ly} nopdbeon

e L\ ULy ={{w|wé& L Vwée Ly}: évwon

e L \MNLy={{wl|wée i ANw € La}: toun

o LV = {c}, L= LI

o " :=J" ,L" dotpo tou Kleene

° L+ = Ux L

n=1
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Op1010G KAVOVIK®V TMTAPAOCTACERV

Kavovikég TTapaoTaoels: TTapIoTAVOUV YAWOOEG TTOU
TTPOKUTITOUV aTTO aTTAd CUPPBOAA evOg aA@aBATOU WE TIG
TTPAgEIS TTapaBean, Evwan, Kal aoTpo Tou Kleene.

& TTAPIOTAVEI KEV YAWwOoOoa

€ : rapioTavel {€}

a : rapiotavel {a}, a €

(r+s) : Tapiotavel RU S, R = L(r), S = L(s)
(rs) : mapioTavel RS, R = L(r), S = L(s)

(r*) : rapiotavel R*, R = L(r)

otrou L(t) n yYA\wooa TTou TTapIioTAvETal aTTO Kav. Trap. t
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[Tapadeiypata Kavovikev
IAPAOCTACEDV

Ly = ala +b)*

Ly = (b"ab*a)"b" = (b + ab*a)”

L3 dev etvan duvatdv vor apaotabel ue xovovixr Tapdotaon

Ly = (a+b)aala+0b) (Touhdyrotov 8Yo ouveydueva a)
Ly=(a+e¢)(ba+b) (61 ouveybuevae a)
L5 = a*b*

[MpoTepaldTNTA TEAEOTWV:
" doTpo Kleene
" TTapaBeon
" évwon
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Ioobuvapia Kavovikev
ITAPAOTACERDV KAl AUTOUAT®V

Oewpnua. Mia yAwooa L ytropei va TapaoTabei e kavovikn
mapaoracn avv gival kavovikn (dnhadn L=L(M) yia katrolo
TTETTEPACHEVO auTOuaTo M).

16éa ammodeiéng:

=>": Emaywyn oTn dour TNG KAVOVIKAS TTapAaoTacnG I :

1. Erayowywr Baor:

T:E:_)-, r:@: v r=ac i Gf
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2. Enoyoywo pnpa. Eoto oty 1y, I, £xovpe avtopota
M,, M,, pe tehkég kataotdoels f, !

[epintwon a: 7 =11 + 12

L(M) = L(M,) U L(M,)

Hepintwon B: 7 =17y

" My } L(M) = L(My)L(My)

[epintwon y: r =77 e
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[oobuvapia Kavovikwv nmapaotaoe®V
KAl aUuTopdat®v (ouv.)

‘<=": Kataokeur KavoVvikAg TTapacTtacng atmd FA (GNFA).

ATraAegiQoupe evOIGUETEG KATAOTACEIG CUNQWVA PE TO OXAMA:

SNG ®
T12 + 713753732
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[Tapadelypa KataoKeur)G
KAVOVIKIG rtapaotaong arto FA

Apxiké DFA
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[Tapadelypa KataoKeur)G
KAVOVIKIG rtapaotaong arto FA

Aiaypa@n s

aah .@ b+ aa*ab a,—|—bb
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[Tapadelypa KataoKeur)G
KAVOVIKIG rtapaotaong arto FA

aa*b .@ b+ aa’ab - a + bb

Alaypa@n qq

(aa*b)*(b + aa*ab) @)D
q1 a -+ bb
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[Tapadelypa KataoKeur)G
KAVOVIKIG rtapaotaong arto FA

(aa*b)*(b+ aa*ab) ©>D
g1 a + bb

TeAIkn TTapaoTaon

(aa™b)* (b + aa*ab)(a + bb)*
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[Toleg YAWOOEG €1val KAVOVIKEG;
“ OAeG oI TTETTEPOAOUEVEG.

" Oo¢eg oxnuartifovral atd KAVOVIKEG JE TIG TTPALEIC:
TTapdBeon, évworn, dotpo Kleene,

“ aAAG Kal CUPTTANPWA, Toun, avacTpoen (doknon), K.4.

= Tvopevo autopdtwy (product of automata): TpoOTTOG
Kataokeung DFA yia Tour] (0AAG Kal £vwaon) KAVOVIKWY
YAWOOWV.
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["vopevo autopdatwv DFA

‘EoTtw 800 DFA M,, M, e n, m KATaOTACEIG AVTIOTOIXA

(Q:={dg, ---» Un-1}» Qo={Pg» --+» Pm.1}) KaI KOIVE AAQERNTO, TTOU
avayvwpifouv y\wooeg L,, L, avtioToixa.

To yivépevo Twv M,, M, gival éva DFA pe m-n KataoTAoEIg, pia yia
KAB¢e CeUyog KATAOTATEWY TOU APXIKOU QUTOPATOU (OUVOAO
KataoTdoewy Q = Q, x Q,), TO idI0 aA@ARNTO KAl APXIK KATAOTAON

(9oPg)-
Zuvaptnon perdBaong: 8'((9;,Py),0)=(d; Py) < 8(0;,0)=q; A O(Py,0)=Py

TeNikég kKaTaoTdoelg: avaAoya pe Tnv TTPAgn peTagu Ly, L, Tou
BéAoupe. Ta Topr) BéToupe WG TEAIKEG Ceuyn OTTOU Kal 01 U0 TEAIKEG
ota M;, M,, yia évwan {edyn TTou TTEPIEXOUV Hia TOUAGXIOTOV TEAIKA.

Mapatpnon: eUkoAn uhotroinon kal AAAwvV TTpdgewv petagu Ly, L,
(S1apopd, UPPETPIKN dlapopd) Ye KATAAANAO OPIOUO TWV TEAIKWV
KATOOTACEWV.
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['vopevo autopatov NFA

OpiCeTal pye TTapopoIo TPOTTO.

Xpelagetal TTpoooxr OTIG £-KIVAOEIG KAl OTO CUVOUAOHO
METABAOEWY o€ junk states Pe KavovikKEG JETABAOEIG.
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Eivatl 0Aeg 01 YAwOOeG KAVOVIKEG;

“ H amdvrnon gival «oyi»

“ a va 1o atrodEi§oupe XPNOIKMOTTOIOUUE VA GNPAVTIKO
Bewpnua mou Aéyetal Pumping Lemma (Afppa AvtAnong)
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Pumping Lemma (61aicOnon)

Av pia yA\wooa L gival Kavovikr TOTE TNV atrodEXETAl £va
DFA pe mretrepacpévo apiBuo KataoTdoewy, €0TW N.

‘EoTw AEEN Z WE |z|>=n TTOU aVAKEI OTN YAWOoaA, Gpa yiveral
QTTOOEKTH TTO TO AUTOUATO.

KaBwg etTeepyalOPaoTe TO Z, TO AUTOPATO TTPETTEI Va
TEPAOEl Eava atrd KATTOIO KATAoTaoN (apXH TTEPIOTEPWVA):

o Q- G ... (qy
e= v v J[ w |

HH..._>@>H...ﬁ
A3
{
\—\,—/ \_-’) b\,—/
U w

v . , )
A@ou z = uvw e L Ba mrpétrer kal uviw € L, yia kabe i € N
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Pumping Lemma (pe Aoyia)

‘EoTw KavovikA yYAwooa L. ToTe:

UTTAPXEl £vag QUOIKOG N (= TTARBOG KATAOTACEWY TOU
DFA) woTe:

yla KGBe z € L ye uAKOG |z| = n

UTTApPXEl «OTTACIYO» TOU Z O€ U, V, W, dnAadr)
Z = uvw, ME |uv| = nkai |v| >0

woTe yia kaBe 1=0, 1, 2, ... :

uviw e L
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' Anodeidn ot pa yAoooa
6ev €lval KAVOVIKI)

Xprion Tou Pumping Lemma yia va &€i¢oupe o011 pia (un
TemeEpAcpévn) YAwooa L osv gival kavovikn:
‘EoTtw n L kavovikn. Tote:
— 10 PL Aéer 611 uttdpxel n. Epeig yia kaBe n
— emmAéyoupe KATAAANAO z € L e uAKoGg [z| = n
— 10 PL Aéel OT1I UTTApPXEl «OTTACIMO» Z = Uvw, JE [uv| < n
Kal [v| > 0. Eyeig yia kdBe «OTTACINO» Z = uvw, JE |uv|
<nkalfv|>0
— emIAéyoupe | woTe N AEEN UVIW va PNV gival TN
yAwooa L ATOMNO
(adversary argument)
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[Tapadeypa xprjong Pumping
Lemma (i)
" @ewpnua. H yAwooa L ={z | z £€xel 1o id10 TTAB0¢ O kai 1}
OtV €gival Kavovikn).
= Amodeién: 'Eotw L kavovikh. TOTe:
“ 10 PL Aée1 611 uttdpxel n. Epeig yia kabe n
" emAéyoupe z = 0"1" e L pe uAKOG |z| =2n >n

z = 000000000...0111111111..1

\ J\ J

Y e
n n

“ 10 PL Aéel 611 UTTAPXEl «OTTACIYO» Z = UVW, JE [uv| < n
Kal [v| > 0. Epeig yia kGBe «oTTdoIgo» Z = uvw, JE |uv| <

nkai[v| >0 —
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‘ [Tapaderypa xprjong Pumping
Lemma (ii)

" TTapaTnEoOUME OTI avaykaoTIKa v = 0K yia k&Trolo K:

"w= O...90...99...0111\1/11111.../1

u \ w

" Kol eTTIAEyOUPE | = 2, DIATTIOTWVOVTAC OTI UVIW = UV2W
dev avikel oTnv L.
ATOMNO

= Etmropévwg n L dgv gival KAVOVIKH.

87



Aeutepo rtapaderypa xprnong PL (i)
Oewpnua. H yAwooa L ={z | z=0'1}, i > j} d¢ev €ival kavovikn.

Amédeién: 'EoTw L kavovikh. TOTe:
“ 10 PL Aéer o1 uttapyel n. Epeig yia kaBe n
= emAéyoupe z = 0™11N e L e gAKOG |z| = 2n+1 > n
"z :@OOOOOOOO...9{111111...}
Y Y

n+1 n

" 10 PL Aéel OTI UTTAPXEI «OTTACIMO» Z = UVW, HJE |uv| < n
Kai [v| > 0. Epeig yia kGBe «oTTdoIgOo» Z = uvw, JE |uv| <

nkai [v| >0
v —
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Aeutepo napaderypa xprjong PL (ii)

TTapaTnEoUNE 0TI avaykaoTIKa v = 0K yia k&TTolo k:

z=0...00...00...0111111111..1
W

u \' W

OMWG, N eTavaAnyn Tou v divel AEEEIC TG YAWOOaG
atroé TPWTN ATTown auTd @aiveTal TTPORANUATIKO. ..
OMWG To Ajupa opiCel 0TI Ba TTPETTEN Via KABE | > 0:
uviw e L

emmAéyoupe i = 0: n Aé€n uvOw dev eival atnv L.
ATOMNO
Etropévwg n L dev gival kavovikr.
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[Ipooox1) otn xprjon tou PL

“ To Pumping Lemma gival avaykaia aAAd Ox1 kal Ikavn
OuVvONAKnN yia va gival Pia YAwooa KAavoviKr).

" YTIApXOuV Jn KAVOVIKEC YAWOOEG TTOU IKAVOTTOIOUV TIG
ouvenkeg Tou!

= ETmTopévwg XpNOIPEUE! HOVO yIa aTTOdEIEN UN
KAVOVIKOTNTAG.
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[papiatikeg yia P KAvovikeg
YA®OOEG

= Xwpic oupppalopeva (context free, CF): TUTTOU 2,
avTioTolxia ye autoparta oToiag (pushdown
automata, PDA)

" Me oupgpaldpeva (context sensitive, CS): TUtTou 1,
QAVTIOTOIXIO JE YPANMIKA TTEPIOPIOUEVA aUTOUATA
(linear bounded automata, LBA)

" [evikég (general): TUTTOU O, AVTIOTOIXIO PE PNXAVES
Turing (Turing machines, TM)
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Ipappatkeg xmpig oupgpadopeva
(Context Free) (i)
E@appoyég o¢:

OUVTOKTIKO YAWOOWV TTpoypaupaTiopou (Pascal,
C, C++, Java)

if statemnent bocl
= P T
expression

else statement

OUVTOKTIKO YAWOOWV TTEPIYPAPNG OeAIdWV web
(HTML, XML), editors, ...
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‘ Ipappatkeg xmpig oup@padopeva
(Context Free) (ii)
" Mopon kavovwyv: A — a, A un TeppaTike, a € (VU T)*
" Mapddeiyua:
Gi: V={S}, T={ab}, P={S—¢,5— aSb}

AuvatA akolouBia Trapaywyng:

S = aSb= aaSbb—= aaaSbbb = aaabbb
MAwooa TTou TTapayeTal:

L(Gy) = {a"b"|n € N*}
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‘ Ipappatkeg xmpig oup@padopeva
(Context Free) (iii)

= 2° mapadelyua:

G, T={0,1,2,3,45,6,7,89,+* V={S}

P: S>S+S, S S*S,
S0]1]2]3]4|5|6]|7|8]9

AuvaTég akoAouBieg TTapaywyng:
S=3, S=S5+S = 3+S = 3+S*S = 3+4*7
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‘ Ipappatkeg xmpig oup@padopeva
(Context Free) (iv)

= 3° mapddeiypa:

Gy V ={S,A B}, T = {a,b}, xo1 P nepiéyet:

S—aB|bA, A—alaS|bAA, B —b|bS|aBB
AuvatA akolouBia Trapaywyng:

S = aB = abS = abbA = abba

FAwooa ou TTapayeTal (Ox1 TTPOPAVEG):

L(G3) ={w e T" | w éyet too apBud a xo b}
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Yuvtaktika Aevopa (parse trees) (i)

duAwpa (leafstring): aaabbb kal abba avTioToixa.
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Yuvtaktuka Aevopa (parse trees) (ii)
‘Eotw G={V,T,P,S} yia ypauPaTIKA XWPIG CUP@PalouEva.
‘Eva 0€vdpo €ival ouvTakTIKO dEvOpo TNG G av:

Kd&Be kOuBog Tou dEvdpou EXEl £TTIYPa®r], TTOU gival

OUUBOAO (TEPUATIKO i N TEPHATIKO A €).

H emypaon Tng pidag ival 10 S.

Av évag eowTePIKOS KOPPOG £xel eTTiypagn A, TOTE TO A
gival un TepPaTikd oupBoAo. Av Ta TTaidid Tou, aTTd
apIoTEPA TTPOG Ta OEEIA, £XOUV ETTIYPAPEG X, X, ..., X,
TOTE 0 A - X, X,,...,. X, €ival KavOVaG TTapaywyng.

Av évag KOPPBOG £xel eTTypa®n &, TOTE gival @UAAO Kal
€ival To ovadIKO TTaIdi TOU YovEa Tou.
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Yuvtaktika Aevopa (parse trees) (iii)

Oswpnua. Eorw G={V,T,P,S} uia ypauuarikn xwpeic
ouuppaloueva. Tére S = w av Kai Ovo av UTTAPXEI
OUVTAaKTIKO 0EvOpo TS G e UAAwua w.

Amooeién:

‘<=": Mg eTTayWwy wWg TTPOG TOV APIBUO TWV ECWTEPIKWV
KOMUBWV.

‘=>": Mg eTTaywyn wg TPog Twv apiBud Twv BNPATWY TNG
akoAouBiag TTapaywywyv (aGoknon).
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AlPOPOUNEVEG YPAUNATIKEG

Mia ypauuatikry G ovopdadetal dipopoupuevn (ambiguous) av
UTTAPXOUV dUO OUVTOKTIKA dEVOPQ peE TO 010 QUAAWPa weL(G)
lNapaderyua:
G, T={01,2,3,45,6,7,89,+* V={S}

P: S>S+S|S*S|0|1]2|3]|4|5]|6|7]8]|9

S S
s + S S = 8

99



AAyop1Bpog avayvwpilong yia CF
ypappatkeg: CYK

Me €€avTANTIKO TPOTTO UTTOPOUE VO ATTOPACICOUNE Qv
Mia oupBolocelpd x TTapdyetal atro pia ypauuartikl CF
(Xwpic ouppaldueva) o€ eKBETIKO OUWGS XPOVO.

O11816TNTEC TNG KAVOVIKAG Hop@ri¢ Chomsky emTITpETTOUV
TaxUTEPN avayvwpion PIag OUPBOAOCEIPAG.

AAyopiBpog CYK (Cocke, Younger, Kasami): atro@aacicel
av o cupBoAooelpd X TTapdyeTtal atrd Pid YPAPUATIKNA
o€ xpovo O(|x|), apkei n ypauPaTIKA va diveTal o€
Chomsky Normal Form.
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Autopata Xtoifag (PDA) (i)

‘Exouv Taivia ei06d0ou piag kateuBuvong (0TTwg Kail Ta
FA) aAAG emmITTAéOV pvhpn uTtd Hop@r oToiag.

MpboBaon pévo oTnv KOPUPH TNG OTOIRAG UE TIG
A€ITOUpYiEG:

push(x): TOTTOBETEI OTOIXEIO X OTNV KOPUPN TNG
oToifag

pop: dlaBddlel kal agaipei OToIXEIO ATTO TRV KOPUPN)
TNG OToIRag
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Autopata Xtoifag (PDA) (i)

Mapadeiyua: PDA yia avayvwplion TG YAWooog
L = {wew® | w € (0 + 1)}

[eprypapn aurouarou
" push(a) otn oToifa yia kaBe 0 otnv gicodo,
push(b) otn oToifa yia k&Be 1 oTnv €icodo,
ouvéxioe HEXPI va dlaBaaTei ¢
" HETA pop: EQOOOV TTAVW OTOIXEIO OTOIRAGg
OupQwvei e eicodo (a pe 0, b pe 1) ouvéxioe
" Atmrodoxn ue kevr oroifa
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\Turch')g optopog PDA

Autopato oToifag (Pushdown Automaton, PDA):
emrada M = (Q,2,I,8,q0,Z0,F)

Q : T0 OUVOAO TWV KATAOTACEWV TOU M (TTETTEPACUEVO)

2 aA@dpnTo €10660U

[ aA@dapnTo oTOoIRag

0:Qx2U{exl - Pow(Q x ™) : ouvéptnon petapaong
(N VTETEPUIVIONOG, €-KIVAOEIQ)

0o € Q : apxIKf KaTdoTaON

Z, e [ apxik6 ocupBoAo aToiag

F < Q : 0UVOAO TEAIKWYV KATAOTACEWV
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Autopata Xtoifag (PDA) (iv)

Eidn armrodoxn¢ PDA

Av BpeBei oe TeAikn katdoTaon (dnA. atmodoxng) HOAIG
dlaBacTei OAN n €i00d0¢, aveEaPTATWG TTEPIEXOUEVOU
oToifag

Av Bpebei ue kevry oToia POAIg diaBacTei 6An n €icodog,
avegapTATWG KATAOTOONG

AvTioToixa opiovTal ol YAWOOEC:
L; (M): atrodoxn Pe TEAIKN KATGoTOON
L. (M): arrodoxn pe kevA oToifa
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Autopata Xtoifag (PDA) (v)

MNa va yivel atmodekTh N YA wooa
Ly = {ww? | w € (0+ 1)}

Xwpic dnNAadA €181k6 peoaio oUPPOAO ¢ xpelaldpaoTe
ATTaAPAITATA N VIETEPUIVIOTIKO PDA.

Ta un vreTepuivioTIKA PDA gival yvnoiwg 1m0 1oXupa
aTTo TA VIETEPUIVIOTIKA.

Me Tov 6po PDA ava@epduaoTe cuvnBwes oTa un-
VTETEPMIVIOTIKA PDA.
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Ioo6uvania CF ypappatikev kat PDA

Oswpnua. Ta TapakdTw gival Icoduvapa yia pia yAwooa L:
" L=L;(M), M eivai PDA.
= L=L, (M), M eivai PDA.

“ HL eivai y\wooa ywpic oup@paloueva (c.f.)
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[Toleg yAwooeg eivatr Context Free;
“ OAeg 01 KOVOVIKEG.

= ETmiong éoeg oxnuaTidovtal atrd yAwooeg CF g TIG
TTPAEEIG: TTapaBeon, Evwaon, aoTpo Kleene.

= AAN\G 61 atrapaitnTa PE TIG TTPALEIG TOUN, CUPTTARpWUA:
m.X. N Y\wooa {a"b"c" | n € N} dev cival CF, evw givai
Toun OUo CF yAwoowv:

{a"b"c" | n e N} ={a"b"c™ | n,m € N} N {akb"c" | k,n € N}
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Eival 0Aeg o1 ydwooeg Context Free;

" H amavinon givar «oyi».

" Ta va 10 aTTodEIEOUNE XPNOIMOTTOIOUUE £VA AANO Afjua
AavtAnong, To Pumping Lemma yio YAWOOEG Xwpig
OupepPaldouEva.

" BaoifeTal 0TO CUVTAKTIKO OEVOPO (TTEPICOOTEPA OTO
MABNUa «YTToAOyIoIUOTNTA).
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Fevikeg M'pappatukeg (i)

tinou 0: yewixée ypouuoatixéc (general, phrase structure, semi-Thue).

a— B, afte
Napadeiypa: {a2" | n e N}

S — AaCB
CB— FE|DB
ol — FEa
AE — ¢
alD — Da
AD — AC
Ca — aaC
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evikeg Fpappatukeg (ii)

Oswpnua. Ta Tapakdtw eival Icoduvaua:
1. HyAwooa L yivetal ammodekTr ammd pia ynxavr Turing

2. L=L(G), 61rou G civai yeVIKr YPOUMATIKN

Mia Tétola YAwooa AEyeTal Kal avadpouika apibunoiun
(recursively enumerable).
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Mnxaveg Turing

AuTtoparta pe atrepIdpIoTn Talvia. H €icodog gival apxIka
YPOUMEVN OTNV TaIVia, N KEQAAR PTTOPEI va KIVEITAI apIoTEPA-
0e€Id, kabwg Kal va aAAael To cUpBoAo TTou dlaBAdel.
Mapdadelypa cuvapTnong HeTaBaonc:

(LR} (1,L)

< qO! 11 qu R >

Q <0y, 0,q,1>

‘//n-q\ 0,1} /q Y 0,L) / \ < ql, 1, ql, L>
1l

Nt/ \/ '\/ <q1’0’q2,R>




‘ Cpappatikeg pe Zupgepadopeva
(context sensitive) (i)
tnou 1: ypauuatinée e ouupealdueva 1y ovotovixée (context sensi-

tive, monotonic).
a— B, || <|B| (emrpéneton xou: S — ¢€) ade

NéyovTal «JE CUPPPAlOPEVOY» YIaTi JTTOpOoUV va TeBoUuv oThV
€€AG KAVOVIKN Jop®n:

arAas — a1 Sas, omou A: urn tepuaTxd xon B F €
N

context
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‘ Cpappatikeg pe Zupgepadopeva
(context sensitive) (ii)

papuaTIKA C.S. yia TN yAwooa 1"0"1" :

S 171 Merarporry o€ Kavovikh Hop@h:

Z— 0] 1Z0A A0 > HO  HO - HA HA — 0A
A0 — OA

Al —» 11

AMAa Trapadeiypata: {110 1k:i<=j<=k},
{ww|we2*}, {a"b"a"b"|n e N}
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Ioobuvania ypappatkov CS kat LBA
Mpappika @paypévo autoparto (Linear Bounded
Automaton, LBA):

€ival hIa Pgn VIETEPUIVIOTIKA PNXavh Turing TTou n KEQAAR
TNG €ival TTEPIOPICHEVN VA KIVEITAI UOVO OTO TUAUA TTOU
TTEPIEXEI TNV APXIKI] €i000.

Oeswpnua. Ta Tapakdtw ival Icoduvapa (L xwpig €):
1. H yM\wooa L yiveral ammodekTtr armo LBA.

2. H yA\wooa L €ival context sensitive.



PRI VANCI N NI DTG Il  TTopahhacyég, emektaoelg kot egappoyég FA/REGEXP

TMopodAoyég Ko emeKTAGELS UTOPATOV T

Opiopog

‘Eva two-way deterministic FA (2DFA) eivon pio mevtada M = (Q, X, 8, qo, F), 6mov ta Q, 33, go ko F
elvan Omwg ponyovpévwg ko § etvon pio aetkdvion amd to Q X X oto O X {L, R}, dnhadn

0: O x X — 0x{L,R}

E&v 6(q,a) = (p, L), t6te 6TV katdotaon ¢, SaPdlovtag to cOpPoro a, to 2DFA ntéel oty katdotacn
P xou petakvel TNV kepan mpog ta apiotepd katd pio 0éon. Eav 6(q, a) = (p, R), tote o 2DFA mhe
OTNV KOTAOGTACT] P Kol HETOKLVEL TNV KEQPOAT TTpog Tor de€id katd piot Oéom.
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Tlapadhayég, emektaoelg kot epappoyég FA/REGEXP

IMopoddoyég ko emekTaoelg ccvtopdtav 11

Configuration 1} instantaneous description (ID) evog 2DFA: nepiypdget o string ero6dov, tnv
TPEXOVOQA KATACTAOT Kot TNV Tpéxovoa BEon TG kePaAng e1c6d0v.

‘Evo ID tov M eivou éva string oto ¥ Q3%
To ID wgx, 6mov w, x € X*, avtinpocwnebel to e€ng:

@ wx eivau 7o string eilcddov,
Q ¢ civou 1) TpéYOLO KATAGCTOOT) KorL

@ 1 xeparn els6dov drarPdler To TPdhTO SVPPOAO TOL X.

Edv to x = €, tOte 1) kKEQOAT 16630V éxel peTakivnOel oo Seki dicpo TG Touviag eted3ov.
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Tlapadhayég, emektaoelg kot epappoyég FA/REGEXP

MopodAayég kou emekTdoelg ccvtopdtawv 1T

21N cvvéxela elabéyovpe TV oxéon - ot ID's, étol dote I s L2, av kou pdvo av To M pmopet vou
mael ord T instantaneous description /1 otnv I2 pe pia xivnon.

Opilovpe ) oxéon s, 1| amAd b=, av To M evvoeital, wg e€ng:

Q qiaz...ai—1qa;...an - araz ... ai—1aipai+1 - . . an, 6tV 6(q,a;) = (p, R) xou

Q aiaz...ai—2ai-1qa;...an - a1az .. .ai—2pai—1a; . . . ap, 6tov 8(q,a;) = (p,L) xowi > 1.
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PRI VANCI N NI DTG Il  TTopahhacyég, emektaoelg kot egappoyég FA/REGEXP

IMopoddoyég Kol emeKTAoELG AUTORGTOVY IV

@ Xta draypappate, pio akpr ektog amd to oOpPolro elcodov éxel emiong emypoaen L R.
@ To avaklaoTikd, petafotikd kAsioyo g oxéong - etvon to *.

o Computation is a legal finite sequence of configurations.

Oplopog
L(M) = {w | gow * wp ywx x&mowo p oo F}. J
Oedpnpor
Eotw M éva 2DFA.Téte L(M) eivau kavovikt. J
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o ko Tomiké Sl Tlopodhayég, emektaoelg kot epappoyég FA/REGEXP

FA pe €060 1

Mnxaviy Moore

Opiopog

Mia pnxavi Moore eivon pio e€6da M = (0, X, A, 8, A, go), 6mov to O, 3, 8 kau go elvon dnwg ota
DFA, pe §: Q X ¥ — Q. Emuthéov:
o A: adpapnto e€6dov

@ \: amewdvion artd to Q oto A, mov Sivel tnv ¢€0do mov oyetiletan pe k&be katdotaot, Snhadr

A Q— Al
input ai as an
states q0 q1 q2 qn—1 qn pnkogn + 1
output  A(go) A(g1) A(g2) - Algn—1) A(gn) prixogn +1
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Avtopato ko Tomtiké Sl Tlopodhayég, emektaoelg kot epappoyég FA/REGEXP

FA pe €060 11

Mnyavy Moore

IHapatnproeig:

@ Ké&be pnyaviy Moore 8iver ££080 A(q0) = b yux eicodo e.

@ To DFA pmopei va BecopnBei wg pio eldikr) mepintwon piag pnxaviic Moore 6mov to adgdfnro givon
{0,1} xou 1) katdoTOrOT g CTTOdEYETONL ALV KO POVO v A(g) = 1.

@ Mia pnxav) Moore 8ev éxel tehikég kataotdoelg ko £xel prikog e€6dov n + 1.

@ Ta dixypppoto pnyovedv Moore eivon dmtwg avtd twv FA, oAAd emmAéov onpeidvovpe padi pe tnv
katdotaon To avtictoryo cOpBolo e£680v wg eENg gi/ (¢i), TT.X-
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Tlapadhayég, emektaoelg kot epappoyég FA/REGEXP

FA pe €060 1

Mnyavi Mealy

Oplopodg

Mia punxoviy Mealy eivan puo e€édo M = (Q, 3, A, 6, A, qo), 6mov 6da eivon d1twg oTn pnyavy Moore, pe
d: O x X — Q, ext6g amd 10 A 70U givan atetkovion ad o @ X X oto A, dnhadi A: O x ¥ — A.

H ¢€080g tov M e eicodo to ajas . . . an eivon A(qo, a1)A(q1,a2) ... M(gn—1,an), OOV G0, q1, - - -, qn
elvan ) axorovbio TV kataoTdoewy étol wote 0(gi—1,ai) = qi, Yo 1 < i < n.

Yro). & HolvmA. Ampihiog 2021 199/ 422




Avtopato ko Tomtiké Sl Tapodayég, enektdoelg kot epappoyég FA/REGEXP

FA pe €060 11

Mnxavi) Mealy

IHopatnpnosig:

@ H axoAovbia e£650v éxel prjkog 1 ko OxL 1 + 1 6mewg n pnyaviy Moore ko pie eicodo € pio pnyovi
Mealy Siver é€0do €.

o Ta dwxypappota pnyavev Mealy eivor 6ntwg oavtd twv FA, aAA& eTUTAEOV OTJHELOVOUHE OTLG
petaPhoeig v avtictoryn é€odo, m.x.:

C a/B C b/C®

@ Mia yevikevorn twv pnyxavov Mealy eivou to Finite Transducer (1) finite state machine, FSM) pe
cuvéptnon: A: Q X 3 — A¥,
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Avtoparta ko Tomiké W Topardayég, enektaoelg ko epappoyég FA/REGEXP

Isodvvaytia pnyavev Moore ko Mealy I

Opiopog

‘Eotew M pio pnyovi) Moore §j Mealy. Opiovpe Tas(w), yix eicodo w va etvon i ¢é€080g mov mapéyeton ad

v M pe eicodo w.
v

Iapatripnon

Aev etvon Suvatdv moté va etvou i8teg o cuvaptrioeg Tar(w), Typ (W), av M eivou pioe pmyoviy Moore ko
M pio pnyavy Mealy, eneidn [Ty (w)| eivon éva mepiocodtepo amd | Thp (w)], yio k&Be w. Qotdoo,
MITOPOVHE Vo SOCOUVHE TOV TTAPAKAT® 0PLopd Loodvvapiog:

Opiopog

Mio pnyovi) Mealy M xou pia pnyoav) Moore M’ etvou too80voyteg:
Yw: bTy(w) = Ty (w), 6500 X (qo) = b xou Ty (€) = b,
Tym(w) = n é€0dog peté tnv enekepyocio tov w.
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Tlapadhayég, emektaoelg kot epappoyég FA/REGEXP

Ioodvvapia pnyovov Moore kot Mealy 11

Mmnopodpe va amodei&ovpe To axdrovbo Bem@pnpa yio Tnv toodvvapio petakd pnyovedv Moore kon Mealy:

Oecdpnua

VM Moore = 3IM’ Mealy ico8vvaun.
VM Mealy = 3IM’ Moore icoStvayn.

Amodeiln.

@ Eotw pia pnyovry Moore M7 . Kataokevdlovpe pio toodbvapun pnyavi Mealy Ma: opilovpe
X(g,a) = A(8(g, a)) Yy 6 eg Tig KaTaoTdoElg ¢ Kot yior bAa T sOpBora eicddov a.

Q Eotw M1 pnyavi) Mealy. Tote Mo = {Q x A, X, A, 6", N, [q0, bol}, 6mov by eivau Tuyaio oTowyeio
Tov . Autd onpaivel 61t oL katacTdoelg Tov Mo givon Levydpla g pop@rg [¢, b], amotelodpeva
amd pla katdotaocn g My ko éva cOpfolo eE68ov. Opilovpe 8 ([g, b], a) = [d(q, a), A(g, a)] ko
X' (g, b]) = b. To Sebrepo otowyeio piag kardotaong [g, b] tng M2 eivan 1 £€080g oL TapéyeTon
omd TNy M7 o kdmowx peTafocT 6TV KATAGTACT) ¢. MOVO T TPAOTO GTOLXEID TV KATOGTACEWY
g M2 xaBopilovv Tig kwvrjoelg g Ma. Evkola pe emaywyn oto n deiyveton 6tL av 1) M mnyaivel
OTLG KATAOTACELS g0, 15 - - - , §n HE €i0080 araz . . . ay ko divel £€080 by, ba, . . ., by, TOTE N M2
nyaivel 6TIg Kotaotdoels [qo, bol, [q1, b1, - - -, [qn, ba] xou Siver €00 bo, b1, . . ., by.
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Avtopore ko Tomikég

I810TN TG KAVOVIKGOY GUVOAGDY

Pumping lemma yia xavoviké cOvoha I

Anjppe: (Pumping lemma)

Eav L eivou regular tére:

IneN,VzeLpelz| = n,Ju,v,we T*: .
z=ww Alw|<n AV Z1AVieN (w'welL)]
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1816t TEG KAVOVIKGOVY GUVOAWY

Pumping lemma yia xavovikéd covoho I

Xpnopomotdvrag to Ajppa deiyvoupe 6Tt éva doopévo ovvolo dev eivon regular. H pébodog eivan n
ako6AovOn:

Q@ Awhéyeig ) yAwooa mov Bélelg va amodeifelg mwg dev eivan regular.

@ O avrinadog (PL) emdéyel éva n. Oa mpémel vo pHItopeic yiar 0olod1ToTe TEMEPAGHEVO OKEPALO 1
Stohé€er, v amodeielg 0tL 1) L Sev eivan regular, oAA& artd Tn oTLypn mtov o avtimadog éxet StoahéEet
éva n awtd eivan otabepd otnv amddelén.

Q Awhéyerg éva string z Tng L ¢toL wote |z| = n.

Q@ O avrinalog (PL) o7tdel T0 z 6€ U, V KAl W TTOU LKOLVOTIOLODY TOUG TTEPLoplopong |uv| < nxou v = 1.

@ Draverg o avtipaon deiyvovtag ot ya k&be u, v, w tov kabopilovton amd tov avtinalo, vidpyet

éva i yioe To omoio uv'w dev avrjket oty L. Tote propoipe v cupmepdvoupe 6tL 1 L dev eivon
regular. H emdoyr] Tov i prropel va e€aptaton amd to n, u, v, w.
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Avtoparta ko Tomiké Sl 151071 TG KAVOVIKGOY GUVOAGDY

Pumping lemma yia xavoviké cOvohor 11T
Moapaderypo
o L = {d'b"| ke N} = {¢,ab, aabb, aaabbb, . ..}

@ YmoBétovpe 6t L eivou regular ko ypnoiponolodpe to pumping lemma.
Q@ PL:dneN
Q Awhéyovpe z = a"b". Evtatel emdoyn, Swotiz € L, |z| = 2n = n.
@ PL: z propei va ypagei: z = wvw pe [uv| <n A [v| = 1, dotev=d pel > 1.
@ Awdéyovpsi =2: www = a"tb" e L.

Artomno
V.
Iopaderypo
To cbvoro L = {OI‘2 | &= 1} = {0,0000,000000000, ...}, dev eivow regular.
@ Yrnobétovpe 6T L eivou regular kan ypnoyonolodpe To pumping lemma.
Q PL:IneN.
Q Awhéyovpe z = 0. Evtéget emdoyn, St |z| = n2 = n.
@ PL: z propei va ypagei: z = wwwpe [uv] <n A [V =1, dotev=0"pel << n.
@ Awréyovpei =2: uvww = 0+ e L, aM\& n2 + 1 8ev eivan Tédelo TeTpiywvo, S1oti:
n<n?+1<n2+i<n®+n=nn+1)< (n+1)>=
Artomno
V.
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Avtopara kou Tomikég Thdooeg NI LESNATQTINARVRTOYNY

I816TNTEG KAELGTOTNTOG YLt KAVOVIKA GOVOAX
Aoyikég (boolean) mpdéeig

YrnevOopion: O boolean (Aoyikég) pdlelg eivan n évwon, 1 Toprj kau o oupmArpawpa.
Oecopnua

H kAdon twv regular sets eivau pnyaviotikd kAewory (effectively closed) wg mpog tig Aoyikés npdéeis, tnv
nwapdBOean (concatenation) kai to Kleene ™.
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AvTtOpaTo K Sl [810TNTEG KAVOVIKGOV GUVOAWV

I8t TEg KAELOTOTNTOG Yiot Kavovikd ouvoAa |
AVTIKATOUG TAGELG KOl OPOPOPPLGHOL
Avtikatéotaon: f: ¥ — Pow(A*)

Ewdwkr) mepintwon:
Opopop@iopog: h:  — A*

AVTiGTPOPOG OHOPOPPLGHOG:

h=1(w) = {x | h(x) = w} yia string ko
F1(L) = {x | h(x) € L} yux yAdooa.

IS16tnteg: h(h~1 (L)) S Leves h=1(h(L)) 2 L, yio k& yAdooa L.
H amewcdvion fumopei v emektabei ko oe strings wg e€ng:

{ fe)=¢_
Jiwa) = flw)fla)

H femexteiveton kou og yYAdooeg: f* (L) = |, fX).
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Avtopara kou Tomikég Thdooeg NI LESNATQTINARVRTOYNY

I510tnTeg KAeloTOTNTAG Yo Kavovikd cvvoro 1T

AVTIKATOUG TAGELG KOl OPOPOPPLGHOL

Opiopodg

Kavovikr avtikatbotaon (regular substitution):
avtikatdotaot (substitution) tétowx dote Va € T fla) eivon regular.

Oecopnua

H kAdon twv regular sets eivau pnyaviotikd kAeworij (effectively closed) wg mpog tig mpdéeis tne kavovikrc
QAVTIKATAOTACTG, OUOHOPPIOHOU KAl QVTIOTPOPOV OfOUOPPLOLOU.
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Avtopara kou Tomikég Thdooeg NI LESNATQTINARVRTOYNY

I510tNTeg KAELGTOTNTAG Y KOVOVLKG GUVOAX

IInAike TAwoodv (quotients of languages)

IInAiko yAwooov: L1 /Lo = {w | Ive Ly : wve L1}

Iopaderypo

Ly = ab¥*cxou Ly = b¥c tote L1 /Ly = ab*. J
Oecopnua

H xAdon twv regular sets eivar kA&101j wg mpog mnAiko pie tuyeio ovvolo. J
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Avtoparta ko Tomiké Sl 151071 TG KAVOVIKGOY GUVOAGDY

AlyopBpoL amdPacng yior Kavovikd cvoro I

Oecopnpier

Eotw M éva DFA pe |Q| = n. Tote
Q LM) # F < Ize L(M) pelz| < n.
Q |[L(M)| =0 < Fze L(M) pen < |z| < 2n.

Oedpnpa

Yrdpyer punyaviotixos adyopiBuog mov aropaciler av §vo memepaocpéva avtéuara amodéyovrar to idio ovvolo,
Snradij av eivan icoSvvapa.

Amodeidn.

‘Eotw M1, M2 ta avtdpata tov amodéyovror v L1, Lo avtictoa. Tvewpilovpe amd Bedpnpo ot
vrdpyel avtdparto M mov amodéyetar to L = (L1 N L2) U (L1 N La). Ioybet L = & < L1 = L. Etou
amnd To TPoNyoLpeVo Bedpnpo LITapyEL ahyOpLOpoG oL atopacilet av L1 = Lo. O

y
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Avtopata ko Tomikég TAdooes RN EENATQTINAEGNTIYAY

AlyopLBpoL adeaong yia kavovikd cOvora 11

Sxnpo: Ioodvvapio menepacpéVOV AUTOPATOY

Adéokmv: Stédng Zéyog ( CoReLab - NTUA) Yro. & Hohvmh.

Ampikiog 2021
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

To Becdpnpo Myhill-Nerode I

TNa k&Be yhoooa L B opicovpe pio avtictowyn oxéon woodvvapiog Ry wg e€ng:
Opiopog
Opilovpe yia x,y € L%, x Ry y, av ko pdvov av yix kébe z € 2%, xz € L axpipg 6tav yz € L (Snhadn

yio kéfe z € BF eite oppdTepa T xz, yz avijkovv oTnv yAdooa eite kavéva amd ta dvo Sev avijkel otV
YAOOOX).

O Seiktng piog oxéong woodvvapiog eivar to TARBog TV kKAdoewv oodvvapiog avthg. Etot, Aépe 6TL pioe
toodvvapia eivon memepacpévov Seiktn av To TANB0G TV KAXGEWV loOdVVapING TNG eival TeTePOGHEVO.

IHapatipnon: Onwg Ba deiovpe mapakdtw, k&t TOL XopakTnpilet k&Oe kavoviky yAdooa L eivar 0Tt
N Ry eivon memepacpévou deiktn.
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PRI SANTM NI WYALIl  A)yePpucr) Teplypagr] kKavovikov cuvolev. Edayiotomoinon DFA

To Becdpnpo Myhill-Nerode II

Emniong, yio kéBe menepacpévo avtdpoato M pe adoépnto X opilovpe pio avtictoryn oxéon Ry oto ¥

g egng:
Opiopog
x Ry y av kau povov av 8(qo, x) = 6(qo, ).
v
Tpéraon
H Ry eivau 8eérd avaddoiwrn (right invariant), wg npog v napddeon, Snladi yia kdbex,y € L* pe
X Ryy y éyouue 611 yia kdle z € F 1oyveLxz Ry yz.
v
Amodein.
8(90,x2) = 6(6(g0,%),2) = 6(8(90,»),2) = 6(90,y2). O
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PRI SANTM NI WYALIl  A)yePpucr) Teplypagr] kKavovikov cuvolev. Edayiotomoinon DFA

To Becdpnpo Myhill-Nerode III

Oecopnper (Myhill-Nerode)
Ta napakdre eivar 1oodvapa yia pice yAdooa L:
(i) nL eivou kevovixrj

(i) nL elvou évwon kdmoiwv and tig kAdoeis ioodvvapiag pics deéid avaddoiwtns oxéons toodvvayiog
TETEPATYEVOV OEiKTN

(iil) 5 oyéon Ry, eivou memepaoyévov Seiktn.

AmdderEn: Oa Seikovpe Tig e€rjg katevBOvoels: (i) — (i) — (iil) — (i).

(i) = (ii). Eotw DFA M = (0, %, 9, g0, F) mov amodéxeton tnv L. Onwg eidaype, n Ry eivon Se€ud
avardoiotn. Ot kA&oelg loduvapiog g Ry eivot 06EG Kkat oL KATAGTAGELG TOL avTopdToL M, dnAadr 1
Ry eivon emuhéov memepacpévov deiktn. IIpopavag, 1 YAdooo mov yivetan amodekth amd To avTOHaTo
M givon £vooT TV KAAGEWY LOOSUVAHLNG TTOL AVTLETOLYOVV O TEMKEG KATAOTAGELS TOL AUTORATOV.
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Avtopato ko Tomtiké Sl AlyeBpuxr meptypagr kavovikdv cuvorwv. Ehayiotonoinon DFA

To Bewpnuo Myhill-Nerode IV

(i) = (iii). Eotw wooduvapia E mov wkavomotel tnv 18otnta mov Siveton oto (ii). Oa deifovpe tnv
ovvenaywyh: Av yiox,y € ¥ woyderx E y, tote x Ry, . Hpéypatt éotw x E y. Apob 1 E eivan Se€i&
avaAoiwtn, éxoupe 6Tt yio k&Be z € ¥ woydeL xz E yz, dnhadn eite appdtepa ta Xz, yz avikovy 6Tnv
yAdooo L, gite kavéva amd ta dvo dev avrjkel otnv yrdooa L, Sniadn (ard tov opropd g Rr) x Ry, y.

Emopévag, kéBe kAdon wwodvvopiag ng E mepiéxetor o€ pia kAdorn woodvvapiog tng Rr. Avtd onpaivel
ot n oxéon E amotelel exkAénrvvon (refinement, PAéne oxnpa) tng oxéong Ry, ko oot 1 E eivon
nenepacpévou deiktr, dev popel opd ko 1 Ry, va eivon memepacpévou deiktn.
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

To Bewpnpo Myhill-Nerode V

% /Ry */E

Ixnpoe: ExAéntovon (refinement) oxéong woodvvapiog (fine-coarse=Aent-adpri)
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Avtopato ko Tomtiké Sl AlyePpucr mepLypagr kavovikov cuvolev. Edayiotomoinon DFA

To Bewpnpo Myhill-Nerode VI

(ili) = (i). Amodewkvidoupe mpodTa Tov e€fg oxvplopd: H Ry, eivon de€id avaddoiwtn. Ipdypart, av
X Ry y tote Yo k&0e u € F éyovpe xu Ry yu opot amd tov opiopd g Ry yio kébe v € T* éxovpe
xuv € L <= yuv € L (apkei va Bécovpe z = uv).

Telkd, Oo kataokevdoovpe avtopato M = (Q, 3, 4, go, F) mov amodéyetan Tnv yhdooo L, dedopévng
g oxéong Rr. Tnv kAdon wodvvoytiag otnv Ry, Tov TuX6VTOg oTotyeiov x € BF cupfolioupe pe [x]. To
o0voro Twv katactdoewy O eivon ot kKA&oelg toduvapiog Tng Ry, Snhadr O = {[x] | x € T*}. Apyuery
katdotaot eivon 1) €] (1 kAdon wwodvvapiog otnv omola avrjkel 1) kevr) cupBoroselpd). To chvolo Twv
tehkav katactdoewy eivan F = {[x] | x € L}. H cuvéptnon petdBaong opiletan §([x], a) = [xa] (o
oplopdg dev eEopthron artd To x kat eivan ocvvenrig dedopévov ot Ry, eivon dekié avalhoiwtn). To
avtoparo amodéyetar Tnv L agod §(qo,x) = [x] ki emopéveg x € L(M) av kou pévov av [x] € F. O
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Avtopato ko Tomtiké Sl AlyePpucr mepLypagr kavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvtag memepacpévo avtopoto I

Myhill-Nerode = povadiké DFA eAéiloTwV KOTACTAGEWV.

Mapaderypor:
'E6Tw 10 qutdpato M mov paivetal 6To oxhja, To omoio arodéyeton tnv yYAwooa L = 0¥10%.

Ztnv L(M) vrépyovv 6 khdoelg .ooduvapiog, ot akdiovdeg:

C, = (00)*, C, = (00)*0, C. = (00)*1,
Cy = (00)*01, C.=0%100%, C;y=0*10%1(0+ 1)*,

omote ko L = Co u Cy U Co.
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PRI SANTM NI WYALIl  A)yePpucr) Teplypagr] kKavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvrag memepaopéva avtoporto 11

Ta Ca, Cp givan to C1 (xwpic 1) = 0%. Ta Ce, Cyg, Ce givor 1o Ca (pe éva 1) = 0%10% ko 1o Cy eivou 0
C3 (nepiocdtepa Tov evog 1) = 0F10%1(0 + 1)*.
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvtag memepaopéva avtoporto 1T

To eAAYLOTO QUTOHATO PALVETUL OTO TAPAKATW GYTHCL.

H idio péBodog cvotnpartikd pe mivoka:

@ Etoleipovpe OAeg TIG AmpOOLITEG KATAGTAGELS.

Q Zvyywvedovpe Ll6odOVOpES KATAGTAGELS TTOL Sev StarkpivovTon e Kavéva eTTOpeVo string.
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvtag memepacpéva avtopoto IV

M¢éB0dog yix To devtepo:

@ To p eivou Stokpioyo amd to g ebv vitdpyel éva x TéToo Gote §(p, x) eivon oo F kou §(q, x) Sev
eivou 1} avtiotpogar.

o dridyvoupe éva VoK Yo va cuykpivoupe kaBe {evyog kataotdoewy. Balovpe éva X oe kabe
0éom tov mivako kKdBe Popd TOL AVOKAADTTOLHE OTL 300 KATAOTAGELS SV elval LGodDVOpES.
Apyid eyypagovpe X oe 6Aa o {evyn mov Tpoavdg Stakpivovtor yioti 1) pio elvor Tedukr ko 1
GAAN Sev eivar. Metd mpoomafodpe v Sodpe av Stakpivovton dVo katacthoelg, SioTL amd avTég pe
éva oOpPoro a odnyodpaote ot Slakpiopeg kataotdoelc. Eravalapfavoope Tnv mo tdve
npooTabela GOTOL va PNy pootifeton kavéva X ma otov mivaka. To vitdoAowma {evydpior eivort pn
SLokpioa KoL GUVETTOG CLYXWVEDCIHA.

o mivako ot deikteg 1 ko 2 Tov X Seiyvouv oe mola emavaAnym eyypagoupe to X.

b

© [ X1 | Xy

@ [Xi X

© [ X1 | Xy

XX [Xi[Xi[Xy
a b TO @] ®©
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

EAaylotomoidvrag memepacpéva avtopato V

Telkd ot 1loodOvapeg kataotdoelg eivora = b,c = d = e.
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PRI SANTM NI WYALIl  A)yePpucr) Teplypagr] kKavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvtag memepacpévo avtopoto I
M¢éBodog Beckmann

AN péB0dog yio tnv kataokewn evog eldixiotov DFA eivou 1) pébodog Beckmann.

@ Karaokevaoe to kabpéptiopa tov FA: dniadn avaotpepe T popd twv TOEwV. AvtdAhage Tehkég
HE APYLKEG KATOOTAOELG.

Q Koartaokebaoe DFA 16030vaypo pe To TpokdTov.
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AlyePpuer) meptypagr kavovikov cuvolev. Edayiotomoinon DFA

EAoylotomoiwvrag memepaopéva avtoporto 11
M¢éBodog Beckmann

@ Eavokarackevooe TO KaOpEéPTioua.
°N

N
O ©
B}

Q@ Eavakatackevaoe 16odvvapo DFA. Avtod topa eivar To eddyioto DFA mov Pprikaye kot
Tapandve, Sn.

00 0N 0,1
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Avtopato ko Tomtiké Sl Tumikég Ipoppaticég

Tomucég poppatikég I

M tomkn ypoppotikr (formal grammar) G = (V, T, P, S) omoteleiton amo:

@ éva memepacpévo ah@dpnto ¥ amd un teppoatikd odpfola (non terminals) 1) petafAntég
(variables),

o éva memepaopévo adpafnto T and teppotikd oopfola (terminals) 1} otadepég (constants), T.6.
VnT=,

@ éva menepacpévo oOvoro P amd kavoveg mapaywyng (production rules) 1) adodotepa
napayoyég (productions), Snhad Swretaypéva (edyn (o, B) dmov a, B € (VU T)* xow v # &
(Zopaon: ypaeovpe o — B avti yu (o, B)),

@ éva apyikd ovpfolo (start symbol) ) a€iopa S e V.
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AvTtOpaTo K Sl Tumikég Ipoppaticég

Tomucég Ipoppatikég 11

Oo xpnoLpoToLjcovpe TNV e€Ng cOPPCT Yl T XPNOT) YPOUHUATOV:
a,b,c,d,...€eT
A4,B,C,D,...eV
2,9, X, W, VU, ... € TF

@ B,7,0,... € (VU T)*

@ Oa yphgouvpe ov — Bv]d wg éva kavova oto P avti yua Tovg Tpelg kavoveg oo — B, a0 — v,
a—>dotoP.

o TN o ypappatiky) G Aépe 6TL T 1 Sy2 ntpokvmtel (is derived from) ad To 1 ary2 ko ypaupoupe
ez =7 B2, av o a — B eivou kavovag mapoyoyng (dniady (a, B) € P).
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Avtopara ko Tomkég Thadooeg  [EUNTIIES YN ENaS

Tomucég poappatikég 11T

@ ZvpPolilovpe pe £ avaKAaoTIKO, petafatikd kheioo Tov =, dnladn o = B onpaiver 6T
vrapyeL pLoe axohovdia Tapaywydv (derivation): a = a1 = az = = .

@ Mia cupBorokorovdia o € (VU T)* ovopdleton mpotaciaky popen (sentential form) av 1oxve
s a

® Qg yA®oow mov maphyeton and t ypoppatikn G opilovpe v L(G) := {w e T* |S$ w}.

@ Avo ypappatikég G1 , G2 Oa ovopdlovron toodvvapeg av L(G1) = L(G2).
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Avtopara ko Tomikég TAdooeg  [EMRIEETSIS NN

Iepapyio Chomsky I

O Noam Chomsky (1956) TaLvOpnoe TIG TUTIKEG YPOPHATIKEG OE HLOL LEPOPY IO COUPWVOL HE TN HOPPT TV
KOVOVOV Toparywyng Toug.

Noam Chomsky
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Avtopara ko Tomikég TAdooeg  [EMRIEETSIS NN

Iepapyio Chomsky II

tOmov 0:  yevikés ypoppatikég (general, phrase structure, semi-Thue). Mopgn:
Pc{a—Bla,Be(VUuD* Aa#c¢e}

TOTTOL 1: YPOHHOTIKEG HE CUHPPATOpHEVA 1] HOVOTOVLIKEG (context sensitive, monotonic). Mopgr:
PC({a—Bla,Be(VuT)* alal <|8Aa#ehui{S— e}

TOTOL 2: YPOHHOTIKEG Xwpig cupppalopevae (context free). Mopgr:
Pc{d—al|deV,ae (VuT)*}

TOTOU 3: KOVOVIKEG Ypappatikég (regular). Mopgr:

Q detoypappikn:
Pc({d—>w|deV,weT*} u{d > wB|A4,BeV,we T*})

Q 1 aproTEpOypappIK:
Pc({d—->w|deV,weT*} u{d > Bw|A4,BeV,we T*})

H epépynon avtr eivon yviioio, dniadr) toyvet

TOMOL 3 C TOITOL 2 C TOIOL 1 C ThHTOL 0
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Avtopato ko Tomtiké Sl Tumikég Ipoppaticég

Kavovikég ypopporticég I

STIG KAVOVIKEG YPOHPPATIKEG OAOL OL KAVOVEG TTOXPAYWYNG givar TNG popPng:

Q detroypoyyukot (rightlinear): A — wB, 4 — w, dntov w € T#, A
Q apiortepoypappikot (leftlinear): 4 — Bw, A — w, dnov w € T*.

Topaderypor

(ba)*a
Sekoypappikd: S — baS | a
aplotepoypopyukd: S — Ra, R — Rba | €
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Avtopato ko Tomtikég T Sl Tumikég Tpappartikég

Kavovikég ypoppoticég I

ATO YPOPHOTIKT) GE QUTOPATO

@ Kartaokevalovpe F.A. mtov ammodéxetal tnv kavovikr yYA©ooa mov mapdyetal amod tr SeEloypoappik
ypopporikn (S — baS | a):
ba

o Kartaokevdlovpe F.A. mov arrodéyetal Tnv Kovovikr) YAOGoa oL TopayeToL amd Tnv
aplotepoypappikt ypappatiky (S — Ra, R — Rba | €):
ba

OO ©)
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Avtopara ko Tomkég Thadooeg  [EUNTIIES YN ENaS

Kavovikég ypoppoticég I

ATO QUTOPOTO GE YPOHHOTLKT]

@ Kataokevr SeELOYpappIKnG YPOPHATIKTG otd qUTOHATO.
‘Eote M:

g0 —a|bq1|agr  (S:=qo)

q1 — aqo | bg;
ARG A T
qj — aq; | bq;

Amahorpr) cupPorwv mov dev apdyouy tinota (non yielding) g;, g kou mapaywywy mov
oxeTilovton pe avtd:

g0 —al|bg1  (S:=qo0)
q1 — aqo
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AvTtOpaTo K Sl Tumikég Ipoppaticég

Kavovikég ypoppatikég 11

ATO QUTOPOTO GE YPOHHOTLKT]

@ Kataokevn aplotepoypopikig YPORPATIKNG (avTioTpo@t] PeADV).

qr—>qoa  (S:=gqy)

g0 — qia| e

q1 — qob

g — qib| gja | qb | qra | q1b

Amohorgpr) cupPOAwY oTa omoioe Sev O&vovpe oté (unreachable): g;, kaBog kol TApAyWYDOY TOL
oyetifovrot pe outé:

qr—qoa  (S:=gqy)
g0 = qia e
q1 — qob
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Avtopara ko Tomikég TAdooeg  [EMRIEETSIS NN

Kavovukég ypoppatikég I

Iooduvapia pe avtdpaTo

Oedpnpa

Tor axéAovba eivor icodvvapa:
Q@ L = L(G1), 6mov G1 elvau SeEroypopyuxt] ypoppatixr.
Q L = L(G2), 6mov G2 elvau apioTepoypopipiky ypoppati].
© L =L(M), émov M eivar FA.
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Avtopara ko Tomikég TAdooeg  [EMRIEETSIS NN

Context-free grammars I

Iapaderypa (1)
‘EGT® 1) YPOPRATIKT]
G1: V=A{S},T={a,b}, P = {S — ¢|aSh}.

Muwx dvvarr) akolovbia apoywymdv givor 1:
S = aSh = aaShb = aaaShbb = aaabbb
H yAdooo ov mapayetan omd v Gi eivou n L(G1) := {a"b"|n € N}

IMapaderypa (2)
Go = (V,T,P,S) 6mov T={0,1,2,3,4,5,6,7,8,9, +, *}, V = {S} xou 10 P mepiéyet Tovg Kavdveg:

S—>S+S
S—>S5%S
S — 0]1]2|3]4]5/6|7|8|9

( CoReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 235/ 422



Avtoparta ko Tomiké Sl Tumikég Ipoppaticég

Context-free grammars II

Iapaderypa (3)
Gz = (V,T,P,S), V= {S,4,B}, T = {a, b} xou to P mepLéxeL TOUG KAVOVEG:

S — aB|bA
A — alaS|bAA
B — b|bS|aBB
Mia Suvath) akoAovBio ToPaywY®V TNG O TAVG YPOUHATIKNG eivart:

S= aB = abS= abb4 = abba
Av xou 8ev eivou tpogpavég, L(Gs) = {w e Tt | w éxet ico apiBud a xou b}
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Avtopara ko Tomikég TAdooeg  [EMRIEETSIS NN

Svvtaktikd dévdpa I

Oecpnua

Eotw G = (V, T, P,S) pa c.f. ypopparixr. Tore S Ewaw vITdpyeL oVVTaKTIKG OEVOpO e pUAAwpe TO W.

s S
N
a S b a B
N
a S b b S
N
a S b b 4
g a

(1) (3)
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Avtopara ko Tomkég Thadooeg  [EUNTIIES YN ENaS

Svvtaktikd dévdpa 1T

Opiopog

Muwx ypappartikr) ovopaletar Sipopovpevn (ambiguous) av viépyovv dvo cvvtaktikd dévdpa ov va
éxouv wg UM wpa To 8o w € L(G).

S S
/IN /N
s + S S = S
LN /N
387 & s S+ s 4
| | | |
2 4 3 2

Mapaderypa Sipopovpevng ypappartikrs. H cupPfoloceipd 3 + 2 * 4 amotelel puAhwpa Sbo mboviv
SUVTOKTIKOV EVEpwV g ypappatikig Ga touv tapadeiypoartog (2).
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Avtoparta ko Tomiké Amonoinon c.f. ypappatikidy

Aypnota oOpPfora (unreachable + non-yielding)

Oplopodg

‘Eva oopforo X Aéyeton reachable avv vmapyel puo mapaywyr) g popeng S X aXpB yw koo
a, B € (Vu T)*. Augopeticé Méyetor unreachable.

Opiopog

‘Eva oOpfolo X Aéyetau yielding avv vidpyel pio mapoywyn g poperig X 2w yio kéuroto w € T,
Awpopetiké Aéyeton non-yielding.

Oecopnpua
Kdbe pn xevij c.f. yAddooa mapdyetan and pa c.f. ypopuatii ywpis dypnora otpfola.

Amodeln.

Amadeipovpe Ta non-reachable kot non-yielding otppola (n Swadikacio avtr propel vax yive
HIYXOVIOTIK). |
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Avtopato ko Tomtiké Amonoinon c.f. ypappatikidy

e-productions I

Opiopog

Iapaywyés Tig popeng 4 — € ovopdlovto e-productions.

Opiopog

Mua petafpAntn A4 Aéyeton nullable av vitdpyer puo axolovbia tapoaywydv tétowa wote 4 Xe

Oecopnua

Aedopévng g c.f. ypopuarikric G = (V, T, P, S) pmopotue va karaokevdoouye e c.f. ypauuariky G ywpig
dypnota atufola kau e-productions téroix ote L(G') = L(G) \{e}.
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Avtépara ko Tomik Amonoinon c.f. ypappatikidy

e-productions II

Topaderypor
'‘Eote 1 ypoppotikn

S — aAbAc
A — aaBale
B — bbb

TOTE TAlpVL

S — adbAc|abAclaAbc|abe

A — aaBa
B — bbb
4
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Avtopara ko Tomikég TAGooeg  [ECINGIET T WS MRVl ITTTeasiNaY

unit productions

Oplopog
M tapayoyn g popeig A — B xodeiton unit production.

Oedpnpa

Kdbe c.f. yAdédooa wov dev mepiéyer to € mapayetan and pic ypopparniky ywpis aypnora otppola, e-productions
Kot unit productions.

Tapaderypo
'Ectw ot mapaywyég:

A — Blabb
B — cab

TOTE TaipVe

A — cab|abb
B — cab
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Amhonoinon c.f. ypappatikody

Amhomoinon c.f. ypoppotikov

Svvoyilovroag, ta Pripata o Tpémel var akoAovBroel kaveig yio va athomouoet e c.f. ypoppotikr
elva:

@ Amalowpr) e-productions.
Q Amnolowpr] non-yielding cupforwv.
@ Amalowgr unreachable cupforwv.

© Amalowpr] unit productions.
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Chomsky Normal Form I

H 1¥¢a tng korvovikng poperig Chomsky eivan va epropicovpe to péyebog tov de€lov péhovg kébe
TAPAYWYTS, £TOL OOTE pia petaPfAnTh va avtikabiotorton amd §vo pdvo dileg petafAntég to oAl o
Kk&Oe Prjpo.

Iopaderypo
H yAdooo
S — SaS|b

HETATPETETAL APYLKA OE
S — SCuS|b, Ca — a

Ko, eV TEAEL, GE

S — SD1|b, Cqa — a, D1 — C,S
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Chomsky Normal Form II

Oecopnper (Kavovikrj poperj Chomsky, CNF)

Kdbe c.f. yAdodooa ywpis to € mapdyeton and pua ypoppatikiy otnv omoia 6AES o1 mapaywyés eivai TG Hopers

A — BC1jA — a. omov A, B, C perafAntés kau a tepparnikd.

Mopaderypo: Eoto n ypoppatky Gy = (V, T, P,S), V= {S,4,B}, T = {a, b} xou P:

S = aB|bA
A — alaS|bA4
B —> b|bS|aBB

oOppwva pe To mo téve Bedpnue, n Go = (V, T, P',S) Bo éxer V/ = V U {Cq, Cp} ko P':

S — C4B|CpA

A — a|CyS|CpdA
B — b|CyS|CyBB
Cy—a
C,—b
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Chomsky Normal Form III

téhog petatpémovpe tnv G oty Gz = (V”, T, P”, S), n omoio eivan e CNF, kou éxet
V" =V o {D1,D2} xou P":

S — CyB|CpA

A — a|CaS|CpD1
D1 — AA

B — b|CpS|CuD2
Do — BB
Cqy—a
Cy,—b
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Greibach Normal Form I

H ¥¢a micw and v kavovikn pop@n Greibach (GNF) eivan va petatpéfovpe Tovg kavoveg mapaywyng
HE TETOLO TPOTTO DOTE TO ATOTEAEGTHR HLUG AVTIKATAGTAGTG PG HETABANTHG, CUHPOVO PE TOVG KOVOVEG
TAPAYWYTG, VO EXEL TTAVTOTE WG TPMOTO GOUPOAO EVaL TEPHATIKO.
Tapaderypo
Mot YpOHHOTIKT PE KAVOVEG TOpaywyNG:

S — Sac|Sc|da

HETATPETETOL GE

S —da

S — daB

B — acc

B — acB|cB
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Greibach Normal Form II

Arjppa

Eotw pa c.f. ypapparixt G. Eotw emmiéov A — o Bog pua napaywyr oto P keu B — B1|B2| . .. |Br ddes
o1 B-rapaywyés. Ovopdlovue G1 = (V, T, P1,S) mv ypappartikij wov mpokvrrer amd v G av apaupéoovue
mv mapaywyq A — o Bag ki oty Oéon tng mpocbéoouvye Tic mapaywyés

A — ai1fraz|aiBeaz]| ... |a1Brasz. Tore woyve L(G) = L(G1).

Atfpper

Eotw pua c.f. ypopparixy G = (V, T, P, S). Eotw eniong A — Aai|daz| . .. |Aa, 6Aes o1 A-mapaywyés otic
omoies t0 A eivar o apiotepotepo ovpfolo oo deki pédog puas mapaywyrs (left recursion) xau
A — B1|B2] ... |Bs o1 vwddoines A-mapaywyés. Ovopdlovue G = (V v {B}, T, P1,S) mv c.f. ypapparixij
7ov mpokvrtel amd v G mpoobétovrag v petafAnti B oto V ko avrikabiotdvrag 6Aeg tig A-napaywyés pe
TIG TAPAYWYES:

B — ailaz]...|ar|laiBlagB]| ... |oB

{A — B1|Bal ... |Bs|B1B|B2B| . .. |BsB

Tore L(G1) = L(G).
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AvTtOpaTo K 9l Amhomoinon c.f. ypoppatikodv

Greibach Normal Form III

Oedpnpe (Kavovikrj poperj Greibach, GNF)

Kdbe c.f. yAdodooa ywpis to € mapdyeton and pua ypoppatiky oty omoia 6AES o1 mapaywyés eivai TG HopeLG
A — aa, émovae V¥ ae T.

AmoderEn:
Brpa tpmTo. Metatpémovpe enaywyiké Tig mapaywyés étoL wote av A; — Ajy, v € V¥ etvan o
ToPAYOYN, TOTEj > i.

‘Eotw 611 6Aeg o1 A;-mapaywyéc pe 1 < i < k, yua k&moio k, éxovv tpomomownei étor dote av 4; — Ajy
elvon pua mapaywyt, Tote j > i (emaywyikr} vdbeon). O Tpomomooovpe TOP TIG Ay TaPaywYEG ETOL
WoTE Vo €xouy ko avTég TNV emBupunti 180T T. Av A — Ajy elvan pua mopaywy pej < k xon

Aj — B1]B2] - . . |Br, dnpovpyotpe éva vEo cOVONO TTapaywy®dY ovTikaloTdVTag To A; pe o Sekl pélog
k&g A; mapaywyng, cOpgwva pie To mpoto Afjppa. Etot Aapfdvoupe Tig mapaywyég

A — B171B827] - - 18y

Topa peybdwoe o deiktng g TPAOTNG HETAPANTHG TV Af-TXPAYWYDV.
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Avtopato ko Tomtiké 9l Amhomoinon c.f. ypoppatikodv

Greibach Normal Form IV

Enavodappdvovtag avtr mn Siadikacio To ToAd k — 1 @opéc, KATaATYOUpE O€ TaPOYWYES TNG HOPPTG
A — Agy, € = k. Ovmapaywyéc pe £ = k (left recursion) avtikabiotavtal otn cuvéxela cOpPwva pe To
Sevtepo Mjppa, ewodyovtag pio véa petaPAntn By. IpocOétovpe Aowmdv kavoveg Tapaywyng TnG HOpPeNg
By — 7y, By — By xaw Ay — BBy, yua k&g mopaywyn tng poperg Ay — S mov to 3 dev Eekva pe Ay.

Enavodappdvovtag tnv mo méve didikaoio yio k&Be petafAntr tov V, katahjyoupe v éxoupe povo
TAPOYWYES HE HOPPT) ML OTTO TIG TALPAKATE:

Q 4; — Ajry, omovj > i,

Q 4; — ay,6movacT,

@ B; — v, 6mov ko €8¢ al& ko tpw v € (VU {B1, B2, ..., Bi—1})*
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Avtopato ko Tomtiké 9l Amhomoinon c.f. ypoppatikodv

Greibach Normal Form V

Bripa devtepo. Iapatnpodpe 6tL 10 aplotepdtepo ovpPoro otn delid mAevpd kGO Ap-mapaywyrg
TPETEL Vo eiva TEPHATIKO, KABADG 1) Ay elvon apOpnpévn pe Tov peyohvtepo deiktn. To apiotepodTepo
ovpforo otn dekid mhevpd k&g A,y—1-Topaywyng Oo mpémel va eivoun gite Ay, €ite KGO0 TEPPATIKO
oOppolo. Omov eivon 4y, propodpe vo kataokevd{ovpe VEEG TAPaAYWwYES AvTIKOOLGTOVTOG TO Ay
GOHPWVA e TO TPGOTO Afjppa. AvTég oL Tapaywyég Ba éxouv de€id péAn ov Ba Eekivodv pe TeppaTikd
ovpfora. Me Tov i8to TpOTO, TPOXWPOVHE OTN CUVEXELR OTLG TTAPAYWYES TV Ap—2, Ap—3, ...A2, A1,
péxpt o Se&l péhog kaBe mapaywyng va Eekiva pe kdrmoto teppatikd oOpBolo.

Bripa tpito Télog, eAéyxovpe TIg Tapaywyés Twv véwv petafAntov B, Ba...., Byn. Agod Eexiviioope pe
pa ypappotikr) oe CNF, eivon ebkolo va Seiovple pe emaywyr) 6Tov aplbpod v epappoydv twv
ANppaTev 6t To Se€i pédog kabe Bi-mapaywyng Ba Egkivaet eite pe k&rmolo TeppaTiKG ite pe KAmoLo 4.
Omdte, GANN pict €QOPHOYT] TOL TPAOTOL AHHHATOC, YL VOL HETATPOITOVV OL TOLPAYWOYEG TNG HOPPHG

B; — Aj7y, OAOKANPOVEL TNV KATAGKEDY).
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Greibach Normal Form VI

Moapaderypor:

‘Eotw n ypappotiky G = ({41,42,43}, {a, b}, P, A1), 6nov t0 P mepiéyeL Toug e€fg KavOveg Topaywyrc:
A1 — A243
Az — A3A1]b
Az — A1A2\a

oe Chomsky Normal Form.

Brjpa mpdTo. O mapaywyég yio A1, A2 €xovv v emBopnts popen, eved ) Az — A1A2 o)1, kabog
Eexwvael pe petaPAntn pkpdtepov deiktn. Epoappolovtag to mpdto Afppa maipvoupe

A3 — A2A3A2|a
mov emiong dev eivan oty emBountr) poper, dpa Exvae@appdovpe TO TPOTO AU Kol TAPVOLHE
A3z — A3A1A3A2|bA3A2|a

Topa éxovpe A3 — A3~y (left recursion), &pa epappodlovpe to dedtepo Anjppa. Etodyoupe po kovovpuoe
petaPAnNT B3 Ka oL KAVOVEG TapOywYTg yivovTot:

Az — bA3A2B3|aB3|bA3Az|a

B3 — A14342|414342B3
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AvTtOpaTo K 9l Amhomoinon c.f. ypoppatikodv

Greibach Normal Form VII

Brjpa devtepo. Topa OAeg oL A3-mapaywyég Eekivouv pe teppatikd. o va oupfei to idlo kou oTig
vrtoloureg A; petaPAntéc, epoppdlovpe emavoAnmTik To TPOdTO Afppe. H 3tdpBwon twv
Ag-mapaywyov divel:

Ao — bA3A2B3A1 Ao — bA3A241
A2 — aB3A; Ao — adq
Ao — b

Evé n 816pBwon twv A1 -mapoywydv:

A1 — bA3A2B3A1A43 A1 — bA3A2A41A43
Ay — aB3A143 Ay — ad143
A1 — bAg
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Avtoparto ko Tomtikég TAdooeg  [IGXaNT v e BRI 2 LINAY

Greibach Normal Form VIII

Brjpo tpito. O1 B3 mopaywyég HETATPETOVTOL HE EQAPHOYT] TOL TPDOTOL ANHUHATOG GE KOLVOVLKT) HOPPT],
npocBétovtag étol dAdeg 10 Tapaywyég. To tedkd ohvolo amtd mapaywyég eivar To e€fg:

A3 — bAgAng\bA3A2|aB3|a

Ag — bAgAgB3A1|bA3A2A1|aBgA1|aA1|b

A1 — bA3A233A1A3‘bA3A2A1A3|aBgA1A3‘aA1A3|bA3
B3 — bA3A2B341434342B3|bA3A2B3A143A4342

B3 — aB3A1A3A3AQB3|aB3A1A3A3A2

B3 — bA3A3AQB3|bA3A3A2

B3z — bA3A2A1A3A3AQB3|bA3A2A1A3A3A2

Bz — aAlAgAgAQBg‘dAlASASAQ
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ewoaywyn ota PDA T

‘Eva aqutopato otoiffag (push down automaton 1 yio cuvtopioc PDA) amotedeiton omd pio tavia
£10080v, oMM e éov, oe oxéon pe Ta FA, éxel kan pioe otoifor (un gpaypévn oe péyedog pviun, aAhé&
e meplopiopéveg duvatdtnteg TpdoPacng o avTHV).

H npoécPacn oty otoifa yiveton pévov otnv kopugn autrg pe Tig €ng dvo Aettovpyieg:

@ push: TonoBetei éva otoryeio ov divetan oTnv kopLvPY NG oTOIPOC.

@ pop: Agaipei éva atoryeio yia xprion amd v kopugr| NG oToifog.

Iapatripnon

Eivou mpogavég 6tL av krtoto ototyeio Ppicketon Babid péoa otnv otoifa, Sniadn apod éxel pmel oTnv
otoifa pe push, éxyovv eniong pmel pe push Ao oToLyeio TEVEW 0Td AVTO, TPOKEEVOL VoL £XOVHE
npdcPaot o avtd B mpémel va kévoupe pop oe OAx T oTOL el TTOV elvan aTd TV Tov.
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Avtopato ko Tomtiké Sl Avtopata otoifag (pushdown automata)

Ewoaywyn ota PDA 1T

Iapaderypor:

Ocwpriote v yAdooa L = {wewl | w e (0 + 1)*}. T mapéderypor 110c011 € L. Nat 716dg preopoipe v
VALY VOPIGOLHE TNV TTopartdve yYAoooa pe éva PDA:

@ push(a) oty otoifa yix k&Be 0 oL GLVAVTEG 6TV gloodo,
push(b) otnv otoifa yioe k&Be 1 oL GUVAVTAG 6TV Eicodo,
HEXPL VO GLVAVTHOELG TO €
Q dwiPace to c,
K&ve pop T oTotyeia Tng otoifog ko Sidfale tapdAinia Tnv eicodo,
amodé€ov av LTLapPYEL CLPPLVIR TV oToL eV eLcdOdoL pe Ta oToteio TnG oToiPog (a pe 0, b pe 1).

H ovpPorooepd 110c011 yiveton amodekth wg e€ng:

a
q0,1106011,’ ’ e qo,locon,‘b} o q0,0c011,‘2’ Far go, 011, ‘g‘

=M 612,011:

a
b‘ Fm 1127117’b‘ =m ‘12,17‘ ‘ =m q2,,
b b b

Avtifétag, ) oupPorocepd 01¢01 Sev yiveton astodexth. Evag vtoloyiopdg eivon pio temepacpévn
akoAovBio amo configurations 1) oriypiaies meprypagés.
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Tumkog opiopog PDA

Oplopodg
‘Eva qutopato otoifag (push down automaton 1} yia cuvtopio PDA) eivon pior heiédo
M= (0,%,T,6,q0,Zo, F), 6rou:

@ O: menmepacpévo GOVOLO KATAGTAGEWY,

o X: adpaPnTo ercddov,

I': adgépPnro otoifac,

5:0 x (LU {e}) x I' - Pow(Q x I'¥*) (nenepaspéva vroschvola),  cuvéptnon petéPaocng
(emuTpémovTon E-KLVIOELG KO [T) VIETEPHLVIOHOG),

qo € Q: apykn katdoToom,

Zo € I': apykd odpforo otnv ortoifa,

F C Q: teMkég kATOOTACELG.

Ynépyovv dvo eidn PDA wg mtpog to amodéyecbou:

@ amodékov dtav Ppickecan oe TeAKT) KatdoTao oo éxelg Stfdoel OAN TNV Touvia eLodd0v,
aveEaptnta omd To TL LITAPXEL 6TV oToifa, 1,

@ amodéEov otav 1 oToifa eivon ddetax oot éxelg Srafacel OAN TNV Tauvia elsd0v, aveEapTnTa ad
v katdotacn oty onoia evpickesal (copPacn: F = ).
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Eppnveia tng cvvaptnong petéPfoong o I

5(q7a72) = {(ql,'Yl), (q27'72)7 [ERE) (Qm, 'Vm)} omov

® 4,41,92;---,qm € 0

@ ae X u e}

o z e I't ahgéPnro oroifac,
® V1,72, Ym € ¥

EmileEe éva ad to (gi, i) 11 VIETEPHLVIGTIKG:

@ 1) eOpEVT) KATAOTOOT) Eiva 1) g

@ Kdve pop 10 z amd TNV otoifa kot ké&ve push 6Xo to ; (to Tedevtaio ovpPoro mpdTar). Mo
Tapadetypa:

Yro. & Hohvmh. Anpikiog 2021

258 / 422



PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Eppnveio tng cvvaptnong petdPaocng o II

Topaderypo
PDA nov amodéxeton Ty {wew® | w e (0 + 1)*}:
M= ({90,92},{0,1, ¢}, {a, b, B}, 0,90, B, &), 6mov d:
B B B B B B
8(90,0,0) = {(q0,a)},  8(g0,1,8) = {(q0,60)},  3(g0,¢,4) = {(g2,0)}
6(q2,0,a) = {(q2,6)}, 0(q2,1,b) = {(q2,8)}, 6&(q2,¢,B) = {(q2,¢)}

(Eivou vreteppiviotiko!) Evoag vitoAoyLopog Tummik:

(90,110c011, B) + (q0,10c011, 5B) + (q0,0c011, bbB) - (g0, 011, abbB)
t (q2,011,abbB) \- (q2,11,bbB) & (g2,1,bB) I- (92,¢,B) I (g2,¢,¢)
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

I'\Oooa ov amodéyeton éva PDA

Ag opicovpe Tumikd kat v YAdcoo tov amodéyetan éva PDA:

Oplopog
@ T\dooa mov amodéyetal ot TEALKT KATAOTOOT
*
Lf(M) = {W | (q07w720) ';{ (quz’}/) Ng EF}
@ T'\odooa mov amodéyeton pe kevr) oToifor

Le(M) = {W ‘ (q07W7ZO) % (‘L & 6)}
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

NTeTEpUIVIGHOG KoL T

Tpokewpévou va yivel amodexti n L1 = {wwk | w € (0 + 1)*} xwpig To onpuédi ¢ otv péon tng
ovpPoloocelpdg xpetaldpacte amapolthTeg va pn vieteppviotikd PDA. Ta pn vteteppviotiké PDA
eival yvnoiwg o 1oyupd ammd To VIETEPULVIGTIKA.

'Acknon. Kataockevdote PDA mov amodéyeton tnv L.

Se éva vreteppvioTikd PDA Sev vmdpyouv emihoyéc, adld& emiTpémovpie e-kivrjoelg. Av pia e-kivion eivan
Suvarn dev eivon duvarr kappio GAAN kivnomn. Tumkd:
Opiopog
‘Eva PDA elvon vreteppuivioTicd otov:
Q 6(q,a,2)] < 1lywxdBege Q,ae X u{e},ze T ku
Q ywxkdbege Qae B, zel,avd(q,e,z) # &, tote 6(q,a,z) = .
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Avtopara kou Tomikég TAG!

Avtopara otoifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikéc aurodoyéc I

Ag BupnBovpe Tig dvo yAwooeg amodoyng mov avTioTol oy ot éva PDA:

o L(M) = {w|(q0,w,20) I (¢,€,7) A g € F}

° Le(M) = {W ‘ (qo,W,ZO) (q7 & E)}

=T% XT*

O XpNOCLHOTOLGOVHE pia emTAEOV YADGGO aodoxTg:

L(M) = {0 | (q0,w.20) - (g..6) A g € F)

IIpo@avds, 68 ALTHV TO AVTOHATO aTTodEYETAL OTAY TAVLTOXPOVA aupoD éxel dtaPdoel OAN TV eicodo
Bpioketon oe TeAkT] KatdoTaon Ko emmAfov 1) otoifa eivan ddeat.
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Avtoparta ko Tomiké Sl Avtopata otoifag (pushdown automata)

Isoduvapia PDA pe Swapopetikég amodoyég 11

Oedpnpoe
Ta napakdro eivar i1ooSovapa yia piac yAéooa L:
@ L = L(M2), M2 eivar PDA.
Q L =L.(M1), My eivai PDA.
©Q L = L(Mp), My eivou PDA.
Q L =L(Ms)=Le(My) = L(Mq), My eivou PDA.
@ HL eivau yAdooa ywpis ovpppaldueva (context free).

Amddergn: Oa deikovpe Tig efrjg katevBivoels:

l <4, 2 4, 3 << 4, 4 < 5

Yro. & Hohvmh. Anpiiog 2021

263 / 422



Avtopato ko Tomtiké Sl Avtopata otoifag (pushdown automata)

Icodvvapia PDA pe Stagpopetikég amodoyég 111

1 = 4: Kataokevalovpe pda M, mov e€opordver to Ma. To M, Ba mpémer v aderdlel tnv otoifa 6tav
0 M2 @tével oe TeEAKT] KOTAOTAOT) (XPTOLHOTOLOVHE TNV KATAOTAOT] ge YL QUTOV TOV AdY0). AkoOpn
XPTCHOTOLOVHE Eva oToLKElo Xg 6TOV TTATO TNG 6TORAG £TOL OOTE TO AVTOUATO VAL UV ATTOSEXETAL GE
omotadrimote &ANN mepintwon. TéAog, XproipomoLovpe pia vEa TEAIKT) KATAGTAGT gf TTPOKEEVOD VX
£xOLHE KoL TIG SV0 GLVOTNKEG TEPHATIGHOD TALTOYPOVAL.

My, = (Q Y {q{%qe» qf}’ DN RV {XO}’JI» q:ﬁJvXO’ {qf})

TPpOTN peTafoon:

6" (40, &, %0) = {(q0, ZoXo)}

OMeG oL TaALég peTaPdoelg:

6'(g,a,z) 26(q,a,z), yoaxibege Q,ae X u {eh,zel
petaPhoelg yia ddetoopa otoifog:

8'(q,a,2) 3 (e, €), Yy ké0e g € F U {qc},z€ T

© 06 © o

telkn) petdPoon:
&' (q,€,X0) = {(gy,€)}, v ke g € F U {ge}
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikéc amodoyéc IV

O Seitovpe L(M2) = Le(Ma) = L(M,) = L(M,). Eotw x € L(Mz), dnhad woxdeu:
*
(q0,x,Zo) I— (g,€,7) A g € F. Tote Oa éxovpe

(95,x,Xo) P (g0,x,ZoXo) % (¢,&,X0) % (ge, €, X0) P (gr, €, €) o emopEVG TO X avrKkel e K&Be
évo omd Ta Lg (Ma), Li(M.), Ma) Hocpopowc SSvaoups Ko TLg GANeg cupmeptAyeLg. O

2 = 4: Kartaokevdlovpe pda M, mov e€opoidvet To M1. To M, B mpémel va praivel oty TeAikn
koatdotaot 6tav to My adeldlel v otoifa Tov. Xpnoomolovpe éva véo otolxeio Xo 6Tov éTo tng
oToifag £ToL doTe va Xoupe Ko TLg dV0 oLVONKESG TEPHATIOHOV TAVTOXPOVCL.

My = (Q U {q6,q/}, 5, T U {Xo}, 6, 90, X0, {gr})

Q@ npddn petdPaon:

&' (499, X0) = {(90,Z0Xo)}
@ Olheg oL mohiég petaPoeig:

8'(q,a,z) 26(q,a,z), yoxiBege Q,ac L v {e},zel
Q telwr) petdPaon:

&'(q,,%0) = {(gp,€)}, yir &b g € O
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikéc aurodoyéc V

Tehkd, 6mog mapamave Seixvovpe Le(M1) = L(Ma) = Le(Ma) = L(My). O

3 = 4: Xpnowomowodpe éva véo ototyeio Xo otov mdto g otoifag ko pict véo (povadikn) telikr
KATAGTACT] g7 YL VoL ATo@UYOVHE TNV TEPInTwoT va loxel povov pic cuvOrkn TeppaTicov.

H kataokevrn eivou apopolx pe avtijv tov 2 = 4. H povn Swapop& eivan oo 3. (telikny petdPoon),
6mov To "y k&be g € Q" yivetan "y k&Be telkr] katdoToon (g € F)".

Tad = 1,4 = 2,4 = 3 eivou Tpopav. O
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PRI AN AT DAL Il Avtopata otoifog (pushdown automata)

Icodvvapia PDA pe Stapopetikég amodoyég VI

5 = 4:'Eoto 61t divetan ypoppatikr xwpic cvpgpalopeva G tétown dote € ¢ L(G) (o¢ avtibetn
TEPUTTWOT) 1) KATAOKELY) HOG eivan eEAappd Srapopetikr)). Yrobétovpe emiong 6Tt divetan oe KaVoVIKT
popen} Greibach. Kataokevalovpe éva pda M, mov e€opowdvel aplotepdtepeg akolovbieg mapaywymv
mg G:

M, = ({q0}7 T7 V7 57 q0, S7 {qO})

KoL yloe TNV ocuvéptnon petafoong:

(90,7) € 6(q0,a,4) avv (4 —ay)€P  (uvrer)

Tote yiax € TF, o € V* 1oydeu:

*
SE xa aw (90,x,8) - (qo,¢, )
Ma

H xatetBuvon <" amodeikvoetal pe emoywyn 6to TAR00G TV LITOAOYIGTIKGOV PNHaTwV Ko =" pe
enmaywyn oto mAnbog twv Ppdtrv g axolovbiog mtapaywync. Emopéveg:
*
SE x aw (90,x,8) F (qo,¢,¢€), dnradn x € L(G) avvx € L(M,). ¢
M,

4 = 5:EctwpdaM, = (Q,%,T,9,q0,Z0, qr). O Sei€ovpe 6tL Yix tnv L = L(M,) vrbipyer
Ypappotikn) Xwpic cupgpalopeva. MaAiota, TNV katackevalovpe wg eEng:

G=(V,T,P,S), e T=5,V={S} U(QxT x Q)
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Avtopara ke Tomké

Avtopora otoifog (pushdown automata)
Ioodvvapia PDA pe Stapopetikéc arodoyég VII
*
KoL 6OVOAO KavOvev Tapaywyng P, ot omoiot anockomotv 6o (¢, 4, ¢/ Eoxaw (¢,x,4) = (q5,¢,€),
My
dnAady to M, mnyaivel ad v katdotaon g oY katdotaot gy enelepyalopevo Ty cupforocelpd X

ko oprivovtog to 4 and v otoifa. Tvykekpipéva:

@ S— [90,%0,4
Q NoaxdBe g, gmy1 € 0, AT, ae X U {e}:

(9,4, gm+1] — alq1, B1,92][q2, B2, 3] - - - [gm, Bms gm+1]

yx kéBe cUVSLAGHO KOTACTAGEWY g2, .

« oy gm o ko povov av woyver 8(q,a,4) 3 (q1,B1 .- . Bm).
(ILyx. yeam = 0: [¢,4,q1] — a.)

(g, a,4) = {(q1,B1 - .. Bn)}

/ VL
g A qm1] > alg1, By, ][, Ba, #]J#. wwm,qmm
v Kom'xcioccn ‘Vfcvv&{x{:[pé/

Exnpo: Kataokevn kavova apoywyng omd kavova petdPfacng
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AvTtOpaTo K Sl Avtopata otoifag (pushdown automata)

Isodvvapia PDA pe Siapopetikég amodoyég VIII

IMAéov apkei va Seiovpe pe emaywyn oTo TAN00G TV LIOAOYLOTIKOV PRATOY Kot TO PKOG TNG

*
akxolovbiog mapaywy®v 0tL oyveL: [q, 4, p] igx aw (q,x,4) = (p, e, €) kL emopévag
M,

* *
[90, Zo, q/] :*>Gx av (qo,X,Zo) = (q1,¢€,€) ko &pa S:*>Gx avv (qo,X,Zo) = (q5,¢€,€), Snhad
L(G) = L(M,).

M,y M,y
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JNRTE R A RIS PVl Avtopoca oToifag (pushdown automata)
Icodvvapia PDA pe Stagpopetikéc ammodoyég IX
Moapaderypor:
‘Eotw to pda:
= ({g0, 91}, {0, 1}, {X, Z0}, 6, 90, Z0, {41}).

omov:

4(40,0,Z0) = {q0,XZ0}, 0(q0,0,X) = {qo, XX},
6(q07 17X) = é(qﬁ 17X) = 5(qf757X) = 5(%5720) = {qﬁa}'

To pda Aertovpyel wg e€fg: push(X) 6c0 cuvavtag 0 ko petd pop(X) 660 cvvavtdg 1 1 av PTacELS 6TO
TéAog NG ele6dov péxpl va adetdioet 1) otoifo. H yAdooa mov avayvwpiletor amd to pda eivot:

LM) = {0™" |m>n>1}.

Oa K(xr(xckevéccoups ypoppotiky G = (V, T, P, S) 0L mxpocyé(yst mv L(M) pe my péfodo tng
mponyovpevng amddetEng. i Adyouvg avayvwopotntog éxouvy mopaelpBei ta KOPHOTA GTIG TPLADES.
‘Exovpe T = {0, 1} xou

= {S, [90Xq0], [q0Xq/], larXqo], [9:Xq/], [q0Z0go0]; 90204, [9/Z0qo], [47Z0qyl}
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikég ammodoyég X

O kavoveg mapaywyng P eivau:

S — [q0Zoqy]
[90Zogs] — O[QOqu}[qozotIf]}
[90Zogs] — Olg0Xq/llq/Zog]
[g0Xq0] — 0[g0Xq0][g90Xq0]
[90Xq0] — OlgoXqyl[9/Xq0] }
[g0Xq] — 1 agod 8(qo, 1, X) = {5, €}
lgpad — € apov 8(qy: €, Zo) = {qr, €}
[q0Xq/] — O[fiquo][quqd}
[90Xqs] — OlgoXqyllqsXqy]
lgXq0] — movbeva agob 6(qy, -.-) = {qo, .-} Sev opileton

0= e}

apov §(qo,0,Z0) = {q0,XZ0}

agod 6(q0» O,X) = {q07)(/\/}

agpob §(q0,0,X) = {q0, XX}

lgXq] — e |1 agov §(qy,

oReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ioodvvapia PDA pe Stagpopetikég amodoyég XI

Av mapadeifovpe T pn mapayoykd ovpfora ([¢Xqo], [g0Xq0]) ko Tig mapaywyég oTig omoieg
eppavifovron ko OéTovtag:

S=lq0Z0q/, A= laoXql, B=laZoqd, C=la¥al,
TPOKVITTEL 1) YPOHOLTIKT):
§—04B, 4—-04C|1, B—e, C—oe]|l,

1 omoia awAomoteiton oTnv:
S—04, 4—04]041]1,

KOl TEAMKG 6 TNV:
S — 08081 |01,

omdte mpopavas L(G) = L(M).
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PRI SANTM N NIP WYA O Il  AuTopata oToifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikéc aurodoyég XII

Evallaktikég amodeieig:

Mia &AAN Wéa yio kataokeur] pda dedopévng ypoppatiknig xwpig cvpgpalopeva, povov pe
pio katdotoon oto pda: Ma = ({qo}, T, TV V, 6, q0, S, {q0})

0 0(qo,€,4) 3 (q0,7) avv (4 —> ) € P,
@ 4(qo,a,a) 3 (qo,¢), yyakébe a € T.

. * *
Agiyvoupe S =g x avwv (qo,x, S) ; (go,¢€,¢).
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NN TR IS PYAL Sl AvTopata otoifag (pushdown automata)

Ioodvvapia PDA pe Stapopetikéc aurodoyéc XIII

>to BiPAio Tov o Sipser mapioTavel Ta pda pe Sraypdppoato mopdpowx pe vt twv FA: o
KOTOLOTAGELG TTAPLOTAVOVTOL PECA G€ KOKAO eved oL peTafdoelg pe BEAN Tov elvar
ETLYEYPOPPEVOL HIE TLPAGTAGELS TG HOPPTIG X/V — Z Ka onpaivouy SiéPace to x amd Ty
elo0do av LTL&pxEL TO ¥ otV kKopLet| TNG otoifag, pop(y) amd tnv otoifa kot push(z) otnv
otoifa. Eto, dedopévng ypoppotikic G to avtictotyo pda eivo:

e/d—~v yo(4d—>y)eP ala—¢ yoaeT
ele 88 ~ c/$>e

Emtiong, ylo TNV KXTaokevy) YPappatiknig xwpic cvpppalopeva dedopévou pda o Sipser
xpnopomnotet pn teppatiké cOpPoro: V= {4, | p,q € O} xou kavdveg Tng poperg:

(ry0) € 6(p,ae)
(9,€) € 8(s,b,1)
0 Apg = Aprdrg

} 2 Apg — adysb

e 4, —¢
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AvTtOpaTo K Sl 1810tTeg cf. ywoohv

Pumping AMjppata ywx c.f. yAoooeg I

Atjupa (Pumping Lemma yix c.f. yAéooeg)

Av L eivan picr yAdooa ywpis cvpppaldueva tote vedpyern € N térowo dote yia kdbez € L pe |z| = n
vrdpyovvu, v, w,x,y € L¥ téroia dore:

z=uwwxy A [wwx| <n A jw| =1 A (VieN: w'wi'yel)

AmoderEn:

‘Eotw G ypappatikn oe kavovikr poper) Chomsky mov nopéyer nv L — {e}. Eotw k = | V] (= mAjfog
TWV N TEpRaTIKGY GLPBOAWY). Oewpotpe n = 2F xou |z| = n. Eva cvvtaxtikd 8¢vdpo yia o z éxel tliog
peyalotepo 1 ioo tov logn 4+ 1 = k + 1, emopévag vtdpyet kémolo povordrt atd v pila S oe éva
@UAAO TOL GLVTAKTIKOD SEVOPOU pe pPriKoG peYOADTEPO 1) ic0 TOL k + 1. Oewpovpe TO pakpvTEPO TETOLO
povomdtt P. Atotpéyovpe avtd To povordTt atd To @UANO TTpog TV pila ko Ppickovpe TO TPAOTO pn
Teppatikd oOpPfolo, mov emavalapfavetal, é0tw A (clyovpa k&moto pn Teppatikod emavalapfdvetal
eeLdr] LITAPYXOLV POVOV k SLLPOPETIKA PT) TEPHATLKE).
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Avtoparta ko Tumtikég TAdooeg NI BOYAIAY

Pumping AMjppata ywe c.f. yhoooeg 11

Exnpa: Zovtoktikd 3évépo pumping AjppoTog

210 cuvtakTikd 86v3po Tov oxNHOTOG Exovpe [vwx| < n, eneldr] To A eivon To TPOTO P TEPHATIKS OO TO
@OANO Tov ermavadapfavetor ko [vx| = 1 emeidr] To cuvTaKTIKO §6vEP0O TPOKOITTEL ATTO YPOPHATIKT GE
popery Chomsky (épa Svadikd).

‘Eto, 4 ;k>_vA)_c Ko A = w. Emopévag, Ba éxovpe ko 4 X yiw yio k&Be i € N kabog ko S X wiwx'y,
dnAadn uv'wx'y € L yio ke i € N. O
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Avtoparta ko Tumtikég TAdooeg NI BOYAIAY

Pumping AMjppata e c.f. yAoooeg 11T

Onwg, kot oTIG Kavovikég YAMOOES, TO Tapartdve pumping Arjppa pog Pondéet vo amodei€ovpe ot
kamoleg YAwooeg dev eivan context free.

Iopaderypo

L = {a'b'c’ | i € N}. Ag vmoBécoupe 6t 1 L eivon c.f. Tote BewpdvTag To 1 Tov pumping ARUpaTog
emléyovpe z = a"b"c". Tote Oa vdpyovy uvwxy = z pe ywx| < nxou |vx| = 1.
Alocpivoupie TEPITTHOOELS Yo TO vwx ko eAéyxovpe av uwy € L (SnAadn) o uv'wx'y ywoi = 0 omd o P.L.)
Q@ vwx = a¥, To1e To uwy éyer meplocdTEPR € Ao a.
@ vwx = d*I, toe TO UWY ExEL MEPIOGOTEPAL € OTT6 @ T b
@ vwx = b¥, to1e T0 uwy éxeL meplocdTepa ¢ amd b.
Q vwx = bc!, T6te To uwy éxerL meprocoTEpa @ amd b T c.

k

@ vwx = ¢, 16Te To uwy €xeL TEPLEGOTEPX @ ATTO C.

Anhadr) oe kappia nepintwon dev éxovpe uwy € L. Atomo.

To Pumping Arjppo propei vow xpropomownOei tapopoing, 6mwg mapambve, yia va Setxbet 6t1n yAdooo
{a'b/c* | i <j <k} Sev eivou context free.

'AMNo éva Tapddetypa, KAmwG SLupopeTIKNG YAOGOG, eivar To e€NG:

ab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 277/ 422



Avtopara kou Tomikég I8t teg c.f. yhwooov

Pumping AMjppata ywx c.f. yAoooeg IV

Topaderypo
L={dVdd |ijeN}

H nopaméve yhoooa eniong dev eivon context free. Ilapopoing, 61twg mapambve, vitobétovpe 0Tt givat
c.f.,, ondte Oa woyveL To Pumping Arjppa.

T 70 7 Tov P.L. Bepotpe T z = a"b"c"d". Onwg mapamdve, yio k&de mbavd vwx (tepirtdoeig df,
a* bl bE b K, ckd!, dF) Seixvoupe dtLuwy ¢ L. Atomo.
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o ko Tomiké Sl 1510t teg cf. yYhwooov

Pumping AMjppata ywx cf. yAoooeg V

To pumping Afppo, ov Kot €lvon ToAD XprioLpo, vTdpyovy TeptTdoelg pn c.f. YAwoodv yia Tig omoieg
Sev Ponbdaet. I Tétoleg yAdooeg xpetalopacte éva yevikevpévo P.L. ov va emitpémnel va k&vovpe pump
emAekTIKG o€ Tpokabopiopéveg Béoelg.
Anjppo (Ogden's Lemma)
Av L eivau pia yAdooa ywpis ovpgpaldueva tote vrapyern € N tétoio dote yia kabe ovpfolocepd z € L ornv
omola anpadetouye n 1f mepioadrepeg Oéoeig vmdpyovy u, v, w, x, y € 3¥ téroia dore:

Z = UVWXY A TO VWX £XEL TO TOAD 1 onpadepéveg Oécelg A

T v ke X £xovy o Ayotepo 1 onpadepévn 0éon A (Vie N: w/wxly e L
X YOTEP! THOXOEHEVT) il Y

Tkapignpo amwddeléng.

Tapopora pe v a6Setér tov Pumping AMjpparoc. ©étovpe n = 25 4 1. Oewpodpe To <<pakpiTepo>>
HOVOTATL pE TOVG TEePLocOTEPOLG amoydvoug pe onpadepéveg Béoelg. Ymapyovv tovAdyiotov k + 1
onpeio StoaxAddwong (onpeia 61ov Ko ot dvo amdyovol katahnjyouv ot onpadepévn Béon) oo P.
Emopévag, umdpyel pn teppatikd o emavolapfaveto ko 1 amddelén ovveyileton dmwg oto P.L. O

v
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Avtopato ko Tortikég Sl [510tTeg ef. yYAwoohdv

Pumping AMjppoata ye c.f. yhoooeg VI

IMopaderypo

Oa amodeitovpe ot n L = {d'b/cfd' | i =0 v j = k = I} Sev eivau context free. Ilapopoicg,
OMKG TapaTTive, virobétovpe 6Tt eivar c.f., omdte Ba oy veL To Afppa Tov Ogden. T'ax To 1 TOL
Ogden Bewpotpe tnv z = ab"c"d", dmov onpadedovpe dAa ta b: ab"c"d". Tote B vtdpyoLV
o uvwxy = z tov Afjppoartog tov Ogden. Awakpivovpe dvo mepintooels:
@ 710 v 1) 10 X MEpLEyovy dVo SxpopeTikd cOPPOAa, TOTE TO pumping KATAGTPEPEL TNV
oElpa:
Q éva amd ta v, x mepiéxel b ko to GANO GAAx oOpPola, TOTE TO pumping KATAOTPEPEL TO
1opLBpo TV cLPPOAWY.
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Avtoparta ko Tomiké Sl 1510t teg cf. yYhwooov

IS16tnTeg kAewoiporog I

Oecopnpa

O1 yAdooeg ywpis oupgpaloueva eivai KAEIOTES wé tpog évwory, mapabeon kau kAeioo Kleene.

Amodeitn.

‘EoTte Ypoppatikés Yl YAOGoeg Xwpig cupppaldpeva pe afidpota S1 ko So. Xwpig PA&PN Tng
YEVIKOTNTAG, LITOBETOVHE OTL OL YPOPRATIKEG OEV EXOLV KOLVE p) TeppaTikd cupPola (vt 1) vtdBeon
yiveton ko oTig Tapakdte anodeifelg). Kataokevalovpe ypoppatikr pe apyikd oOpforo S, Tovg kavoveg
TV Tl HEPOVG YPOPPATIKDOV KL EVOLV ETILTAEOV KAVOVX Yior KOBe TTpden:

U S— 81|82
napdeon: S — 152
#: 85> 515 | e O
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I8t teg c.f. yhwooov

ISt Teg KAewoipotog IT

Oecdpnua

O1 yAdooes ywpis ovpgpalopeve eivau KAeloTES w¢ mpog i) context free avrikardoraot), ii) OHOHOPPICUO Kal
iii) avTioTpoPo opopopPLoLO.

Amddeiln.

i) Eotw n avtikatdotaon f: a — Lg pe L, yAdooo xwpig cupgpalopeva, yio kdbe teppatikd
ovpfolo a tng apxkig ypoppatiknic. Eotw ot n kébe L, meprypboeton pe ypoppatiky G, pe
akiopa S;. Katackevdlovpe véa ypoppaTiki mov mepiéyel OAOVG TOUG KAVOVEG TNG apX KNG
ypappatikig G ko tov Gy kot avtikabiotodpe k&be eppdavion twv Teppatikdv oupforwv g G
oToLg kavoveg g G pe To avtioTolyo afiopa Sy.

ii) Ymomepintwon tov i).

=

iii) ‘Eote M pda mov amodéyetan v L kou opopop@iopdg h: L/ — ¥, Kataokevalovpe pda M’ mov
amodéyetan v A~ (L). To M’ pe eicodo a mapiyet o h(a) ko e€opotdvel o h(a) 670 avTdpaTo
M. K&t tétoro eivor Suvatd dedopévou Tou memepacpévov TARB0UG TV Hi) TEPRATIKGOV GUUPOAWY
(omote 1) e€opoiwomn kébe cupPdrov amobnkeveTan oTOV MEMEPaAGHEVO EAeyyo Tov pda M').

O

v
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Avtopara ko Tomkég Thdooes [T XROYeERIo

ISt Teg KAewoipatog 1T

BOecdpnpc

O1 yAdooeg ywpis ovpppaldueva Sev eivar KAEIOTEG wG TTpog i) Topr Kau ii) CUUTApawpa.

Amddeiln.
i) Avtutapdderypo:

{a'b'd |i,je Ny n{db |ijeN} ={dbc|ieN}
cf. yAvooa cf. yA\dooa oxLef.

(BAéme mapdetypa oel. 275 yw v {a'b'c’ | i € N}.)

ii) Amé to vopo de Morgan: L1 N La = L1 U La, eneldy ot c.f. yAdooeg eivan kAeloTég wg

TPOG EVWOT], AV )TAV KAELGTEG KOL (G TTPOG GUHTTAN pWHAL, TOTE O jTay Kot G 1Tpog
Topn- &rtoro.

Iop' OAa LT, 1) TOpT piog YAOooog Xwpig oLppalopeva pe piot Kavoviky yAwooo eivol
YAGooO Ywpig cupepalopevo:

oReLab - NTUA)
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Avtopara ko Tomikég Thdooeg [N LS BONAIAY

ISt Teg kAewoipotog IV

Oecpnpa

Eotw L yAdooa ywpis ouopppaldueva kau R kavovikij yAdéooa. Tote n L N R eivan yldooa ywpic
ovpppaldueva.

I8¢é0t amddeiéng.

Kataokevaloupe éva pda mov e€opowmvel tapdAinia to pda mov avayvwpilet tnv L xou to fa

(memepacpévo avTOHATO) TOL vy vwpilel TNV R. O
w

Atvoupe ko pio epappoyr] Tov TopaTtdve Bewpripatog:
Mopb&derypo
HL={ww]|we (a+b)*} dev eivar c.f. TIpbyportt ) Topr g L pe tnv kovovikr) ydooo
a*b*a*p*:
L nad*b*a*b* = {d'Vd'V |i,je N} =L,
dev eivou c.f. (T o Tedevtaio, Bewpriote Tov opopopiopé h(a) = h(c) = a, h(b) = h(d) = b

ko Seite oL h™H(L1) N a¥b*c*d* = {d'b/'d | i,j € N} = Lo xou yio tv Lo éxovpe 7181
amnodeiel 6TL Sev elvan c.f., o€ Tponyovpevo tapddetypa.)

oReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 284 / 422



Avtopato ko Tomtiké Sl 1510t teg cf. yYhwooov

AlyopBpot yux c.f. yAdooeg I

Oecopnua

Yrdpyovv alydpibuor wov amokpivovrar av pic yAdooa ywpis ovpppaldueva eivar a) kevi, B) memepaopévy 1
aneipn.

Amodeidn.

o) Eite pe tnv PorBeix Tov pumping Afppatog, eite pe edpeon Twv xpriopwv (Sniadn tpocPaoyiwv
amd 1o afiopa Kol TUPoywYLKOV) HIj TEPPRATIKOV GURBOAWY.

B) II&A, eite pe Tnv PorBeia Tov pumping AMjppartog, eite, BewpdvTag OTL N ypappHATIKY eival o€
kovovikt] poper) Chomsky pe oxedioopd Tov ypagov pe kOpPoug To Xprioipa un Teppatikd copfola
KoL KTevOUVOpEVEG akpiéG, £0T T.Y. atd T0 A 670 B, av viapyet kavovog A — BC A — CB. H
yAOooo glvon dterpr o ko povov av vtdpyel kOkAog otov yphyo (loodvvaypia vtdpyel re-entrant
un teppatikd cOpBolro). O

v
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Avtopato ko Tomtiké Sl 1510t teg cf. yYhwooov

AlyopiBpor yia c.f. yAdooeg II

Aedopévng ypoppatikiig xwpig cupgpalopeva G, vapyel pnxaviotikodg adyopibpog o omoiog yia
omoadnote cupPforocelpd x amokpiveton av x € L(G) 1 oxL.

ILY. v CUGTNHATIKE KATAGKEVAGOLHE OAEG TIG TapayOpeveg cupPolooelpég katd adovoa celpd
prjkovg, ToTe pITopovpe vo amoacicovpe edv x € L(G). O alyopbpog dpwg eivon exBetikod xpovov wg
TPOG TO UNKog NG oLHPorocELpdS eLtdd0v.

Av opowg n ypappatikn divetar oe kavovikn poper Chomsky, tote vdpyet Taxdtepog adydpibpog,
noAvmAokdtnTag O(|x|3), o Aeydpevog adydpiBpog CYK (atd toug Cocke, Younger, Kasami).
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Avtoparta ko Tumtikég TAdooeg NI BOYAIAY

AlyopiBpot yia c.f. yhoooeg 11T

ANyop1Bpog CYK
function CYK(x: string): boolean (* assumes Chomsky n.f. *)
begin n := |x|
fori:=1tondo
Vi={4]|(4d—a)ePn (x);=a}
forj:=2tondo
fori:=1ton—j+ 1do
begin V. := &;
fork:=1toj — 1do
V=V u{d|(4—>BC)ePABeViACeV |}
end ;
CYK:=Se 7]
end
O ahydpiBpog ovolaoTikd eAéyyet OAa T Suvatd cuvtakTikd Sévdpa, apxilovtag amd T TePPATLKE
ovpfora ota PO KoL aodidovtag oe avtd mbava pn Teppatikd cVpBoia ov Ta apiyovy. O
ahyopiBpog ouveyilel amodidovrag mboavda pn teppotikd cOpfora oe k&be vitoovpforocelpd TG
cupBorocelpdg elc0d0v kot TEAOG eAEYXEL av 6TNV GLHPOAOGELPA £1GOSOL £xeL amodobei To aiwpa S.
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Avtopara ke Tomkég Thdooeg

I8t teg c.f. yhwooov

AlyopiBpot yia c.f. yYAdooeg IV

Tapaderypo
‘Eotw ypappartiky oe kavoviky popet Chomsky:
S—AB|BC, A—BA|a, B—CC|b, C—AB|a
1o oynfpa divouvpe TNy ektéAeot) Tov alyopiBpov ko To avticToryo cuvtakTikd 34vSpo yix eicodo
X = baaba. Me ta BéAn, deiyvovpe Tnv akorovBio vitodoyiopot i j = 4 (urjkog substring) kot yio to

substring (x)2..5 (apxilet, InAadn, and v Béon i = 2): Méoa e kOKAo Kot pe Tov i8o aplOpd
ovpfolifovpe Tar §0 substrings (cvvolikov prjkovg 4) ov cuvdvaloval i va 8dcovy To (X)2..5.

ST ;

1 B 4,C A4,C B 4,Ca A/ \B
j=2 S, 4 B 5,C Sde——  /\ /N
— %] B Ba—" B 4 C C
/ PO [ VA N
j=4 g 84,C7 b a A a
i=5 S4,C

I
a

o —

Sxnpe: Extédeon ahyopibpov CYK

eLab - NTUA)
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Avtopato ko Tomtiké Sl 1510t teg cf. yYhwooov

Amoteléoparta pn outokplopotnTog I

T TG YPOPPOTIKEG XWPIG GUHPPALOHEVEL, VITEPXOUV OPKETA GTHaVTLKG TpoPAfpOTa XTOPACTG YLo T
omoia dev vIT&p)eEL unyavioTiKOG adydpibuos. Avagépouvpe, xwpig amddelln, ta e€ng amoteAéoparta:

@ Aev LTAPYEL HNYXOVIOTIKOG XAYOpLOpog Tov atokpivetal dedopévwy 00 YpapHATIKOY XWpiG
oupppalopeva Gy xau Ga, av L(G1) = L(G2). (lodtnTa --- equality)

@ Aev vITapYEL PNYXOVIOTIKOG 0AYOPLOpHOG oL autokpivetan dedopévmv 00 YPapHATIKGOVY XWpiG
ovpgpagopeva Gi kou Ga, av L(G1) N L(G2) # . (un kevi) Topr - intersection non-emptiness)

@ Aev vrThpyEL PNYXOVISTIKOG aAYOpLOpOG oV autokpiveTan SeSopEVNG YPOUPATIKAG XWPiG
cvpppalopeva G, av ) L(G) etvou kavovikr. (kavovikdtnta --- regularity)

H katdotaon o€ oxéon He TIG Kavovikég YAOOGES £XEL OTTOG PALVETHL GTOV ETTOHEVO TIVOKAL.
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Avtopara ke Tomkég TAG:

Amoteléoparta pn atokpropotntog II

amokpioa

180t teg c.f. yhooomv

| pn amokpioyior

regular

L6oTNTOL

Hn Kevi) Topn

(un) xev) yYAdooo
amelpn yaoooo
QVAKELY

of

QVAKELY
(un) xev) yAdooo
amelpn yAOooo

Hn kevi) Topn
wootTa
KOVOVIKOTNTOL

ITivakag: HpoPpAfpata andgacng yia regular kou c.f. yAddooeg

( CoReLab - NTUA)
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Avtopara ko Tomikég Thdooeg [N LS BONAIAY

FpappucotnTa ko nprypoppikotnta I

H napoakate pédodog pog Ponbaet va amodei&ovpe 6Tt e yrdooo dev eivan c.f..

Oplopodg

‘Eva vroovvoro tov N ovopdletar ypoppikod av to otolxeio tov oxnpatiovv apbpntikr tpdodo, eivor
dnhodn tng popenig {xo + kd | k € N}, 6mov xo, d otabepéc.

Iopaderypo
A={y|y=3x+1,xe N} ={1,4,7,10,...}

Oplopog

‘Evat utochvoro tov N ovopdleton nULypopptkd av eival Temepacpévn Voot YPOUIKOY GUVOAWY.

Iopaderypo

B={y|y=4x—-3,xe N} ={1,5,9,13,... } ypouxo.
AuB=1{1,4,5,7,9,10,. ..} nuypapuxod covolo.
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Avtoparta ko Tomiké I8t teg c.f. yhwooov

IpoppikotnTo kot nprypoppikotnto I

Topatipnon

STot NULYPoppk& cOVOAQ 0L ATTOoTACELG HETAED TwV oToLXElwY dev avEdvovTal.

Ioy0et To mapakdTw onpovtikd Bedpnpa:

Ocdpnpe (Parikh)
TNa kdBe ypappariy ywpis ovpppaldueva G to avvoro {|x| | x € L(G)} eivan nuypopuxd.

Iopaderypo

And v G: § — aSh | e npoxbnrel n yhdooa L(G) = {a"b" | n € N} kat to svvolo pnkodv
{2n | n € N} mov eivou ypopyuo.

Iapatripnon

To ©. Parikh woy0el yio omowxdrjmote petpikn didtnta tev strings (SnA. 6t povo yio To pfjkog towv
strings)

AidéoKwV c ab - NTUZ Yro. & Hohvmh. Anpiiog 2021
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Avtoparo kon Tomikég TAGdooeg [T YAt TN

IpoppikotnTo kot nurypoppikotntoe 11

Tapaderypo
H{d?,a* d8,... a2 } 8ev eivou c.f.
v
IIépiopier
Kdbe yAdooa ywpic oupppaldpeva pie adpapnro evos oupfodov eivau kavoviki.
v
Amddeitn.
AgriveTon wg @oknor. a
v

ab - NTUA) Ymo). & IoAvmh.
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Avtopara kou Tomikég I8t teg c.f. yhwooov

IpoppikotnTo kot nprypoapptcotnto IV

Iopaderypo

8

Enedn n {a?,a*,d8, ..., d>

n ’ ’ /.
,. .. } 8ev eivou regular, 8ev eivon ovte c.f.

Iopaderypo

{a"b™ | m = n v (mmpdrog A n = m)} Sev eivaun c.f.
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Avtopato ko Tomtiké Sl [310TNTEG Ie. YAWOGMV. ATOKPIGIHOTNT

Avtopato pe dvo otoifeg

Av emexteivouvpe To avtopato otoifag (PDA) mpocbétovtdg Touv pia emumAéov otoifa, éxovpe To
amokalovpevo 2-PDA. Amtodeikvietan 6t T 2-PDA éxovv vmohoyiotikr] oy ion pe autriv tov TM.

I8¢ eEopoimong piag TM amd éva 2-PDA: Etnv pia otoiffa tov 2-PDA tomobetovpe To sOpfora Tng
touviog ov Ppickovron apiotepd tng kegarig tng TM ko otnv dAAn otoifa tov 2-PDA 1o oOpfora
mov Ppickovrot de€id g kepang (tae cvpBora wov eivon TAnciéotepa 6TV Kepahn O Bpickovrot
TPOG TNV KOPLYT TNG K&be 6ToiPxC).
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Avtopo 7 1810t TEg re. YAo OOV, ATOKPLGIHOTH T

I810tnTeg KAeloipaTog r.e. YAwoGhv

Ipéraon

H kAdon twv re. yAwoodv eivar kAeiothj wg mpog évwon, mapddeon (concatenation), dotpo tov Kleene (%) kau
Tour.

Ipéraon

H xAdon twv r.e. yAwoowv Sev eivai KAEIOTI] WG P0G TUUTATpwpc.
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Avtoparta ko Tomiké Sl 1510TnTEg re. YAoOOV. ATOKPIGIHOTTOL

Amoxpioo kot pn tpoPfAfparta

Ipotacn
Eotw G ypapparixij (témov 0). Ta wapakdrw npofArjuara Sev eivau amokpioyia:
e weL(G);

(G1) = L(G2) ; (icobvvapia 5to yevikdv ypappatikdv)
L(G) =g

(6) =
L(G) kavovikj ;
L(G) cf;
L(G) cs.;
L(G) menmepacpévn ;

Amodeitn.

‘Ertovtan OAa oo to Becdpnpar Tov Rice ko TotpOpolo ammoteAEGHATAL i1 AITOKPLOHOTITOG TTOV Lo DOV
PUOIKA YL TLG },u]xocvég Turing ko yiot to r.e. oOvoAce. ILy., To TpdTo (xvncrotxsi 670 TPOPANHO
HALTTM, SnAadn av plcx 5860psvn TM. e pio 6950psvr] eicodo w rsppocnget KQITOTE TNV AgLTovpyio rr]g
To debTepo avtioTolel 6T0 *“r = @);". To Tpito avticTolyel oTo ~~px 1T mavtov;". K.o.x.
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PRI SANTM NI WYAT O Il  1510TnTeg 1.e. YAWOOMV. ATOKPIGIHOTH T

Amoxpioyo kot pn tpofAfporto I

Iporacny
TN éva LBA M eivan amoxpioyo o pdfAnpa:
o weL(M);
Kau pn amokpiowa T mpofAtjuara:
L(My) = L(Mz) ; (tlooSvvayic 5to LBA)
L(M) =
L(M) =
L(M) xavovixyj ;
L(M) cf:;
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PRI SANTM NI WYAT O Il  1510TnTeg 1.e. YAWOOMV. ATOKPIGIHOTH T

Amoxpioa ko pn tpofAnpoto 1T

Iporaon
T pua context free yAoooa L eivan amokpiowa ta mpofAnuara:
o we L(G);
° L(G)=;
Kau pn amokpiowa T mpofAnuara:
e L(G1) = L(G2) ; (1ooSvvapia Svo c.f. ypopuarikdv)
o L(G) = ¥*;
o L(G) xavovikrj ;
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Avtoparta kot Tomiké Sl [310TNTEG Ie. YAWOGMV. ATOKPIGIHOTNT

Amoxpioya kot pn tpofAfpata IV

Emtiong, éxetl vOnpa va avall1THOOUHE oV 1) TORT) KL TO GUUTIAT)POHE YAWoo @V 18iov Thmov
TOpapéVEL YA®ooa Tov W8iov TOToU.

T v Topn, 1 TPOKOHITOLGA YADCOX TAPAHEVEL TOU LSOV TOTTOL AV TEUVOLE YAMCGEG TOL
diov tomov 0, 1, 3 (yevikég, c.s., regular). T t1g yAdooeg TOTOUL 2, SnAadn Tig c.f., 1 Topr dev
eivan mavrorte c.f. yAdooa, adhd ko emurAéov o mpoPAnpa Sev eivan kov amokpicipo.

I T0 GUPUTATI PO, T) TPOKDITTOLOX YAOGOGX TTapapével ToL 1diov TOmov av Bewprjcovpe
oupAnpopa yYAdooog Torov 1 kou 3 (c.s. kau regular). T tig yAdooeg TOmoL 0 Kort 2 (yevikég
ko c.f.) To TpoPAnua Sev eivon kav amokpicpio.

H pn amokptotpdtnTo TOAADY 0ITd T TAPATAVE TPOPARHATO ATTOJELKVOETAL HE AVOYWYT)
amnd to eniong pn amokpicipo tpoPAnpa PCP (Post's Correspondence Problem). ITpiv opicovpe
0 TPOPANpa, Sivoupe TIG £VVOLEG TOL CUGTAHATOG AVTIETOLXOTG KO TOU TALPLXCHOTOG.

Oplopocg

‘Eva ovornua avriotoiynong eival éva menepaopévo cOvoro P amoTteAodpeVo amd
SrateTarypéva Levyn pn kevdv cupPforoocelpov eni evog akgaprtov :

{(11,}’1), (12,}"2), ceey (l,,,r,,)}.
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Avtoparta ko Tomiké 1810t TEg re. YAo OOV, ATOKPLGIHOTH T

Amokpiopa ko pn poPAnpato V

Oplopog

‘Eva raipiaopa (match) eivon pio oacorovbia Cevywv amd to P: (L, 14y ), - - -, (L, 13,) TéTOWX
Qotely -l =iy oy

IMopadetypoa

Av P = {(abc, c), (ca,a), (a,ab), (b, ca), (aa, bb)}, éva taipiacpa elvar o
(a,ab)(b, ca)(ca,a)(a,ab)(abc,c).

Opiopog (PCP: Post's Correspondence Problem)

Yrapyxer taipioaopo ya évo 8edopévo cOoTNHA AVTLETOLXONG;

Ipéraon
To PCP eivou pun amokpiouo.

‘Evag &AAog poppoadiopnds mov divel pn emAdopa tpoPAfpata eivon to cvotipoarta Thue:
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PRI SANTM NI WYAT O Il  1510TnTeg 1.e. YAWOOMV. ATOKPIGIHOTH T

Amoxpioo kot pn tpoPAfiporto VI

Opiopiog

‘Eva ovornua Thue T = (3, P) amoteleiton omd éva adpdPnro T ko éva chvodro P kavdvev
Topaywyng tng popeng I — r, émov I, r cupPforocelpég emni tov 2.
Onwg ko oT1g ypoppatikég: utlus = uiruz ov (I — r) € P.

Mopaderypo

‘Ectw 10 cvotnpa Thue: T = ({a, b}, {ab — aa,a — bb}). Tote, woyleu:
abba = abbbb = aabbb = abbbbb.

Oewpovpe TO vapsl;pucé peTaPaTIKO avakAaoTikO KAgioWo TnG oxéong =" To omoio Kot
ovpPoliloupe pe <" To mapakdte TpoPAnpa eivon evdiagpépov:
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AvTtOpaTo K Sl 1510TnTEg re. YAoOOV. ATOKPIGIHOTTOL

Amoxpioo kot pn tpofAfpato VII

Optopog (Word problem) J

Aivovtow x, y € ¥ xau sOotnpa Thue. Ioydel x < y 610 ovotnpa Thue;

T'a to ovotnpa Thue Tov Tponyodpevov mapadeiyparog To word problem éxet Betikr) amdvnon yo ta
napakdre Levydpa (x,y) (yoris):

(abba, ababb), (bba,bba), (bbbb, bbb)
Kxou apvnTiky amévinon y o (ba, aaa) (yori;).

Ta cvotipara Thue eivot Gov TIG YPOUHHXTLKEG XWPIG OPWS SLaLpopOTTOinGT) TEPPATIKMV KOL HT)
TEPRATIKMV GUUPOAWV ko Xwpig apyikd oOpforo. Zuviwe, amaitovpe emutAéov oe éva ovotnuoa Thue 1
oxéon — va eivan cuppeTpiit], SnAadn 6ote LITAPYEL 0 Kavovag Tapaywyng [ — r oto P o LITAPYEL KOrL
or — [. Téte to word problem Siatundyvetal amhdovotepa wg: T dedopéva x, y, oxderx = y;".

Ta cvotipara Thue K GLGTHHATA VITOAOYLGHOD £XOUV LGOSOVOYLT VITOAOYLOTIKT] LoYD HE TIG UNYOVEG
Turing. MGAMO T, £XOVHE TO TAPAKAT® AITOTENEGUQA HT) RITOKPLOUOTITAG:

Iporaon J

To word problem eivan pn arokpioyo.
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Avtopara kou Tomikég Thdooeg  IsEEN TS WHESHY

Tevikég ypapporticég I

Tomov 0: yevikég ypappatikég (general or unrestricted grammars), semi-Thue, phrase structure
IMopoywyéc: o — B, pe o # €

Iopaderypo

L={a® |neN}
S — AaCB

CB — E | DB
aE — Ea
AE — ¢
aD — Da
AD — AC
Ca — aaC
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H epapyioc Chomsky

Tevikég ypapporticég 11

Oeddpnpo

Ta axéAovba eivan ic08vvapa:
@ 1L eivan avadpopuxd apifurjoyn (recursively enumerable) r.e.
@ 1 L yiverou amodextij and pia Turing unyavij
© L = L(G), érov G eivau yevikij ypopparixi

Ymo). & IoAvmh.
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H epapyioc Chomsky

poppatikég pe cupepolopeva (c.s.) I

Tomov 1: ypoappatikég pe cupppaopeva (context sensitive, c.s.)
Hopayoyég a — B, pe o # &, |a] < |B| (noncontracting grammar, non-decreasing, not ¢ string)

H ovopoaoio context sensitive ogpeiletan oTnv mapakdte eVOAAAKTIKT TEPLYPAPT] AVTOV TV
ypoappotikov: K&be c.s. ypoppoartikr propei vo tebei oe kavovikn pop@r otnv omoia 6AoL kavoveg

mopaywyig eivon TG popeg:

ajdas — ayBag, 6710V A: U TEPPaTIKS Ko B # €
N S

context

Tapaderypo
1"0"1". C.s. ypappatikég:
1 l
§S— 171 S—>WIW, W—1|S—>WIW , W—1
Z—0|1204 | Z— 0| WZz4 Z— 0| wzz4
A0 — 04 AZ — ZA4 AZ — HZ,HZ — HA,
HA — ZA
Al — 11 AW — WW AW — WW
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Avtoparta ko Tomiké Sl H wepapyioc Chomsky

poppatikég pe cvpppolopeve (c.s.) I

‘AN tapadeiypata tétowwv yAowooov: {a"b"c"}, {a'bck | 0 < i <j <k}, {ww | w e $*}, 0110717,

Tpappikd ppaypévo avtopato (Linear bounded automaton (LBA)): Eivou pic pn-vteteppuviotikn
pnyovy Turing (T.M.) tng oroiag 1 keQar] elvan TePLOPLOPEVT VO KLVEITOL HOVOV GTO THTHO TG Taviog
IOV TTEPLEXEL TNV EiG0d0.
Oedpnpa
Ta axérova eivan ico8vvapa (L ywpis €):

@ 1 L yivetan anodextij amd LBA

Q@ nlevacs.

Iépioyicr (oo to Oecopnpe Tov Immerman)

To oupmAtipwpa piag c.s. yAdooog eivau eriong c.s. yAdooa.

‘Eva avoytd epatnpo eivan to e€ng:

Eivau 10080vapn 1 vieteppuvioTikyj kou n un vieteppuviotiktj ekdoyr tov LBA;
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H epapyioc Chomsky

H epapyio ovykevrpwtikd I

Oeopnpa (Iepapyies)

(Bewpotue yAdooes mov Sev mepidyovv v kevij aupfolooeipd, €.)

regular C context free C context sensitive C recursively enumerable
# # #

3 Tov eOUEVO TTvaKa QOUVETOL GLYKEVTPWTIKG 1) tepapyio Chomsky:
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Avtopora kot Torué

H epapyio cvykevrpotica I

H wepapyia Chomsky

Tpapparixég Tdooes | Avrépara
TOMOog 0 phrase structure recursively DTM 1y NDTM
semi-Thue enumerable (2-PDA)
toOmog 1 context sensitive context U1 VTETEPULVIGTIKO
(monotonic) sensitive LBA
TOTOG 2 context free context free pn vtet. PDA
LR(k) det. c.f. vtet. PDA
YPOLKEG YPoppikég c.f. single turn PDA
(NFA pe 2 touvieg)
TOTOG 3 | APLOTEPOYPOIPILKEG, KOVOVLKEG DFA 1} NFA
Se€loypayipiticé

ITivaxag: H iepapyioc Chomsky
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o ko Tomiké Sl H wepapyioc Chomsky

H epapyio cvykevrpowtuce I

Ou ypappartikég LR(k) eivon avtég ot context free ypappatikég oTig omoieg popet va yivel parsing amwd
aplotepd mpog Ta dekid pe vreteppivioTikd Tpodmo kortdlovtag péxpt k oOpfora tng elcddov prtpootd
ko SovAevovtag amd T k&tw Tpog Ta téve (bottom-up). IloANég ypappatikég Tov mepLypdgpovv
YADGGEG TPOYPAPHATIOHOV ELVOL AVTHG TNG HOPPTIG KOL £XOVV TO TAEOVEKTNHO OTL TO parsing pmwopei vo
YivVeL o€ YPOHLKO XPOVO »G TTPOG TO PIKOG TNG ELGOS0U.

Oecpnua

To atvodo twv vopipiwv vrodoyioTik&V akodovbidy pias TM eivou toprj dvo c.f. yAwoodv. To ovvolro twv un
vopipwv vrodoyiotikdv akolovdidv picg TM eivau c.f. yAdooa.

Oedpnpa

Eotw G ypapparixij tomov 0. Ta mapakdtw npofAipara dev eivai kav r.e.:
° L(G) =;

L(G) = T%;

L(G) avadpopuxrf;

L(G) un avabpopuxrij;

L(

G) kavovikr;
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o) TloAvm)

[Mepreyopeva

e YnoAoyiotikn IohvmAokoTnTo
@ Tuxowotnra (Randomness)
@ AMnlenidpaon, PCP
@ Métpnon
@ IIpooeyyiotikoi AhydpiBpol (Approximation algorithms)
@ TloAvmAokotnTo AvadrTnong

@ Tapapetpikr ToAvrhokoTnTa

@ Kpovrtikr) Holvmhokdtnrar
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Yrnohoyiotikr Hohvmhokotnto  EEONEETS IGYNY ANt

K\doeic IoAvmdokotnrog I

@ Ozwpia YoAloyiopot: Mog evdiagépel povov av éva mpoPfAnpa eivat virodoyicipo i 6xt.

@ Otwpio [ToAvdokdTnTAG: OewpoliE HOVO LITOAOYio TPOoPApaTa Kol TpocTadovpe v Sovpe
av pmopodv va emtAvfovv pe TEPLOPLoR0DG 6TOUG S1abéc1oUg LITOAOYLGTLKOVG TTOPOVG, OTKWG O
XPOVOG LTTOAOYLOHOV, 0 EMUTAEOV XDOPOG LVAHNG TTOL QUITALTELTOL Vit EVOLAES L ATTOTEAECHOTO KOTR
v emidvon, ko GAAot.

@ Avrtol ot mepiopioypiol, kKaBdG Kot GAAX XOUPAKTNPLOTIKE TV LITOAOYLGPADVY 0pilovy KAXGELG
TOAUTTAOKOTNTAG PEGQ OTIG Omoieg ToTobeToV e T SLdpopa TpoPAfpaTar.

IMap& TG oUVEXEIS KaL poKpoxpOVLIEG TPooTdDeleg TOAADV EMLGTNHOVOV, LITAPYOLY APKETE ALVOLX T
epotipate. ILy., vtdpyovv TpofAfpata yio Ta omoia, av kai avrjkovv ato NP, Sev éxel Ppebel
TOAVOVLHLIKOG aAYOPBpoG, aAAG 00Te amddeien otL eivon NP-complete.

( CoReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 312/ 422



Khéoeig Tlodvmhokdtnroag

K\doeic IoAvmdokotnrog (Tu dev ri€epe o Karp to 1972)

@ GRAPH ISOMORPHISM (70 1o yvwotd avorytd mpofAnpa): Aedopévwv 300 yphowv givon
woopop@ikoi; (rapaBore pe to SUBGRAPH ISOMORPHISM to omoio gival yvwoto Ot eivon
NP-complete)

@ LINEAR PROGRAMMING (mapépeve yio xpovia avoryto): de5opévov evog GUGTAHATOS YPOPULKMV
eELODMOEWMV KL AVICOTHTOV KL LA YPORULKHG AVTIKEWEVIKNG ouvdpTtnong (peytotomoinon 1
ehaylotomoinomn) va evpedet puo BéATIoTn et Adon;

o Mé0odog Simplex (Dantzig): 3t xelpdtepn mepintwon ypealdtav ekbetikd xpovo.

o EAAewpoeidrig péBodog (Khachiyan): O mpcdtog moAvwvuptkdg ahyopiBpog yio ToV Ypoppikod
TPOYPAHHATIOHO. Aev gixe HeYOAO TPOKTLKO eVLOPEPOV.

o AAyopiBpog Karmarkar: IToAvwvupikog adyoptBpog mov eixe ko TPoKTIKE AToTeAEGPATA
KkoAOTEpa atd Tn) péBodo Simplex.

@ PRIMALITY: Aivetou évag aképatog. Eivar tpdrog 1) oxL;
IIpdopata (2002 and Tovg Agrawal, Kayal, Saxena --- AKS) amedeiy6n kau 6T1 T0 mtpofAnpa owto,
IOV TOPEHPEVE YL ALPKETO KALPO AVOLKTO, eival 6To P.
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Yrooytotikr) IoAvmhokotnro XTSI 2XINGL R TS

Baowkoi Opiopoi I

Oplopodg

v khdon TIME(#(n)) () DTIME(¢(n))) aviikouv ta TpofAjpota tov popovv va emAvbodv artd
vieteppviotikn pryav) Turing oe xpdvo t(n).

Oplopog

v kA&on NTIME(¢(n)) avikouy ta TpoPAfpata mov propody va emtAvbodv amd un VIeTepuvio Tk
pnxowvr) Turing oe xpovo t(n).

Oplopog

Stnv kAé&on SPACE(s(n)) () DSPACE(s(n))) avijkouv Ta tpoPAfpota wov propody va emAvfodv arnd
vteteppviotikni pnyavy Turing xpnoponowdvtog enmiéov xodpo s(n).

Opiopog

Stnv kAdon NSPACE(s(n)) avijkouv ta TpoPfApata ov propotv vo emAvfovv ot pn
vieteppviotikn pnyavi] Turing xpnoyonoidvtag enuthéov xopo s(n).

Me Béon ta mapoamdve, opilovpe:
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Ymohoytotikr IoAvmhokotnte  EEONEEISINEINING) s

Baoucot Opiopot II

® P =PTIME = | J», DTIME(#')
NP = NPTIME = | J,5,; NTIME(n')
PSPACE = | J;».; DSPACE(n')
NPSPACE = | J;5, NSPACE(#')

L = DSPACE(logn)

NL = NSPACE(log )

EXP = |, , DTIME(2")
o EXPSPACE = |J,., DSPACE(2" )

Topatipnon

Mia ovvéaptnon fovopdleton cvvaptnon tolvmlokdtntag (constructible) av mpémel v vitdpyet pioe TM
tétown (ote: V input x pe |x| = n, aorodéxetou to input oe xpdévo O(n + f(n)) (time-constructible) 7
working space O(f(n)) (space-constructible).
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Ymohoytotikr IoAvmhokotnte  EEONEEISINEINING) s

Baokotl Opiopot 11T

Av 1 feivou pioe cuvapTnon TOAVTAOKOTHTAG TOTE LEYDOLV:

o DSPACE(f{n)) & NSPACE(f(n))
o DTIME(f(n)) € NTIME(f(n))

1011 k&Be vreteppuviotikr pnxavr Turing propei va OecwpnOel wg pn vreteppvioTikr pe pio povo
emAoyr) oe k&Oe Pripot.

e DTIME(f(n)) S DSPACE(f(n))
o NTIME(f{(n)) < DSPACE(/n))

S10TL oe xpovo f(n) ev propei va eketaotel xodpog (apBpdg Béoewv otnv touvia tg T.M.) mapamdve

and f(n).

Av f(n) > logn tote:

@ DSPACE(f(n)) € DTIME(¢/("))
@ NTIME(f(n)) € DTIME(/™)
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Khdoeig Ilodvmhokotnrag

Baoikot Opiopot IV

@ NSPACE(f(n)) < DTIME(¥)

To mapaxdte Bedpnpo ogeidetan otov Savitch (1970):

Oecdpnpua
Avfin) = logn téte NSPACE(f(n)) < DSPACE(/2(n)). J

Apeoa and to Bedpnpo Tov Savitch mpoxtmter 61t PSPACE = NPSPACE.

Ao TIg Tapandve oxéoelg TpokLTeL ) €€NG Lepapyio:
L S NL € P € NP € PSPACE = NPSPACE

T'vepilovpe 6Tt L # PSPACE o NL # PSPACE (awtd mpokOrttet amrd to Beddprpo tepapyiog yra xwpikég
KAQGELG TTOAVITAOKOTITOG, TTOL AVOPEPETAL TTAPAKATW).

Avolyté Topopévouy T TpoPATpoTo:

L 2 NL =2 P 2 NP 2 PSPACE
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Baoucot Opiopotl V

O 1xdopog potdlel, WG TOPX, VoL Eival OTTWG OTO TAPAKATW CYHHL.

PSPACE = NPSPACE

NP

Sxnuo: Khdoelg molvmhokdtnTog
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Khdoeig Ilodvmhokotnrag

Baoirkot Opiopot VI

Emtiong, mpémel va ava@époupe OTL 0L TapAmdve KAACELG TOAVTAOKOTNTAG apopolV TTPoPATHaTR
anoé@aong. Mnopodype eniong va opicovpe kAdoelg tolvmlokdtntag yx pnxavég Turing wov
vroAoyilovv cuvaptioeig. Eva xapaktnpiotikd map&detypa eivan 1 mopokdto kA&on):

Oplopog

FP = 10 6hOvolo TwV cuvaptrioewy ov vrtoloyiletal omd vreteppiviotikr] pnyovr] Turing oe
TOAVWVLULKO XPOVO.

H xAé&on FP Oa gavel xprioipn mapak&te 6Tov oplopd Tov avaywydv, agod mepthapfavel Tig  edkola”
VITOAOYL{OPEVEG GUVAPTICELG.

Mia &AAn emiong Xproipn KAGGT) TOAVITAOKOTNTAG TTOL APOPA GLVAPTHGELG eival 1) e€1G:

Opiopog

FL = 10 60voAo TwV cuvaptrioewy mov vroAoyiletal amd vreteppviotikn pnxovr Turing oe AoyoptBpikd
X©OPO.
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Oewpnpoata tepapyiog I

Ioyovy T TopakdTe Bewprpata yio To HOVTELD TNG VTETEPUVIGTIKTG pnyoavhg Turing pe Tpelg towvieg
(Bewpovpe mhvtote CLUVAPTHOELG TOAVTAOKOTNTAG 11, f2, S1, §2):

Ocedpnpe (Fiirer, 1982)

Eotw ta(n) > n. Téte vrdpyer yAdooa mov yiverau anodextr o€ ypovo ta, aAdd Syt o€ ypdvo t1 yix
orrowodrrrote t1 = o(t2(n)).

Ocecopnue (Hartmanis, Lewis, Stearns, 1965)

Eotw sz (n) > logn. Téte vdpyer yAdooa mov yiverar amoSext o€ ydpo s2, eAAd Syi oe ydpo s1 yia
omowo8tjmote s1 = o(s2(n)).

Ou teyvikég amodeikelg mapadeimovrat.

Iapopola Dewprpata LoXVOLY Kot YL p) VIETEPHIVIOTIKEG pnxavég Turing. O amodeifelg péhiota eivan
710 €VKOAEG.
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Oewprnpoata tepapyiog II

H eppovn) pag oe constructible cuvaptrioelg moAvmAokdtnTag opeiletar 6To yeyovog OTL av emtpéfovpe

onowadirote cuvéptnon otnv Béon twv 1(n), s(n), tote TpokvRTOLY SLbpopa TaABOLOYIKE PovOpEVQ,
OTWG TO TAPAKATW:

Ocedpnue (Gap theorem)

Yrdpyer avadpouxii suvdprnon t(n), tétoia dore TIME(#(n)) = TIME(2/(). J
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Khdoeig Ilodvmhokotnrag

SOPTANPOHOTIKEG KAQTELG TOAVTAOKOTNTOG I

Oplopog

‘Eotw yAdooo L. Q¢ yvootdv, To cupmApwpa TG YAdoooag cupPolileton xou opiletar wg e€ng:
L= {x|x¢L}. Topa, yio pio kAGon yAwsoov C, opilovpe (e Tnv Boridete Tov GUPTANpGOHATOC):

coC={L|LeC}.

Tapaderypo: 1 kAéon coNP amotedeitar and Tig YAOOOEG OV €ivat GUPTANPORATA YAWoo®V 6To NP.

‘Eva tpOoPAnpa mov avijketl otnv kAdomn coNP eivon to SAT 1 to 61evé cuoyetl{Opevo pe avtd TpdPAnpa
g Tavtoroyiag, av dnhadn évag Aoyukdg tomog ov Sivetan eivon tawtoloyio.
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Khéoeig Tlodvmhokdtnroag

SOPTAN pOPOTIKEG KAXGELS ToAvTAokOTnTOg 1T

‘Exet evliagépov va §olpe moteg kKAAGELG TOALTAOKOTNTAG eival kKAELOTEG WG TPOG CUPTATPWHA,
dnAadny yio oeg khdoeig C woyxver C = coC.

Tevik®, Ol VTETEPUIVIOTIKEG KAAOELG TTOAVTTAOKOTITAG (EITE XPOVLKES, EITE XWPLKEG) Eiva KAELOTEG WG TTPOG
ovpmApopa, dnhadn, ot DTIME(t(n)) xow DSPACE(s(n)) eivon KAELOTEG G TTPOG CUPUTAT POHAL.

Av Bewprioovpe PN VIETEPHVIOHO, TO TPOPANHO EiVOL AVOLXTO OTNV TEPITTWOT) TNG XPOVIKHG
moAvmAokotnrtag. o mapdderypa dev yvwpilovpe av coNP # NP. M&iota, To teAevtaio cuvdéetal ko
pe To TpOPAnpa av P # NP, apod mpogavag av coNP # NP, tote P # NP.
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Khdoeig Ilodvmhokotnrag

SOPTAN pOpOTIKEG KAQGELS ToAvTAokOTnTag 1T

Oedpnper (Immerman-Szelepcsényi)

H xAdon NSPACE (s(n)) eivar kAewotrj wg mpog ovpmhpwpa. J

T s(n) = n éxovpe TNV KAéon TPoPANHET@Y TTovL emAbovTon amd pnxovr Turing mov ypnopomnotet
YPOHHKO X©OPO, 0OAMODG YVvwotod ko wg LBA (linearly bounded automaton), ondte to mopaméve Oempnpor
é\voe Kkal éva, Yoo ToOAAG Xpovia, avolkto TpdPAnpe, av dniadn 1 kA&omn twv LBA (1} tcodbvopa n
KAGoT) TV context sensitive yYAwoo®v, artd éva amotéleopa tov Kuroda, Tov 1964) eivon kAeloTh wg
TTPOG CUUTTAT POHAL.
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Khdoeig Ilodvmhokotnrag

Avayoyég I

H évvowx g ovarywyng oe ToAvwvupLKo xpovo mpémel va cuvdéel petafd Tovg TpoPAfpota pe
VIOAOYLGTLKG * €0KOAO" TPOTTO. Oewpolpe e0KOAEG cuVaPTHOELS (ko TPpoPAnpaTa) Tov vitoAoyilovTol
O€ TTOAVWVUHLIKO XPOVO.

O BéNape:

@ Av oL cuvapthoelg fron g eivor * ebkoleg”, TOTE ko 1) 6OVOeoT) Tovg fo g elvon * edKkoAn".

@ Av 1 feivar vohoyioym e xpovo O(n?), Tote Bewpeital ebkoly.
Apa Bewpovpe ebkodao TpoPArjpata (kat cLVAPTHOELS) ALTG TTOL LITOAOYI{OVTaL e TOAVWVUHLKO XPOVO

(éotw ko oe O(n1990)). Tia Toug mapaméve Adyoue, opilovpe v avaywyr karék Karp:

Opiopodg (Avaywyn koté Karp)
A<P B: 3IfeFP,Vx(xed <« f(x)€eB) J

Yréipyovv ko GAAEG XPOILEG AVOYWYEG, OTTwG 1) Aeyopevn log-space, tov xproipormotel AoyoptBpikd
XOPO, Kot 1) oroio eivor XprioIpn Yo avarywyég TpoPANpHAToV oe PkpOTEPES KAAGELS TTOALTTAOKOTNTAG,
onwg n P:
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Khdoeig Ilodvmhokotnrag

Avaywyég 11

A<k B: JfeFLVx(xed «— flx)eB)

m

Opopdg (Log-space Avarywyr)) J

Ioxver: A <L B = 4 < B, al\& 6y1 10 avticTpogo.
Mia emBuopnt WotnTa piog avaywyng eivon va eivor kAelotr oG mtpog Stpopeg kAdoelg YAwoomv:

Opiopog
Aépe 0T1 pict kAdon yAwoowv C eivan kAE1GTN wg Tpog pia avaywyn < av

A<BABeC = A4eC.

Mepukég amd Tig KAAGELG TOAVTAOKOTNTOG IOV Efvar KAELOTEG WG TTPOG TNV avarywyT kortd Karp (<F)
eivan ot e€rg: P, PSPACE, EXP, EXPSPACE (BAérme Topatve yior Toug 0pLlopog TOUG).
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Khdoeig Ilodvmhokotnrag

Avaywyég 111

Opiopodg (Hardness)

Aépe 611 A eivou C-hard (C-80ckolo), wg mpog TNV <, av:

VBeC:B < A.

H évvowa tng hardness divel éva k&tw 6plo yio TNV ToAvTAOKOTN T £vOG TTpoPAripatog, dedopévou otL TO
pOPANpa 4 eivan TovAdyLoTOV T060 d0oKONO 600 omotodnote TPOPANpa piag kAdong C.

Optopog (Completeness)
Aépe 6TL A eivoun C-complete (C-mAnpeg), wg TPOg TV <, av:

Aeivon C —hard ogmpog < A AeC.
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Khéoeig Tlodvmhokdtnroag

Avayoyéc IV

Tapoakdte Sivovpe AP TPOPAHATA Yio HEPLKES ATTO TIG OTHAVTIKOTEPES KAXGELG TTOALTTAOKOTNTAG:

@ NL: 1o mpofAnpa REACHABILITY (log-space avaywyég).

@ P: CIRCUIT-VALUE ko LINEAR PROGRAMMING (&AL e log-space avaywyéc).
@ NP: 1o 3SAT.

@ PSPACE: to QBF (Quantified Boolean Formula satisfiability problem).

@ EXP:ton x n Go.

°

EXPSPACE: 1o RegExp(u, -, %, 2), mov eivan To mpdPAnpa eAéyyou toodvvapiog regular
expressions, 7OV XPNOLHOTOLODY TOLG TeAeoTég U (vwon), - (tapdbeom), * (dotpo tou Kleene) ko
Jomova? = a - a.

2
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Khdoeig Ilodvmhokotnrag

Mopdpetpol yio opopd khdoewv moAvmtAokotntog I

@ Concrete Complexity: @ewpolpie KATOLO CUYKEKPIIEVO HOVTELO DITOAOYLGHOV, KATTOLO CUYKEKPIUEVO
TPOPANHAL KoL KATTOLOV aUYKeKpiiévo alyoplOpo Yo To tpdPAnpa oe owtd To povtéro. Etol
kaBopiovpe v axpiPry modvhokdtnTa tov akyopibpov (o1 otabdepéc puotkd dev mailovv poro).

@ Abstract 1} aAAi&dg structural complexity: Oewpovpe kKAXGELG TOAVTAOKOTNTOG He SLAUPOPES
UTTOAOYIOTIKES TAPAUETPOVS KOL GUYKPIVOUE TIG KAKGELS HETAED TOUG (WG TTPOG EYKAELOHO,
Sraxwptopo k.T.A.). Xpriowo yio TG ovykpicelg eivan va Bpodpe avaywyég kot TpoPfArpata tov
elval TAYP1) 08 AUTEG TIG KAAGELS WG TPOG OUTEG TLG AVAYWYEG.
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Yrnohoyiotikr Hohvmhokotnto  EEONEETS IGYNY ANt

Mopdpetpol yio oplopd khdoewv moAvmlokotntog I

AVaQEPOVLE ETTLYPAPHATIKO HEPLKES TTOAPAPETPOVG HE TIG OTTOieG opilovTal KAAGELS TOALTTAOKOTN TG

@ povtélo voloytopot: Mnyavr) Turing (TM), Random Access Machine (RAM), mentepacpévo
outopato, Linearly Bounded Automaton (LBA), HopdAinin RAM (PRAM), povotova KukAdpoTo
(monotone circuits)-

@ néBodog Aertovpyiag/amodoxng: VIETEPUIVIGTIKTY, PN VTETEPUIVIGTIKT, ThavoTik,
evadlaoodpevn (alternating), tapdAAnin-:

@ £idog povtédov/Aertovpyiag: anopaciotig (decider), amodéktng (acceptor), yevviitplx
(generator), petatpornéog (transducer)-

o ayabd: apiBpog Pnpdtev, aplbpog cuykpicewv, apiBpog TOAAATAXCLAGHOV, XPOVOG, XOPOG
pvriung, tAn0og enelepyactov, aplOpog evaldoydv 6to viroloylotikd dévdpo, péyebog (size)
KkukAmpartog, Babdog (depth) kukAdpartog:

@ dAAa epyaleio: toxondtnTa (randomness), pavteia (oracles), Stxhoyikr) adAnAenidpaon
(interactivity), vtdéoyeon (promise), teAectég (operators)-

o @paypata (bounds) wg TPog To PRKogG TNG £16680V: Yia Tapddetypo O(n?) 1) TOALWVUHLKO,
time/space (¢(n), s(n)) tradeoff (avtioctéOpiopa), Probabilistic Checkable Proofs: PCP(r(n), g(n))
(ne xprion (n) toxaiwv bits ko g(n) queries, epwtrcewv, 6TV amddelEn).
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Khéoeig Tlodvmhokdtnroag

Movtéha dévdpwv vitodoyiopot yio TM 1

@ T va peletricovpe TNV GLpTTEPLPOpX pnxovedv Turing, Ba kwdLKoTOL|GOLHE TOVG LITOAOYLGHOVG
piag pnxavrig Turing pe éva 3évtpo vtoAoyiopov.

@ O vmoloylopog Eekiva otnv pifa Tov dévdpou.

@ Oewpolje OTL oV G KATOLO GT|ELO TOL LITOAOYLGHOV €XOLLE pic PN VTETEPULVIGTIKT] eTtAoyT] TOTE
éxovpe piae SraxAddwon oto dévdpo.

@ Xt OAAa NG punyovig TM éxouvpe Tig amavtroelg g unxavig Turing. Ké&Be povordrt amoé v
pida Tov dévpov péxpL k&molo POUANO eMOPEVKOG KwILKkoToLel évay TiBavd LITOAOYLGHO

o Xwpig PA&Pn tng yevikdTnTag, vitobétovpe 6TL To d¢vdpo eivar dvadikd, AN peg ko YepdTo. dho T
@OAAa ToL elvan oo 1810 emimedo.
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Khéoeig Tlodvmhokdtnroag

Movtéha dévdpwv vtoloytopot yio TM 1T

Yés  no yes yes

Exnpo: Movtédo 3évépwv viroloylopoo

Emiong, éxetL eviiapépov To Prikog TOL LITOAOYLGTIKOV HOVOTTATIOD Tt TNV pile péxpL To POAAO va €xeL
TOAVMVUHIKO PIKOG (G TTPOG TO UAKOG TNG €100V (va avtiotolxel dnAadr] o k&be povomatt oe
KOQITOLOV <<€0KOA0>>, SNAadr) TOALWVUHLKO, LTTOAOYIGHO).

Oewp®OVTHG TO TTOPATThve povtédo, o opicovpe pepikég artd TG YvwoTég KAAOELG LITOAOYLGHOV, KoBdg
Ko pepikég kouvovpieg. o cuykekpipéva, Oa xpnoiponotjcovpe tocodeikteg (3, V) ota povomatia.
Eme1dr] evvoeitan mévtote 0 TEPLOPLOROG TOL PIKOVG TWV HOVOTTATIOV, Ba ypdpoupe mt.x. Ty, avti yior
Iy: | < p(Jx]). 6mov y: petaPAnty yio Tar povomdtiar x: petafAnty yix v eicodo, p: ToOALGOVUHO.
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Movtéla §évdpwv vitoroyiopot yroo TM III

Ta opadetypo, 1 kAdomn P pmopei va meprypoaget wg e€ng:

xeL = YyR(x,y)

LeP <= JReP:
{x¢L = Yy—R(x,»)

Iepiocodtepo evdiopépov éxet 1) kAdon NP mov propei va eprypagei wg e€ng:

x€L = JyR(x,y)

LeNP < JReP:
€ € {xéL = Vy—R(x,y)

Anhadr), av x € L vrtpyel TovAGXLoTOV £vag LITOAOYLOHOG TTOL ATTOSEXETAL, VG av X & L Kovévag
VITOAOYLGHOG dev aodéyeTa.
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Movtéla §évdpwv vitoroyiopot yioo TM IV

Iapopoiwg, ) kAdon coNP meprypapetor wg e€ng:

xeL = YyR(x,y)

L€ coNP <= JReP:
CO {xeéL = Fy—R(x,y)

Iopatnpodpe OTL 0L TOGOSEIKTEG TTOL X PTGLHOTOLODVTAL KA AVTLETOLYOVV 6TO <<X € L>> KoL 6T0
<<x ¢ L>> xaBopilovv mAfipwg tnv avtiotoyn kAdon molvrdokotntag. Etol, etodryovpe Tov mopakdto
cupfoliopo:

P=(V,V), NP=(3,¥), coNP= (V,3).
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Tuxoudétnto (Randomness)

TuyowdtnTo (Randomness) I

@ Xpnopomoldvtag To povtédo 8EvEpwv vtodoyiopod, B opicovpe kKAGGELG TOAVTTAOKOTNTAG TOL
Bacilovron oTig TOaVOTNTEG, pE Phor TuXaieG ETIAOYEC.

@ Avti| 1) TpocéyyloT eivau TOAD PO o TPAKTIKY oy, ol oe TOAAEG EQAPHOYEG, elva
LKaVOTTOU TIKOG £vag adydpLOpog o omoiog khvovtag kditoteg Tuyaieg emAoyéc, divel oTig
TEPLEGOTEPES TWV TEPITTOCEWDVY TO COGTO WITOTEAEGHAL.

@ 'Evog mbavokpatikog adydpiBpog civat cuvibwg o andog otnv Slatdnwot) Tov kot oTny mpdén
710 ot0d0TIKOG OTTd EVOV AVTIGTOLYO VTETEPUIVIOTLKO TTOL eAVEL TO iS1o TpdPAnpe. N
mapadetypa, asthol mibavokpatikoi adlyopibpot yio Ttov EAeyxo av évag aplBpog elval TpiTog
vITapyoLY ard v dekaetior Tov 1970 Ko XPNOLHOTOLOVVTAL TNV TPAEN EVOVTL TTLO TEPITAOKWOY
VTETEPULVIOTIKGV TOTTOL AKS.

@ Xta mAaiclo Tov povTéAov Sévdpwv vrohoylopoo, Ba Bewpricovpe 0TL 1) emmAoyT) oe k&Oe KOpPo Tov
S¢v8povu yiveton Toyado pe mbovotnTa 1/2 yio k&be woudi Tov kopPov. Twa va Set€ovpe 6L N
<<OUVIPITTIKI>> TAEIOYnQic TwV LIOAOYLOHGOV Sivel To 6woTd amotéheopa, elodyovpe évav véo
mocodeiktn, Tov 3.
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Toyouotnta (Randomness)

TuyoudtnTa (Randomness) 11

@ Me v BoriOeta Tov 3T, opilovpe v kAdon BPP, antd to Bounded error Probabilistic Polynomial:
Opiopédg (BPP = (31,3 1))

xelL = ItyR(x,y)

LeBPP < JREeP:
€ € {xqéL = Ity—R(x,y)
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Toyouotnta (Randomness)

TuyowdtnTa (Randomness) 111

@ Me &Aha Aoyra, o€ éva dévtpo yia v kAdon BPP éyxovpe tnv <<ovvtpurtikn>> mAeloyngio Towv
@OAA®V va Sivel To cwoTd aoTéhespa. ZTov Tapamive oplopd, dev éxel peyén onpoacio o
aKpLPrG OPLOROG TG <<GLVTPLLTIKNG>> TAeOYN@iag, aAAd mpémel va eivon omwodrjmote
pparypévos (€ ov kou to “bounded' Tov BPP) mtéve astd to 1/2. To mocootd tng mAetoyneiog propei
va gfvan, evdelktikd, peyalitepo amd 1/2 + ¢, 1/2 + 1/p(|x]), 2/3, 99%, 1 — 277D (6:0v
p(lx]) > 1) (27210D kaheiton apeAntéa mocdnTa). Avth 1) SuvaTdTnTa ETNOYTC LITAPXEL, ETELST
HE TTOAVWVUHLKEG eTTOVaAGPELS TOV avTioTOoLYoU ahyopibpov, eivon Suvatdv va av€roovpe Tnv
mBavotnta enttvyiog, 660 BéAovpe. AdyopiBpor BPP ovopdlovton Monte Carlo 1} aAAiidg
two-sided error, eneldr) avelaptnta amd to amotéreopa (var fj Ox1), vITdpyel kool TOaVOTH TR
AdBovg. Eivou tpogavég 6tL 1) kAdon BPP givon kAeloTr) wg Tpog GUPTTAT pwpaL.

@ Ag Bewpricovpe Tdpa ahyopibpoug ot omoiot k&vouv AdBog povov yia v pic amtdvnon (one sided
error). Etol, mpokvmntel ) kA&on RP (Randomized Polynomial):

Optopog (RP = (31, 7))

xelL = ItyR(x,y)

LeRP <= JReP:
€ € {xéL = Vy—R(x,y)
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Tuxoudétnto (Randomness)

TuyowdtnTae (Randomness) IV

Ze authv TNV KAdoT, av o avtictotyog RP alydpiBpog ddoet andvtnon <<vai>> (dniadn to
katnyopnpo R vroloyiotel alnbéc), eipaote oiyovpot 6tLx € L. Avtifeta, n andvinon <<oxi>>
tov RP adyopiBpov ev eivan <<oiyovpn>>.

[Ipogavag, toyvovv: RP € BPP, coRP € BPP, oAl Sev yvwpilovpe av RP = coRP.

@ Mia &AAn oA xpriown kA&on, eivon owth ov opiletat pe Topr) Twv RP kot coRP, 1)
ZPP = RP n coRP. H ovopoacio mpoépyetar amd to Zero error Probabilistic Polynomial, ywoti
propei evkoda vor Setytel Ot éva TpoPAnpa eivan oto ZPP av vidpyet mboavokpaticdg alyopiOpog
0 07T0L0G TPEYXEL OE AVOHEVOHEVO TTOAVWVLILKO XPOVO Kol SiVEL TAVTOTE GWOTH ATdvTno.
Ipaypoarty, av éva tpoPAnua eivon oto ZPP, onpaiver 6t éxovpe éva RP ko évarv coRP adyopiBpo
yix avtd, omdte apkel vo Tpéxovpe evadllaktikd tovg dbo adyopibpovg, péxpl o évag va ddoet tnv
<<oiyovpr)>> Tov amavnon. BéBoua, propel va xpelaatel vo TpéXouvpe eVOAAAKTIKE TOVG 0O
aAyopiBpoug yia mavta, adhd pe peydn mbavotnta Ba £xovpe pia <<oiyovpn>> amdvtnor, Hetéd
omd pepuicég emavolryelg. Evoldaktiké, propovpe va movpe 01t évag ZPP ahyopibpog éxet tpelg
e£0dovg: <<vou>>, <<OyL>> (Yo TIG <<ciyovpeg>> amavtioelg), kat <<dev Eépw>> (yio Tig Ot
<<olyovpeg>>).

Ot alyopiBpot to ZPP ovopdlovton Las Vegas.
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Toyouotnta (Randomness)

TuyoudtnTa (Randomness) V

@ Aedopévou 611 vtdpyouvv apkeTol TOavokpaTLKol ahyopLOpoL evpeiag XPHoNG YLt TPOKTLKE
npoPAfpara, toAdoi TomoBeTovV Toug epikTovg (feasible) vroloylopotg Thvw ad To P, oTig
mbavotikég kAdoeig BPP, RP, ZPP.

ITavtwg, dev yvwpilovpe av vdpyovv mAnpn mpoPAfpata yio Tig KAAGELG oL opioTnKaY
napondve (BPP, RP, ZPP).

@ Av tdpa T0 1060070 AdBoug evog mbavokpatikod alyopibpov dev ppoyBel pokpid amd to 1/2,
TOTE éYOoVHE ATTADG TNV PefotdTnTa 6TL GTO HOVTELO SEVEPWV LITOAOYLGHOD TAPATAV® ATTO T PHLEK
vITOAOYLETLIKG povoTdTia divouy TNV cwatr amdvtnor. I'a va SnAdoovpe To Tapamtdve
XPnoonolotpe Tov tocodeiktn 31 /5. Tio unbounded two-sided error, £xovpe Ty kAdon PP
(Probabilistic Polynomial):

Opiopdg (PP = (31/2,31/2))

xeL = 3y,90R(x,y)

LePP < JREeP:
{H?L = 31,29~ R(x,y)
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Toyouotnta (Randomness)

TuyoudtnTa (Randomness) VI

@ Adyw g EAAelyng ppaypartog yio Tnv mibavotnta Adoug, dev pITopolpe Vo X PTGLLOTOLGOVHE
TNV TEXVIKY TNG ETAVEANYNG yia var BeEATIOGOVHE TNV TOAVOTNTA GWOTOD ATTOTEAEGHATOG ATTO
évav PP alyopibpo. Mioe GAAn évdelén yia to avégikto tng kAdong PP oe oxéon pe Tig BPP, RP,
ZPP, TPOKOMTEL OTTO TO TOPAKAT ATTOTEAEGHO:

Tpéraon
NP < PP. J

o IIpémel emiong va onpeld@oovpe 0Tt dev AdPoype kabOAov v OGPV pag, WG LITOAOYLOTIKO TOPO, TV
aptOpd twv TuxainV bits ov ypnowonotel évag mbavokpatikdg alyoplBpog. Ztnv mpdén, kdbe
<<tvyaio>> bit wov xperaldpacte dev eivon xwplig Tipnpa, agod To AopPavouvpe atd kbwolo
yevvitpl Yevdorvyaiwv bits.

@ Télog, avagépouvpe ko tnv kA&omn RL (Randomized Logspace) sov mepiéyel to tpoPArjpara ov
éxovv one-sided error aAyopiBpo mov Ypnopomotel AoyoptOptkd Xdpo Kot TOAV®VUHLKS WG TPOG TO
pKog tng e10630v aplOpd Tuxaiwy bits.
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Tuxoudétnto (Randomness)

IMoAvwvopikr) Lepapyio I

AvticTou o pe TTPOTYOVREVO KEQOALO, OOV Opicape pavTeior kot TNV apBuntikr epapyic, Ba opicovpe
TNV TOAVOVUPLKT EpapXic, 1) omoia €xel Tapopote Sopr], aAld PpickeTon TOAD YapnAdTEp OO
amoyn vrtohoyloTikrg ToAvmAokdtnTag. YrevOuvpilovpe tnv évvolx Tov viroloylopoo pe pavteio: Evag
aAyopiBpog ypnoomnotel éva povteio yia to tpdfinua IL, av éxer v duvartdtnTo katd v dudkpkelo
TOV VITOAOYLOROD, VO POTAEL TO HOVTELD YL KATTOLO GTLYHLOTLITO X Tov TtpoPArjpartog IT, av x € II, kou To
HovTELO Vo TOL aTavTé Gpeca pe éva <<vou>> 1 pe éva <<oxL>>. Oco dvokolo ko va eivat To TpOPANpa
I1, 0 alydpibpog dev omatald emimAéov LITOAOYLOTIKOVG TOPOVG.
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Toyouotnta (Randomness)

IMoAvwvopikn Iepapyio IT

Opiopog (Khaoerg pe povreior)

o C™: n«héon tev mpoPAnpérev Ta omoio Advovran pe akyopldpo atnv kAédon C o omoiog
Xpnowomotel povteio yio to tpofinua I
e CC = U cn
IIeC,

T mapddetypa, 1) kAbon PSAT arotedeitan amd ta mpofAfpata mov AdvovTon pe VTeTeppviaTikd
TOALWVLRLKO ahyOpiBpo 0 omolog xpnowomotel pavteio yio To TpdPAnpa SAT. AAAN meprypogr] Tng
iS1og kA&ong eivar: PN (apot to SAT eivan NP-Afpeg).
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IMoAvwvopikn) Iepapyio I

Oplopog
(k=0

o SP =T = Al =P

o X =NPTLIN, | =coXl, AL,
@ TloAvwvopkr tepapyio: PH = oy Ei

_ p>f P _ P P
=P, AYY = S A TD

P

Ioybouvv ta mapaxdrtw: X4 = NP, H’; = coNP kat yio k&0e k = 0: Ei c Ei_H Kot Hi c Ek+1' Av ko
Sev éxel amoderyBel To ALOTNPO TWV TAPATTAVL EYKAELOHOV (OTTWG 6TV aplOunTIKY tepapyic), ev ToOTOLG
motebovpe OTL 1) tepapyia eivon avornprj (strict). Av n PH dev eivan avotnpr, tote Oa vitépyet kéroro k
yia o onoio PH = Ei, omoTe Aépe 6TL i) moAvw vy tepapyia katappéer oro k-00T0o emimedo (collapses at
the k-th level).
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IMoAvwvopikr) Iepapyio IV

PSPACE

Al = pre —
/ \

I, = coNPNP 5 = NpNP

H’;:coNP EI{:NP
AP =P =
=15 =A] =P

Ixnfpa: ToAvwvopkn wepapyio
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IoAvwvopikr Iepapyio --- EvaAdayn ITocodetktov I

‘Evag eVOAAOKTIKOG TPOTOG 0OPLoROD THG TOAVWVUHLKTG tepap)iog eivon pe tnv forbeta evadlaryrig
nocodektdv (3 kan V). Emonpaivovpe 011, o¢ k&0t mepintwon, oL tocodeikteg avapépovtal oe
avTiKEipeva To péyebog TV omoiwy eiva @Poypévo ad KAITOL0 TTOAVOVUHO P 06 TTPOG TO HIKOG TNG
elo6dou.

Tpéraon

Le E’,z avv vrdpyer karnydpnua R vrodoyiduevo o€ mOAVWVUHIKG Ypovo Kan TOAVGVULO P OV PPAocEL TO

HEYEBOG TV AVTIKEWEVWY TV TOCOSEIKTWV, TETOIX (DOTE:

xeL < Fy1Vya...0m R(x,p1,¥2, -, %),

, )3, kmepirré
dmov Q = {V, k dprio
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IToAvwvopkr) Iepapyio --- Evoaddiayn Ilocodetktodv

Iapopoiwg, yio TNV KAGom HZ p6vo 1oL TOPQ 1) akoAovbia Twv TocodelkTOVY apyilel amd V:

Tpéraon

Le Hi avv vrdpyer katnyopnua R vrodoyildpevo o€ ToAVWVUHIKG Ypovo Kan TOAVGVULO p OV pAooEL TO
LEyeBog TwV QVTIKEWEVWY TV TOCOSEIKTWV, TETOIX DOTE:

xel <= VYy1dya... O R(x,p1,¥2, -, ),

, )V, knepirro
drov 0 = {3, k dprio
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DEIY NI BUYNV INING W Tuy ot Toc (Randomness)

IToAvwvopikr) Iepapyio --- Alternating TM I

H evaddayr) TV TOGOSELKTOV TNV TOAVOVUHLKT tepapyiot Sivel To évavopa yia Tov 0plopd Tng Pnxavig
Turing pe evaAllaooopevn Aettovpyia. Av Oewpricovpe Tnv SevEpLKT AVOTTOPAGTACT) TWV VITOAOYLGHOV
piag NP pnyovig Turing, 1 pnyovr] amovtd va, ov vtapyeL éva TOLAGYLoTOV QUAAO TToL Aéel <<val>>.
Mmnopoope va Bewpricovpe 6TL k&be KOpPog oTo 3¢v3po virooyilel Tnv Stdleven (V) Twv amoteAeopdTOV
o To toudid Tov ko TN Tpowdel 6Tov yovéa Tov (tar @OAAA aTA®G TPowBovV TPOG T TAVW), HEXPL TO
amotéleopa va eTaoel otnv pile. Avtiotoua, pia coNP pnyoavr Turing amodéxeton 6tav otnv devdpukr
avanopdotact Ola to OAAA Aéve <<vou>>, odte prropovpe va Dewpricouvpe 611 0 k&be kdpPog
GUAAEYEL TOL ATOTEAEGHA TV TSIV TOL kot TTPowdel 6Tov yovéa Tov v 60CevEn (A) TV
QITOTEAECPATWV 0T Ta TSI TOV, TTAAL PEXPL TO 6WOTO amoTéAeopa va pThoel otnv pilo. Aépe 6tL dhot
ot xopPot oo d¢vdpo piog NP pnyavrig eivar tomov v, 1} 3, 1} vtapErokov. Aépe 6tL 6Aot ot kopPol 6To
Sévdpo picg coNP pnyavrig eivon Tomov A, 1 V, i) katBoAikoo.
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IMoAvwvupkr Iepapyio --- Alternating TM II

Mia evoddaooopevn pnxavi Turing eivan pia pnyavr Turing 6tnv omoia 1o avticTolo LITOAOYLETLKO
Sévdpo éxel ecwteplcodg KOPPOLG TOTOL V 1] A. Enpacio éxet To TAR00g evaldaydv Tosov. To péyioto
TAN00g evaAday®mv (ce éva HoVOTT&TL), ToL TOAVOG Vo elvat @paypévo, amoTedei pETPO TwV
Suvarothtev piag TéTolog pnyovic.

T tapadetypa, To VITOAOYLETIKO 3£VEPO TOL TAPAKATW GYXTHATOG £XEL TTATIO0G EVAAAAY®dV TUTTOL 160 pe
2.
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IoAvwvopikn) Iepapyio --- Alternating TM III

\Y
Vv VAN
/ VRN
N Vv VAN N\
o N N /N
yes noyes nono noyes yes

Exnpo: Yroloylotikd S6vdpo pe evaldayég
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NCOYGNING B IONEININIAVEl  Tuyoiotnta (Randomness)

IToAvwvupikr) Iepapyio --- Alternating TM IV

Mmopei va SetyBei 6TL 1 ToAVWVLHLIKT tepapyia eivar akptPadg N kKAdon Twv YAWsodV ov yivetal
amodektr) amd pnyoavég Turing ov éxouv @paypévo tAnBog evalhoywv. ITio cuykekpipévo:

e Le Ei avv 1 L yiveton amodekt) amd pnyovr) Turing mov éxet to woA0 k evaldoyég TOTOL Kot
apyiCel pe tomO V-

e Le Hi avv 1 L yiveton amodekt) amd pnyovr) Turing mov éxet to woA0 k evadlhoyég ToOL Kot
apyiCel pe TOTO A.
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DEIY NI BUYNV INING W Tuy ot Toc (Randomness)

IMoporAnhomoopa tpofAnporta I

T va peletricovpe TapdAAniovg viroAoylopoig Ba eladyoupe évar vEO HOVTEAO LITOAOYLGHOV, TO
KOKAOpCL.

‘Eva kOkAwpa eivon évag katevBuvopevog akukAtkdg Ypapog, oTov omoio éxovpe éva oOVOAO KOpPwv
£10080v kat évav kopPo mov eivon 1 ££080g. Oewpovpe OTL oL eicodot 6To KOKAWH eivor aAnBoTipés (1)
oAMOG oL Tipég 0 kot 1) ko kéBe ecwTepLicdg kOpPog avtioTolel ot pioe Aoyikr) cuvaptnon (1 aAALodg
TOAN) --- gate) pe TAN00G E160dwV, 0GEG 0L AKpEG TTOL KATAATYoULV Ge auTdv. Av éva kOkAwpa C éxeL n
€16080Vg ToL evdg bit: X1, X2, ..., X, TOTE Y10 K&Oe x € {0, 1}", vtohoyile pioe povodiky Ty oTnv é€0do,
mv C(x). Av C(x) = 1, Aépe 6T t0 kOKAwpo C amodéyeton Tnv elcodo twv n bit: x.
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Tuxoudétnto (Randomness)

IMoapodAniomoope tpofAfpoto II

H avavtioTtoyio Tov mopamdve oplopod amodoyng, oe ox£oT He TNV amodoxr, oG TOVHE, GE pio prxavr)
Turing, eivon 6TL £var KUKAWHO, AOY® TG apeTtdPANTNG 9OonG Tov, Prropel va aavtd yix eL.66d0vg
HIjKoUG akpLPOG 1, eved pia pyovy Turing (1) évag adyopibpog yevikodtepar) Séxeton el0630vg
omotovdnrote peyédouc. Tia tov Adyo awtd Ba Bewpoipe pia owkoyévera kukAwpdtwv {C1, Ca, . .. }, 6oV
ke Cy, €xeL n kOpPoug e1c6d0v. H yAdooo mov amodéyetat pio otkoyévelo KUKAWHATWY eivat 1)

L(C) = {x | Ciy(x) = 1}.

To mpoPAnpa eivon OTL oL olkoyEveLeG KUKAWHAT®VY (o€ avtiBeom pe Tig pnyavég Turing) Sev eivon
aplOprfoyleg.
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Toyouotnta (Randomness)

IMopodAniomoope tpofAfpoto III

T va Eemepdoovpe v mapartdve dvokolia, Ba eploploTodiie o OHOLOPOPPES OLKOYEVELEG
kukAopdtov (uniform circuit families). T avtég vidpyer alyopLOpog ko paAioto amodotikdg o omoiog
dedopévou n kataokevdlel TNV avamapdoTact Tov kKukAopatog Cy, Tng owkoyévelag. Mia emhoyn eivon
oL P-0opoLopop@eg 01KoYEVELEG, TTOL YXPTIOYLOTOLOVY TTOALOVUILKO adyoplBpo kataokevng. Emeldn opwg ta
KUKAQHATO XproLporotovvTal auviBng yio oplopd kAdoewv youniotepa omd to P, ba
XPTCOTOCOVHE pict GAAT TTLO TTEPLOPLOPEVT) EVVOLX OLOLOHOPPIaG:

Oplopodg

Mia owkoyévela kukAwpdtwv eivor DLOGTIME-opowopopen av vapyet pnyovy Turing (pe Suvatdtnta
Tuxaiag TpocTELaONG OTNV Touvin el5080V) TOL ATTAVTA TIG TAPAKAT® epwThoels ot xpodvo O(logn):
@ Ymndpyetl ovvdeon amd Tov kOpPo u otov képPo v oto Cy;

@ T eidovg O éxel o kOpPog u;
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Yrnohoytotikr Iohv Tuxoudétnto (Randomness)

IMoporAnromoopa tpofAnpota IV

To péyebog (size) evog KUKAGHATOG givar To TA00G TwV KOPP®V oL TTEPLEXEL O avTioTOLXOG YPAPos. To
péyeBog amoteel PHETPO TOL KOGTOLG KATAGKELTG TOL KUKAMUATOG Kot cuViiBwg dev Bewpeitart
MEPLEGOTEPO ATTO TOAVWVUHLKO WG TTPOG TO UIjKog TNG e166dov. To péyebog, Opwg, dev amoteAel ko TOAD
KOAO HETPO TOL XPOVOL LTTOAOYLOHOV o€ évar KOKAWHO, eTeLdr] eV yével TOAAEG Aoytkég TOAeG Aettovpyodv
mapoAAnia. Ot woAeg ov mpémel va mepipévouy dtadoyiid evdidyeco amotedécpata eival VTEG IOV
Bpiokovton o€ k@B povomdtt amd pia eicodo otnv €odo. o Tov Adyo awvtd, 1o onpavtikd eivan to fabog
(depth) evog KLKAGpATOG, TTOL OPILeTaL G TO PIKOG TOU HOKPDTEPOL HOVOTTATLON artd eic0do oTnv ££080.
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DEIY NI BUYNV INING W Tuy ot Toc (Randomness)

IMoapoarAniomoopa tpofAfpata V

Emiong, onpoavtikod eival o €i80g Twv AOYLK®OV TUADY oL XproiporotovvTal oe kabe kOkAwpa. ITio
OUYKEKPLHEVX, BE®POVIE TO TOPAKAT €8T AOYIKOV TTUAGDV:

@ Aoyukég modeg pe meplopiopévo aplbpd elo6dwv (bounded fan-in), kabog ko evadikég modeg —.
Apxei va Bewpricovpe Svadikég TOAeg A kat v (Holi pe Tig evadikég ToAeg —).

Q Aoywkég mOAeg A Ko v pe artepldploTo aptbpd 1063wy (unbounded fan-in), kaBdg kot evadikég
TTOAEG —.

@ IIvheg katwAiov (threshold) pe ameplopioto apBpd elcddwv, kabodg kan evadikég moAeg —. Apkei,
aVTL Yo YEVIKEG TTOAEG KATWPALOV, Vo XprioLpomoticovpe Tnv TOAN TAeloyneiag (majority gate),
7oL divel oty €€080 1 av kot pOVOV av ToLAGXLETOV 1/2 amtd TG 7 e16630vG TG elvan 1.
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Toyouotnta (Randomness)

IMoaporAnromoopa tpofAfpoato VI

Me Bbon ta Tapanmdve PIopovpe Vo OpIGOVHE TIG TTAPOKAT® KAXCELG:

Opiopodg
(k= 0):

@ NC*: 1 xhédon Tev YAwoodv mov yivovton aodektéc ard DLOGTIME-opotopop@eg otkoyéveteg
KUKAOPGTOV TOALOVLPLKOD peyéBoug kon fidovg O(logk n), pe xprion muAédv Tov 1ov idoug
(bounded fan-in).

@ ACK: i kAéon tov yAwoodv ov yivovtar amodektéc aurd DLOGTIME-0pOLOHOPQES OLKOYEVELES
KUKAWHATOV TToAL@VUPLKOD peyéBoug ko fdboug O(Ing n), pe Xprion TLAGY Tou 20V eidoug
(unbounded fan-in).

@ TCK: i xAdon tov YAwoadhv o yivovrar amodektéc amd DLOGTIME-opOlOpHOpPEC OIKOYEVELES
KUKAOPATOY TOALOVLPLKOD peyéBoug kon BiBoug O(logk n), pe xprion muAdv Tov 3ov eidoug
(threshold gates).

@ SC*: 1) x\don TV YAwooGV oL yivovtal amodektéc ad DTM e molvwvoptkd xpovo kot oe
O(logk n) xépo.
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Tuxoudétnto (Randomness)

MoporAniomoopa tpofAnpato VII

Eniong, opietar NC = | ey NCK. H televtaia khéon Aéyeton kan Nick's Class, amé tov Nicholas
Pippenger, ov fTav atd Toug TPHOTOVG TOL HEAETIOE TETOLX KUKAMUOTOL ETNV TPOYHATIKOTNTO, TTOAAL
&AAa povtéda top&AAnAov vitodoyiopo (rt.x. PRAM), ekT6g artd T KUKAMUATO, HITOPODV VoL
xpnoyomotnfovv yia tov optopd g khédong NC, kdtt mov arotelei £vdelén yioe tnv evpwoTtio tng
KAGOTG KaL TNV GTEVH GXEGT) TNG HE T TorpaAANAoTot oI TPoPAT Ot

To <<A>> otv ACF ogeiletan otnv evadhayiy (alternation), apot amodetcvietan ot i kAdon ACK, yia
k = 1, elvou akpifidg oL YAdooeg mov yivovton amodektég amd evalhaooopevn pnxavr Turing wov
xpnowomnotel O(log n) xwpo kot k&vel To TOAD 0(1ogk n) evodhayéc. To <<T>> otnv TCF mpoépyeton
amd to threshold. H ovopaoio SC, *Steve's Class", mpoépyeton artd tov Steve Cook.
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Toyouotnta (Randomness)

Mopoariniomoumjoipo tpofAnpore VIII

Mo ovykekpipéva oL kA&oelg oxetilovran petafd Toug wg e€ng:

Oecopnua
TNa kdbe k = 0, NCF € ACK  TCk < NCKH1,

Ye oxéon pe AAAEG YVWOTEG KAAGELS, LoYDEL:

Oecdpnua

Regular € NC! € L = SC! < NL ¢ ACL.
Regular — CF < AC!.

Anhadr) To tpdPAnpa tov eAéyyov av pia cupPolocelpd Taphyetor and dedopévn YAOooK Xwpig
cupgpaldpeva (context free) avijket otnv kA&on NC2.
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Yroloyiotikr lohvmhokotnre  [ENVSICRIEE N Ie

Awhoyikr) acdAnAentidpaon (interactivity) I

Awhoyik& cuotipata omodei&ewv (IP)

Ag Bewprioovpe évav amodeiktn (prover) mov poomabdei v amodeiel tnv adribeia piog TpdTEOTG TOL
tOmov <<x € L>> & k&molov &AAo, tov Tov ovopdlovpe emadndevtr (verifier).

O amodeiktng eivor TavtodOVopog, fe TNV évvolax OTL eivat évag adyopiBpog xwplg meplopiopovs 6To
péyebog twv ayadov mov xpnoomnotel (xpovog, xwpog). Avtibeta, o emanBevtrg eivat amAdg évag
TOAVOTIKOG AAYOPLOHOG TTOAVWVULKOD XpOVOUL.

O emaAnBevtrig Ko 0 AOdeiKTNG CUHPETEXOLY O £VO TPWOTOKOALO ETKOLVWVING GTEAVOVTOG UNVOHOTCL.
Avédoya pe o pnvipata tov Aopfavet o ¥ amd tov P, o V astodéyetan tnv atddel€n, adhidg tnv
amoppimrtel. O amwodeiktng prropel va pnv eivon vtipog, ko va Béhet va mteicel tov emainBevtr) 6TL

<<x € L>>, akOpun Ko ylx X yiae toe onoia <<x ¢ L>>. O enadnBevtng, amévavtt 6tov mtavtodivapo
aodeikn, PItopel Vo XPIOLHOTOLOEL EKTOG TOL TOAVWVUHLKOD XPOVOUL, KUPILWG TNV TUXALOTITA TTOV
Swabéter.
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AMnAenidpoon, PCP

Awhoyikn) adAnAentidpoao (interactivity) I

Awhoyik& cuotipata omodei&ewv (IP)

H xAéon IP opiotnie amd tovg Goldwasser, Micali, Rackoff:

Opiopog
Lelp:

@ x € L = vundpyer amodeiktng (prover) P, dote o emadndevtrig (verifier) V mavrtote aodéyeton
(dnAadny éxovpe mBavoTnTA Cmodoxrig iom pe 1)-

@ x ¢ L = ywx k&Be amodeiktn (prover) P, o emoknBevtrig V dev amodéyetan pe cuvtputikn
mbavotnTo.

Ag Bewpricovpe To TPOPANUA PN LGOROPPLOHOD YPAPwV: <<Aivovtan dbo ypagol. Eivar pn
LOOHOPPLKOi;>>. AuTO T TTPOPANpa avrjkel 610 coNP. Oa ddoovpe éva TPwTOKOANO yia TO TPOPANHL PN
LGOHOPPLGHOV Yphipwv, ov Ba Seiyvel 6TL To TPdPAnpa eivon oo IP.

Apykd, o emaAnBevtrg éxel Toug dvo ypagovg G1 ko Ga. Emdéyel Tuyaia évav ard Toug dvo, £6Tw Twv
G, ko vtoloyilel évav Tuyaio toopopPikd ypdyo tov Gi, éotw tov H (autd yiveton Stahéyovrag Toyaio
pia petdBeon twv 1 KopvE®V ToL Ypdov G;). EtéAvel Tov yphyo H otov amodeiktn, {ntdvrag éva j
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AMnAenidpoon, PCP

Awhoyikr) adAnAentidpaor (interactivity) IIT

Awhoyik& cuotipata omodei&ewv (IP)

41010 (oTE 0 Gj vt eivau LoopopPikdg Tov H. O amodeiktng amavtd pe évaj € {1,2}. O enadnOevtrig
amodéyetan av OVTWG i = j, GAMOG atoppimnTeL.

Iy mepintwor mov oviwg ot G1, Go givar pun woopopyikoi, o P, ago givan mavtodvvopog, Ppicket pe
mtotov (Hovadikd) Ypa@o eivar toopopikds o H mov tov éotethe o V ko divel TNV 6ot TIpn yio v
anodexBei o V. Av tdpa o1 G1, G2 eivan oopop@ikoi, 0 P advvartei va Gupepivel amd moLov ypapo
nponiABe o woopopeikdg H, Gpa dev propel var k&vel KATL KaADTEPO atd TO Vo oTeAEL TUXUX EVar aTd Tor
{1, 2} otov V. Etot, av ot 800 ypagol eivar pun toopopgikoi o ¥ dev amodéxeton pe mbovotnta 1/2.

Ta topoamdve oxloypagodv pia artddeén 6Tt o TpdPAnpa pn toopop@Lopod yphewv aviket otnv IP.

2y TpaypatikdTnTe, Kdbe YAOooo oty ToAvwvupikt tepapyio éxel tpwtoxorro IP. Mahiota, £xel
amodetyei To axopn woxvpdTEPO amoTéENETP:

Ocedypnpe (Shamir)
IP = PSPACE J
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Yrnohoyiotikr Iohvmhokotnto  [EENINIVESHtT N6

Awhoyikr) odAnAentidpaon (interactivity) IV

Awhoyik& cuotipata omodei&ewv (IP)

Tt ylvetou 6pwg 6NV mepintwot mov o enaAnBevtrg propei v Stadéyetat pe 0o 1) TeplocdTEPOLG
aodeikteg; Av oL atodeiKTES ETLKOLVWOVOLV PETOED TOVG, TOTE Tapapévoupe otnv kAdom IP (mpoaktikd,
évag amodeikTng, »g Tavtoddvapog adydpibpog, propei va e€opotdvel ocovodrmote GAAovg). Av Op®G,
ot arrodeikteg dev €xouvv emikovwvio petakd Toug, TOTE mpokvITEL 1) LoyXLpOTEPT KAdoT MIP (Multi IP).
MéMoto woyber: MIP = NEXP.
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Yroloyiotikr lohvmhokotnre  [ENVSICRIEE N Ie

Awhoyikr) acdAnAentidpaon (interactivity) I

K\éoeg Arthur-Merlin

Ztnv khéon IP o emodnOevtig kpatd <<kpupd>> ta tvxaia bits ov xpnoponotel. M&Aiota, otnv
amddel€n 6TL To TPOPANHA pr) LGOROPPLEHOD Yphpwv givan otnv IP, avtd amotedel Paoikd cvotatikd Tng
anmddeEng. Paiveton OtL av o eaAnOevtrig eivon vIToYPeWHEVOG Vo aokadbTeL Ta bits Tov, TtpokdmTeL
pia pikpotepn kAdon YAwoowv amd v IP. e avtiv tnv kAdon YAwooodv o amodeiktng ovopaletol
Merlin kou o eaAn@evtrg Arthur (vt 1) eprypagt} opeiletan otov Babai). M&Aiota, prropodpe va
Bewprioovpe 6TL T prvopota Tov Arthur eivon akdp TLo Teploplopévar amAdg otélvel Ta Tuyaia bits
otov Merlin. Avéloya pe Tig aavtroelg tov Merlin, o Arthur amogacilet av Bo amodexOei.
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Yrnohoyiotikr Iohvmhokotnto  [EENINIVESHtT N6

Awhoyikn) adAnAentidpoao (interactivity) I

K\éoeg Arthur-Merlin

Aépe 6T ou Arthur ko Merlin nailouv éva oy vidt k kivrioewv peta€d Toug (kébe kivnon avtiotowyei oe
évo prjvopa): av o Arthur kivetton mpdrog to mouyvid cupPorileton pe AM(k), evd av kiveitan mpoTOg 0
Merlin pe MA(k). T ap&derypa, AM(1) = A, AM(2) = AM, AM(3) = AMA, MA(1) = M,

MA(2) = MA, MA(3) = MAM. Mia &A\n Sioegopd o¢ oxéon pe tnv kAdon IP eivan ot xperdeton va
ppbEovpe Tig mBavOTNTEG porkpiér otd o 1/2 (méh Sev éxer peyddn onpacio n axpiBrig Tyur). Tomikd,
yie TV kAdon AM(k), éxovpe:

Opiopog

L € AM(k) avv vrépyer touyvidi k xivoewv omov mailer tpodrog o Arthur kau 6to omoio av:
@ x € L = o Arthur neibetan pe mbavotnto peyohvtepn amd 2/3 dtix € L-

@ x ¢ L = o Arthur neibeton pe mbavotnro ppdrepn and 1/3 étix € L.

Me v Bonfeta TV YEVIKEVHEVOV TTOGOBELKTMOV 0L KAAGELS PItopodV va ypagTovv wg e€ng (Zachos):

AM = AM(2) = (373,31V), MA = MA(2) = (33T,v3T),
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Yrnohoyiotikr Iohvmhokotnto  [EENINIVESHtT N6

Awhoyikn adAnAentidpaor (interactivity) IIT
K\éoeg Arthur-Merlin
Ko yio &ptio k, ov AM(k) = (Q1, Q2), 6mov Q1, Q2 akorovdieg mocodetktdv:

AM(k+1) = (Q137,Q23%), AM(k+2) = (Q:373,Q237V).

H nopoandve meprypogr, propet va amhorowndei wg e€ng (Zachos):
AM = AM(2) = (V3,31V), MA = MA(2) = (3V,Vv3 1),
Ko yio &ptio k, ov AM(k) = (Q1, Q2), 6mov Q1, Q2 akorovdieg mocodetktdv:

AM(k+1) = (Q1Y,Q23T), AM(k +2) = (Q1¥3,Q237V).

XpnoponotdvTag WLOTNTEG TWV TOCOSELKTOV TPOKVITOLY TX TOPUKATWD QTTOTEAECHATAL:

Ipéraon
MA € AM
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AMn)enidpaon, PCP

Awoxhoyikn) adAnAentidpaon (interactivity) IV

K\éoeg Arthur-Merlin

Tpéraon
H wepapyia twv mayvidicdv Arthur-Merlin xatappéet, dnAadi:

AM = AM(k) = MA(k+ 1), paxdlek = 2.

Av kou OTtwg gimaye, 1) kAdon Arthur-Merlin pe moAvwvoptd mAn0og pnvopdtov alinienidpaong
gaiveton acBevéotepn (AOyw dnpociomoinong twv tuyxaioy bits) oe oxéon pe v IP, ev todTolg o
Goldwasser, Sipser amédel€av 011 eivan 16odVVaLeg.
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AMnAenidpoon, PCP

Awhoyikr) acdAnAentidpaon (interactivity) I
Probabilistic Checable Proofs --- PCP

Av avtikatoctioovpe oTiG dtadoytkég amodeifelg, Tov amrodeiktn pe pio oA amddel€n, éxovpe Tnv
kAd&on PCP. Ag modpe 611 otnv PCP, 0 amodeiktng Sev éxel kappio GAAN emikotvovia, eKTOg oo to var
yp&yer oty apxr) g aAAnienidpoaong pe tov emadnOevtr) V piov amtddelén ko v tnv oteilet otov V.
IIpémet vo opeL®OOLpE OTL oL aodeifelg avtég eAéyyovron mbavotikd amd tov V. Tomukd:

Oplopodg
L € PCP:

0 x € L = vundpyer anddeién I tétowx dote o emalnOevtrig (verifier) V mavrtote amodéxeton
(dnhadn) éxovpe TBavoTTR Atodoxrig ion pe 1)-

0 x ¢ L = yua k&be <<amddelkn>> II, o emanOevtrig V dev amodéyetan pe cuvTpurtikn
mlavotnTo.

Avtr) 1) KAGoT @aivetal oAb woxvpdTepn amd tnv IP yiati mAéov o emalnBevtrg éxel va
<<OVTIHETOTIOEL>> £Vl OTATIKO OVTIKEIHEVO (TNV ortdSetEn) ko o)L évar TPocappolOUEVO OTLG EPWTHOELS
tov (tov amodeiktn). Ko mpéypott amodetkcvoetar 61t PCP = MIP(= NEXP). Tt Tov Adyo awtd, Ha
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Yrnohoyiotikr Iohvmhokotnto  [EENINIVESHtT N6

Awhoyikn) adAnAentidpoao (interactivity) I
Probabilistic Checable Proofs --- PCP

Bewprjoovpe eploplopovg tng kAdong PCP. Ba Bewprjcovpe dvo eidn ayolbdv ov dev pmopet var
Xpnoyomnotel apelddg o emainBevtrg:

@ tuyaloTnTa (e TNV Hoper) TUXAiwWV bits)-

@ bits tng amddeitng mov eketdlovron (epwthoelg, i aAAdg queries, oTnv amddelfn).

Opiopog

H «\éon PCP(r(n), g(n)) amoteleiton and Tig yAdooeg L € PCP yua tig omoieg o mibavotikdg
TOAVWVLRLKOV Xpovov erandevtig ¥ xpnowpomotel O(r(n)) tuxaia bits kou ehéyxer O(g(n)) bits otnv
amddel€n.

T tapadertypa, 1181 yvwoTtég KAACELS TOAVTAOKOTNTAG PITOPOVY V& 0pLoTOOVY pe TNV Porjfeia Twv
napomve: PCP = PCP(poly(n), poly(n)), P = PCP(0, 0), NP = PCP(0, poly(n)),
coRP = PCP(poly(n), 0).

‘Eva oAb onpoavtikd anotéheopa (Arora, Lund, Motwani, Sudan, Szegedy) eivan to e€ng:
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AMn)enidpaon, PCP

Awoxhoyikn) adAnAentidpaon (interactivity) II
Probabilistic Checable Proofs --- PCP

Oedypnue (PCP)
NP = PCP(logn, 1). J

Mia epappoyn tov Bewprjpatog PCP eivon oe amodeikelg pn tpooeyylopdtnTag.

To Paoikd epyadeio otnv amddelén tov Tponyovpévov Bewprpatog eivon pia péodog (PCP encoding) ov
Swayéer éva mBovd AdBog piag amoddelEng oe 6o Tar KoppdTior TNG addelEng, £ToL MoTe 0 emaAnBevTrig
va €xel suvtpurtikr mbavotnta va Siayvaoaoetl To Adbog. H pébodog awtr Pacileton ot texvikég kwdikwv
S16pBwong Aabdv (error correcting codes).
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Métpnon

Metpntikéc Khadoeig I

Metpnrikég kA&oelg opilovtan pe Baom To TARB0g Twv Aboewv mov £xet kbmolo tpoPAnpe. Ipodxeiton
dnAadny yo kAdoelg cuvaptioew (6mwg 1 FP). Eviiagépov éxovv ot mapakdtw dbo kAdoeig:

Opiopodg

#P eivai n) kAdon TV cuvapticewy fyla Tig omoieg vitdpyet P vreteppviotikn pnxovr Turing
TOAVWVUHLKOV XPOVOD, TO LITOAOYIGTIKO 8EVTpo TG omoing éxel akpipmg f{x) VTOAOYLETIKG povordria
1tov amodéxovtan (yx eicodo x).

Opiopog

#L eivan 1) KAGoT) TV cLVOPTHGEWV f Yl TIG 0Toieg LIT&pXEL PN vTeTeppvioTikn pnxavr Turing
AoyaptBpIkol xdpov, To LTOAOYIETIKO SEVTpo TG omoing éxel akplBas f(x) vToloyloTIKE HovoTTdTI
mov amodéyovral (Yo eicodo x).

Se petpnTikég KAGOELG XPIOLHES eivat avaywyég Tov St povv to TAH00g Twv Aboewy.
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Métpnon

Metpntikéc Khaoeig I

‘Eva opoxtnplotikd mapadetypo mAnpovg mpofAfpatog yia tnv #P eivan to mpofAnpo #SAT: <<Aiveton
TOmog o€ GLLEVKTIKT kKavovikT] poper. IIoceg SopopeTikég avabécelg LITEPXOLY TOL LKAVOTTOLODY TOV
TOmo;>>. Eivan mpogavég 0tL p € SAT avv #SAT(p) # 0.

O Valiant £€deiée 6TL vLapyOLY TPOPATHATA ATdPaonG oTo P (.. dmapEn TéNELOL TOUPLACHATOG OE
YPOQHHATA) TV 070l TO avtioToryo petpntikd npoPfAnpa (r.x. #PERFECT MATCHINGS) eivow
#P-mApeg.

Mepikd amote A EGPOTO YIor QUTEG TIG KAKOELG:

FP C #P < FPSPACE, P’ =P* FL c #L < FNC2.

Oedpnpe (Toda)
PH < P¥. J

H am6dei€n amoteleitan amd §0o Paoikovg eykAelopols, OTWwG PaivETaL OTA TOUPOKAT® AHHOTO:
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Yrohoyiotikr Iohvmhokotnto VAT

Metpntikéc Khdoeig II

Lemma

PH < BPPOP,

AndSeitn:

Q @PC? = P (Papadimitriou-Zachos)
@ NP < BPP = PH < BPP (Zachos)
@ NP < RP®P (Valiant-Vazirani) € BPPOP

© NP®P  BPPOPY (3 e pavreio @P) = NPOP < BPPOP
@ NPOP C BPPOP — PHOP C BPP®P (2. ie pavreio ©P)
Q@ PHOP = PH C BPPOP O
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Metpntikéc Khadoeig IV

Lemma

BPPOP C PP

Métpnon

Xopig amddeitn.
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TIpooeyyiotikoi ALyopiBpo (Approximation algorithms)

IIpoceyyiotikoi AhyopiBpot I

T'vepilovpe 6Tt oo NP-d0okola TpoPfAfpata dev propovpe vo Toe AOGOUpE:

Q Axpifag

@ T 6Aa T oTLYpLOTUTTOL

@ Xe moAvwVLHIKO YXpOVO
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REOYGNIG DI INININLVEl  T1pooeyyioTikoi ALyopiBpol (Approximation algorithms)

Ipooceyyiotikoi AAyopiBpor 11

@ Av ayvorjooupe tnv ouvOrkn (1), tote éxovpe IIpooeyyioTikovg AAyopidpovg.

@ Av ayvorjooupe tnv ouvOrk (2), Tote prropodpe va fpodpe peyAAEG VTOKAXOELS GTIYHIOTONGOV
TOV TTPOPANHATOG, OTIG OTTOLEG TO TPOPANHO VOr ADVETUL GE TTOAVOVUHIKO XPOVO, dAAK eTTioNg
eivor SuVATOV VO TOPAGICOVE VIETEPHULVIGTIKGA OE TTOAVWVUILKO XPOVO eGv 1) i6080G aVIjKeEL OTNV
ev AOYw LTTOKAKGT).

o Yevdomolvwvupikoi, Ioyxvpd IoAvwvupikoi

o Tlapapetponoinon (mx VERTEXCOVER(n, k))
Hapapetpikr Holvmhokdtnta (2Kn¢, nF )

@ Av ayvorjooupe tnv ouvOrkr (3), TOTE KATATACCOVHE LITEPTTOAVWVLHIKEG ADCELG HE HEYOADTEPT)
gvKpivela.
1.003" < 1.5" < 2" < 5" <nl <n"

13
nloglogn < nlogn < nlog nL o,
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REOYGNIG DI INININLVEl  T1pooeyyioTikoi ALyopiBpol (Approximation algorithms)

Ipoceyyiotikoi AAyopiBpor 11T

‘Eva tpoPAnpa Pedtiotonoinong eivau: (1, S, v, goal).

@ [: to oTypdTLTIO TOL TPOPAGHATOG!
@ S pio cuvaptnon oL avtioToryilel oe k&Be GTIYHIOTUTIO TIG EPLKTEG AVOELG:
@ V: 1) AVTLKEWEVLKT] CLVEPTNOT) avTioTolyilel oe kdbe epiktr) Ao, évav Oetikd aképoo-

@ goal: min 1} max, yix TpOPANHa EAAXLGTOTOINGNG 1] HEYLGTOTOINGTG TNG AVTIKELHEVIKTIG
GLVAPTNONG, AVTIGTOLYCL.

H i tng avtikeyevikng ouvaptnong y tnv Bédtiotn Adon pe eicodo x cupPorileton pe OPT(x) ko
elvau {on pe goal{v(y) | v € S(x)}.
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TIpooeyyiotikoi ALyopiBpo (Approximation algorithms)

[Ipoceyyiotikoi AhyopiBpol IV

Eniong, opilovpe yio k&Oe pdPAnpa Pedtiotonoinong to avriororyo (underlying) ntpofAnpa andgaong
g €gig:

Aiderar emuthéov TG eLl6Od0L X Eva ppaypa k.
Epdtnon: etvon OPT(x) = k;
(yra tpdPAnpa peytotomoinong -- avahoyo yior TpOPAnpo eAoylotomoinong.)

Iopaderypo

1o mpdPAnpa MAX-CLIQUE to oTiyptdtumo eivat évag Ypagog X, oL eQIKTEG ADGELS eiva OAOL OL TAPELG
vroypa&@ot Tov x (kAikeg), ) avTikeleviky ocuvéptnon eivar o TA00g Twv kOpPwv NG KAikog kat goal =
max. To avtictolyo mpoPfAnpa amdégacng eivat To yvwotd CLIQUE.
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REOYGNIG DI INININLVEl  T1pooeyyioTikoi ALyopiBpol (Approximation algorithms)

[Ipoceyyiotikol AAyopiOpol V

Opilovpe Tig mapakdte Pactkég kAdoelg mtoAvmlokotnTag Yo TpoPfApata BeATioTomoinong:

Opiopog

NPO: 1 kA&on tev TpoPAnpdtev PeATioTonoinong, yia ta ooia To avtioToryo TpOPANHa artdeaoTg
eivar 6to NP (pe v mpodmdBeon 6Tt vitdpyovy e@ikTég Aoelg yia ke oTLypoTumo).

w
Opiopog
PO: n kAdon Twv tpofAnpudtwy PedTicTomoinong, yi Ta onoix To avticTotyo TpOPANpa amdpacng
eivou oo P. )
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TIpooeyyiotikoi ALyopiBpo (Approximation algorithms)

[Ipoceyyiotikoi Alyopibpol VI

IToAA& mtpoPArjpata Pedtiotonoinong eivar NP-vokola. T awtd avalntodpe TpoceyyloTikovg
TOALWVLLKOVG XA YOpLOpovG oL emADOLY TéTola TPOPArpaLTaL.

Opiopog

‘Evag ToAV®VLHIKOG adyOpiOpog M eivan p-mpooeyyloTikdg yio éva TpofAnpa peyloTonoinong av yu
«&0e x € I emotpépel o Avon M(x) € S(x) tétow dote:

V(M) _

oPT(x) =

AvticTtoiya opiletat p-mpoceyyloTikog adyoptbpog yio TpoPAnpa elayioTomoinong.
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TIpooeyyiotikoi ALyopiBpo (Approximation algorithms)

Ipooceyyiotikoi AAyopiBpor VII

O o yvwotég vokAdoeig tng NPO, extog tng PO, eivon ot e€rg:

poly-APX: mepiéyer mpoPfArjpata yio to omoia vidpyet p(n)-mpoceyylotikdg ahydpBpog yio
k&rroto ToAvGVLRO p (67ov 1 eivan To prikog TG elddouv: n = |x|).

log-APX: mepiéyel mpoPArjpata yio T omoia viépyet log n-npooeyyiotikdg alyopiBpog (61ov n
elvou to prjkog g elsddov: n = |x|).

APX: mepiéxel TpoPARHOTR YL TOL OTTOL0 LILAPYEL P-TIPOCEYYLOTIKOG XAYOPLOHOG yiow kdrotor
otabepd p > 0.

PTAS: mepiéxel TpoPAfHOTA YL TO OTTOLX VILEPXEL TOAVWVUHIKOU YPOVOU TPOCEYYIOTIKG CYHUA,
dnradr) (1+€)-mpooeyylotikog alydpibpog yia kabe otabepi e > 0.

FPTAS: mepiéxel TpoPAfHOTa yiar Ta OTTOL0 VILAPXEL TAPWS TOAVWVUULKOD YPOVOU TPOCEYYIOTIKO
oxtua, SnAadny (1+€)-mpoceyyloTikdg adyopiBpog yix k&be otabepd € > 0, ov emumAéov o xpovog
7oL YpeLdleTan eivon TOAMWVLIIKOG Kot wg TTpog To 1 /€.
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poly — APX (CLIQUE)

T

log — APX (SET COVER)

T

APX (VERTEX COVER)

T

PTAS (BIN PACKING)

T

FPRAS (#DNF)

T

FPTAS (0 — 1 KNAPSACK)

T

PO (LP)

Exnpa: Khaoeg tpoPAnpdrov fedtiotonoinong
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Yrnohoyiotikr Iohvmhokotnto  [EEIGYAINGNEIL W4 a2 1

IMoAvmAoxdtnTa Avalntnong I

Opiopog

FNP eivou 1) kAdomn v pepkav mAewdtipmv (partial multi-valued) cvvaptiocewy mov vtoloyilovrat
oo pio pn-vreteppviotikr pnyovr Turing moAvwvopikod xpdvou, Tétolo doTe To SEVTPO LITOAOYLGHOD,
ywx €i60d0 x, £xeL oTor QUM eite 7 €iTE TO TULOTOTOUTIKO ¥ TOL HOVOTATIOV TTOV LKAVOTIOLEL TO AVTIGTOLYO
xornyoprpo R(x, y).

To pn-vteteppuvioticd HovTéNo, OUWG, SNpLOVPYEL TPOPARHATO GTOV OPLOHO KARGEWY GUVAPTICEWY,
Aoy Tov 6TL Yl pic SeSopévn eicodo x € B* Sev vmapyel povadikn cupPBoroceipd e£6dov. H
TPOGTAOELD VO AVTIHETWTLGTEL XVTO TO LN TN, 031)YNGE GTOV OPLOHO TV akOAoLOwV KAdGEWV:

@ NPMV: H kAdon twv pepikdv mAEIGTIHWY CUVAPTHOEWY OV VITOAOYI{ovTaL ard puio un-VIeTEPUIVIOTIKY
punyavy Turing moAvwvupikov ypdvov, Térowx ¢ote To SEVIpo vmoAoyiopoy, yia eioodo X, el oTa PUAAX
eite 7 eite kdmoiar and ta Suvatég amavrijoeis g pnyaviic Turing.

o NPSV: H kAdon mov wepidapfaver povoripes NPMV cuvaprtijoeis.

( CoReLab - NTUA) Ymo). & IoAvmh. Ampihiog 2021 382/ 422



TlohvmhokotnTa Avaijtnong

IMoAvmAokotnta Avalntnong I

‘O)eg oL kAGoelg o Bo Sovpe otV cuvéyela Tov kegalaiov eival vtosvvola tng kKAéong TENP, dov
0 T dnhdvel 6TL oL cuvaptrioelg autég eivan oAkég (total), SnAadn vt vIEdpxeL TOLAGYLOTOV pict
Abvon. H dmap€n Aoong yio kabe tétola kAdomn opeileton ot vrapéiakés oamodei&elg KAmolwy L0THTWV
(ocuviBwg YpopoBewpnTikGV).

Oplopodg

‘Eva tpoPAnpa avalitnong IT anotedeitan and éva chvoro otryptotdnwy (instances), kot ke
onypotuno I éxet éva chvolo Sol(I) Adoewv. Aedopévov evog otiypotimov, {nteitor 0 LITOAOYIGHOG
pog Avong. Eva tpopinpoa avalitnong eivon odiké av Sol(I) # &, yw k&e otyudtumno 1.
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TloAvmhokdtnTa Avalitnong

IpoPpAjpata Tomkng Avalntnong I

Opiopog

‘Eva tpopAnpa IT avijker otnv kAédon PLS (Polynomial Local Search) av ot Moeig eivon mohvwvupké
PPUYHEVEG WG TTPOG TO HITKOG TNG €LoOS0V, Kat LITLGPYOLY AAYOPLOHOL TOAVWVUHLKOD XPOVOU YLX T
emopeva:

@ Aobeiong cvpPolrooceipdg I, éeyEe av to I elvon otiypidtumo tov 11, ko av vau vtoAdyioe po
apxkf Avon mov va avrjket 6o Sol(1).

Q Aobévrwv I, s, éheyEe av s € Sol(I), kaw av vau, vTOAGYLGE TO KOGTOG TG Adong ¢(s).

Q AoBévtwv I, s, éheyEe av 1) s amotelel Tomikd PéNTIoTn Ao, ko av OxL, Ppeg pia *kaddTepn” Avon
s’ € Ni(s), 6mov Ny(s) ou yeitoveg tmg Abong s yia To otiypdtumo L.

KaBe mpoPAnpa otnv PLS déyeton évav adyopiBpo tomikrig avaltnong: Xproomolovpe Tov TpmTo
OAYOPIOHO Yot VO TOKTIOOUHE L ap)XLkr) ADGT), KO HETA emavaAnticd epoppolovpe Tov Tpito
adyopibpo péxpt va ptéoovpe ot pio tomkd PEATIOTH AdoT). Aedopévou 6Tt oL epikTég Aboelg eivan
ekBeTid TOAAEG, 1) Taportéve Sradikacio Sev OAOKANPOVETAL ATAPAITNTA OE TOAVWVUULKO YXPOVO.
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TloAvmhokdtnTa Avalitnong

IpoPAjpata Tomkrg Avalntnong II

Topaderypo

Iopatnpriote 01t To TARBOG TOV EPLKTOV Aboewv Tov MAXCUT eiva ekBeTicd wg mPog TO PrKog TNg
elc6dov.

‘Eote t0 tpdBAnpa MAXCUT, 6mtov pog Sivetan évag pn katevbuvopevog ypaoog G(V, E) xou éva

Bépog we = 0 yio k6O ok Ot eprictég Mooelg avtioTorxoby ot Stapepioelg (S, S) Tov cuvoLoL
TGOV KOPLPMV, KL 1] AVTIKEWUEVIKT] GUVEPTIOT) GTNV HEYLOTOMOINGT) TOL GUVOAKOD BAPOLG TV
OKIOV TTOL VKoLV 6TNV Stopépior).

Avo AMoerg elvon YELTOVIKEG oV PITOPOUpE VO HETOPODHE atd TNV piot 6TV GAAN HETOQEPOVTAG i
KOpLPT a6 TNV SLOpEPLOT) GTO GUHANPOHE TNG.

Eekwépe amd pio avbaipetn Stoqépion (S, S), ko 660 vIEGpxEL kKoAdTEPT YetTovikr AdaT,
petoPoivovpe oe oqwThVv.

O alyopiBpog teppartiletar 6tav dev vILapXEL KAADTEPN yeLTovikn AVoT, dnAadn otav éxovpe
@téoel oe pio Tomikd PEATIGTN AdoT).

H Sopn tov mpofAriparog endyet évay ypaeo G, 61T0L oL KOpLPEG elvan oL eQLKTEG ADoELS, kot dD0
KOPUPEG GUVSEOVTOL e QLK[IT] otV HITOPODHE var peTafovpe artd TV pict oty GAAN pe pior arAr) adAhoyr).

Yro). & HolvmA. Ampihiog 2021 385/ 422



TlohvmhokotnTa Avaijtnong

[MpoPAnpata Tomkng Avalntnong III

Iapatnpodpe 6Tt k&be TPdPAnpa otnv kAédon PLS aviiker otnv khé&on TFNP, Adyw tov yeyovotog otL
k&Be kaTevBLVOHEVOG akLKALKOG YPaeog (DAG) éxet pio katafoOpa (sink), 1) evahdoaktiké, 0Tt k&Oe
TEMEPACUEVO GOVOLO aplOpdV el EAaXLOTIKO GTOLYKELO.

Opiopog
Mia avaywyn and éva tpdPpAnpe avaliitnong I11 oe éva mpoPAinpa Il amotereiton amd dvo
aAyopibpoug ToAvwvupLKov xpdvou:

Q Evog alyopibpog 4 mov amewkovilel otiypiotuna x € 111 ot otiypotuna 4(x) € Ila.

@ 'Evog alyopiBpog B mov amewkoviler Aoeig y tov T2 pe elcodo 4(x) oe Moeig B(y) tov IT; pe
eloodo x.

Sy nepintwon tng PLS, ot Aboeig mov astetkovilovran amd tov B eivon ta tomikd PEATIOTO

Ta endpeva tpofAnpata eivor PLS-mAnpn:

MAXCUT

TSP

MAXSAT

PURE NASH EQUILIBRIUM ce mtaiyviot GUHQOpNONG.
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Yrnohoyiotikr Iohvmhokotnto  [EEIGYAINGNEIL W4 a2 1

Avalritnon Iooppomicdyv Nash 1

@ Eotw (S,f) éva naiyvio n mauktdv, 6mov S; 10 6OVOAO TV oTpaTnyIkKdV TOL TOiKTN I,
S=281 X 82 X -+ X S, 10 6OVOLO TWV TTPATHYIKOV TPOPIA TWV TTOUKTMOV, KoL
fx) = (fi(x), ..., fu(x)) n ovvdprnon képdovg vroloyiopévn oto x € S.

@ Eotw X; T0 TPo@il oTpatnyIkig ToL TaikTn i Kot X—; T TPOPIA GTPATNYIKAG OA®V TV LITOAOITWVY
TOUKTOV €KTOG TOU .

@ Aedopévou 6t k&be maixtng i € {1,...,n} emhéyel v oTpaTNYIKT X;, TO TPOPIA TwV
GTPATNYLKMV TTOL ETALYOVTOL TEPLYPAPETOLL &L TO Stévuopa x = (X1, ..., Xn) KoL TO képSog k&be
natitn vrodoyileton amd T cuvdptnomn képdoug fi(x).

Opiopog (Ioopportia Nash)

‘Eva otpatnywd npogik x* € S amotelel tcoppomio Nash, eév kavévog moiktng Sev propet vo fedtidoet
70 k€pS0g TOL AAAALOVTAG HOVOUEPKOG TNV OTPATNYIKT TOL. Me dAhat Aoyl

Vi,x; € S; :fl-(x,*,xfi) Zf,-(xl-,x"_‘i

ZNHELOVOLHE OTL GTNV TEPITTWOT) OTTOL 1) TAPATAVEL AVIGOTNTA LOXVEL YVNOLWG Y OAOVG TOUG TTAKTEG
KOL TG OTPATHYLKEG, EXOVHE TOV 0pLopd Tng avarnpric Nash wooppormiog. Avtiotouya, edv k&totog
naiktng propei vo adhdEel v otpatnykr) Tov dratnpdvrag (aAAd oxt amapaitnto avtdvovtag) To
képdog Tov, yivetan Aoyog yix aoBevij Nash woopportia.
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TlohvmhokotnTa Avaijtnong

Avolnnon Iooppomicyv Nash 1T

Baowd poho oty anddeén tov Nash yux tnv vmapén (uuktédv) Nash wooppomiodv oe kébe memepacpuévo
maiyvio émaie To mopakdTw Tomoloykd Bedpnpa:

Opiopodg (Bedpnpa Ztabepotd Znpeiov Tov Brouwer)

Eotw S € R" évag xuptdg kat cuprayrc (kAeloTtdg ko pporypévog) xdpog. I k&be cuvexr cuvdptnon
f: 8 — S, vapyer éva onpeio xg tétolo wote f(xo) = xo (oTabepd onpeio).

L

<

Exnpo: Zxnpatikd mopddetypo Tov Oewprpartog Xtabepot Enpeiov.
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Yrnohoyiotikr Iohvmhokotnto  [EEIGYAINGNEIL W4 a2 1

Avadritnon Iooppomiodv Nash 11T

H televtaio évvola pe v onoio O aoyoAnBodpe eivan to Arjupa Tov Sperner, To omoio kot anotehei T0
oLVSLAGTIKO AVAAOYO TOL TTapamdve Oewprpatog XZtabepot Enpeiov. o Adyovg amAdtnTog, o
TTOPOVGLACOVHE IO QTAOTTONEVT] €KSOYT) TOU ATJUHOTOG OTNV TEPINTWOT TwV 300 dtaoThoewy. Ag
vroBécovpe OTL éxovpe éva opBoymdvio ABI'A ko po Tprywvomoinen mhve oe autd, 0w akplpog
PAémovpe otnv endpevn ewkova. EmumAéov, Bewpodpe 0Tt oL kopugég mov dnpovpyovvtat artd Ty
TPLywvomoinon xpwpatilovrot pe Eykupo Tpdmo cOUP®VA e TOVG TXPAKATHD KAVOVEG:

@ Ot kopupég oL aKOVpTTOOV oTNY TAeLpd AB mpémel va éxouv vmoxpen Tk Xpodpa 1 (kitpivo), oTig
mhevpég BI ko TA xpdpa 2 (phe) ko oty mAevpd AA xpopa 3 (kdkkvo).

@ O xopueég mov dev Ppickovtar ot cOvopa tov ABI'A propodv va Adfouv omotodrimote xpopa.
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QN BIONTINING Ll TTo)vTAokoTnTe Avadrtong

Avolnnon Iooppomicyv Nash IV

Ixnpoe: ‘Eykvpog xpopatiopdg oe tuxaio tprywvonoinor.
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TloAvmhokdtnTa Avalitnong

Avadritnon Iooppomidv Nash V

Arjppe (2D-Sperner)

Xe kdBe TPLywVOTOINON E TOV TAPATAVL EYKUPO YPWUATIOUO UTTAPYEL KATOLO TPI-YPWUATIKO TPIYwVO
(tri-chromatic triangle), SnAadt, kdmoio tpiywvo Tov omoiov kdbe kopvglj Ba éxer ypwpartiotel pe Siapopetixd
xpdpe. IoxUe, pdAiote, 611 0 cUVOAIKOS aPIOUGS TWV TPI-YPWUATIKGV TPLYOVWV EIValL TEPITTOG.

AmoderEn:

Aedopévou KAITOLOU £YKUPOL YPWOHATIGHOD, PITOPOVHE TAVTO VO KaTaokevdoovpe éva * texvntd™
TPL-XPWHATLKO TPLywVO, EKTOG TOV emédov Tov 0pBoywviov, 6TNV K&TW aploTePd TAELPE TOV.
EeKvavtag artd To Tpiynvo autd, 0o 0picouvpe £V TEPITATO AVAPESH OTA TPLYWVA, 0 0TT010G, OTwg Bor
Seikouvpe, Oa ExeL KATTOLO TPL-XpWHATIKO Tpiywvo ooy TeAkd mpoopiopd. Eotw KL 1 akpri Tov texvnToo
Tprydvou (apetnpia) mov amotelel eicodo otnv empdvein ABT, ko éotw k ko 1 T xpdparoa twv dvo
KOPLPMV TTOL TNV 0pilovv, KiTpLvo Kat kKOkKLvo avtictolya. O kavovag cUp@wva pe Tov omoio Ba
neputhovnBolpe ota Tpiynva eival o Tapakdtw: Omotedijmote fpickovpe aTo TPEYOV TPLYWVO aKUN LE
xpopaniopd 1 kou 3, t Siaoyilovpe, povo eav to ypdpa 1 fpicketar ota apiotepd pag. Mmopovpe e0koAx vou
enaAnBeboovpe OTL 1) POV TEpinTwon Omov o mepinarog otapatdel eival dtav Ppebodpe oe
TPL-XPWHATIKS TPlywvo. Aedopévon 6TL 0 aplBpdg TV TPLYOVGV Eival TETEPAGHEVOG, O TEPITATOC HOG
TIPETEL VIO PEWTIKA VO OTOPATHOEL var Bpet, SnAadt, kAmmolo TpL-xpwpatikod Tpiywvo. e avtibetn
nepintwot, o mepinarog o mpénel va Ppebdei oe atéppova Bpdyo, yeyovog to omoio, eattiog Tov kavova
1oV opicayte, amokAeietan vo ovpfei. Apa, éxovtag théov amodeiel TV OIapEn TPL-XPOHATIKOY
TPLYOVOV 0T0 e6wTePtkd Tov ABI'A, pmopodpe pe mopopolo tpdmo va dei€ovpe 6TL 0 apiBudg tovg eivon
neptttog. ITo ouykekpéve, EeKLVOVTOG ortd KAITToLo TPL-YPOHATIKO Tpiywvo Kot akoAovBdvtag Tov
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TlohvmhokotnTa Avaijtnong

Avolnnon Iooppomicyv Nash VI

AVTIGTPOPO TEPITATO ATTO AVTOV TTOL TEPLYPAPE TaPATaV®, popovpe va deikovpe 0t Ba Ppebovpe oe
KOTTOL0 GANO TPL-XPWHATLKO TPlywvo. ZUpTepaivovpe, AOLTOV, OTL Ta TPL-XPOHXTIKA Tpiywva épYovTaL oe
Cevyapio. Aedopévou, Opwg, 0Tt éva ad avtd eivat TexvnTo, KATAAYOUHE GTO OTL 0 ApBPdS TV

TPL-XPWHATIKOV TPLYOVWV €lvaL TEPLTTOG. O
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TloAvmhokdtnTa Avalitnong

Avalritnon Iooppomicdyv Nash VII

To Oedpnpa Ztabepot Enpeiov Tov Brouwer propei v amoderyBel péow tng xpriong tov mopastdved
Arjppotog. o cuykekpipéva, Bewpodpe pa acbevr) poper) tov Oewpripatog Xtabepov Enpeiov, Sniad,
ot vTdpyeL oToBepd (pe TV acBevi) évvola) onpeio xp yx to omoio |[f(xp) — xo| < €y e > 0. v
ePINTOOT avTh, av Bewpr)GovHE piar KATAAANAT TPLY®VOTOiNGT KaT& Sperner Tavw GTo XDPO TOL
opiletat 1) f, AwaTGOVHE 1) SIAHETPOG TWV TPLYDV®V VXX EIVOL €, KL XPOUXTIGOVHE TIG KOPLPES HE TP
XpOHoTa avadoya pe tnv korevBoven mov éxet n f(x) — x ota onpeia avtd, TOTE popolpe (L apKeTr
pavtacio) vo Sodpe 0Tt k&be TpL-YpwpaTIKO Tpiywvo avtioTolel o éva acbevég otabepd onpeio. Téhog,
UITOpODLHE va TEPAGOLpE ad TNV acBevr) poper) Tov Oewprjpartog Xtabepod Enpeiov oTnVv WXL,
XPTOYOTOLOVTAG TO YEYOVOG OTL 0 XDPOG ELvalL GUPTTAYTIG, KO TTALPVOVTOG TO OPLO TOV € 6TO Pndév.
IMopoakatw, PAémovpe éva Tapddetypa epappoyng otig dvo dluotdoelg:
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DG DIVl  [ToAumAokoTnTa Avalftnong

Avolnnon Iooppomicyv Nash VIII

-
v (v .

Synpa: H ebpeomn tov otabepot onpeiov péow tov Ajppatog Sperner oTig 800 StaoTtdoelg
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RO RISV LVl  TTolvmhokotnTa AvaliTnong

Avolnnon Iooppomicyv Nash IX

Opiopodg (NASH)

Atvovtat wg ei60d0g évag aplBoOg TAKTOVY 1, T GOVOAX TV OTPATNYIKGOV K&t Taiktn, S;, ko 1
ouvvdptnon képdoug f(x). Alvetan emumAéov, pio tapdpetpog tpostyyiong € > 0. To mpoBAnuo NASH 1
€ — NASH éykeiton 6710 va Ppovpe pio loopportio, Omov kavévag maiktng dev Ba propel, adAdlovrog
HOVOUEP®G TNV GTPATNYLKY TOV, VO BEATIOGEL TO KEPSOG TOV TEPLGGOTEPO IO E.

Opiopodg (SPERNER)

‘Eotw 611 pag divetan wg eioodog éva mAéypa Tov astoteAeitan amd 2" x 2" kopuég ko OTL 0L KOPLPEG
O6TO GOVOPA TOV TAEYHATOG £XOVV KATTOLOV KAXGLKO, £YKUPO XPWHATIOHO (0TTwG uTdV TTOL TTeptypirfjarpie
ponyovpévag). To xpopa k&be KopuPrig 6To 0wTEPLKS TOL TAEYHATOG, Oewpolpe 0Tt Sivetan amd koo
kOKAwpa C o omolio, pe £l6080 TIG GUVTETAYHEVES X KAL Y HLOG KOPLPTIG, EMLOTPEPEL KATTOLO &TTd TO TPio
xpopata. To tpéPAnpo SPERNER eival va fpovpe ko var emeTpEYOupE EVaL TPL-XPOHATIKO TPiywvo.
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TloAvmhokdtnTa Avalitnong

Avadritnon Iooppomiodv Nash X

Amtd TNV mponyovpevn avaAvon oxetikd pe tn oxéon petafd Nash, Oewpripatog Xtabepod Enpeiov ko
Sperner, propei k&rotog va meloBel, £0Tw SroncOnTik®, 0TL To € — NASH mpoPAnpa propei var avoyOei 6to
avtictolyo € — BROUWER, kat avtd pe tn oelp& Tov oto SPERNER. Ot texvikég oTig omoieg Pacilovton ot
avaywyég Bupilovy apkeTd TIG TEXVLKEG TTOL YXpNoLpHomoLBnkay yio TV vraplokt covdeot Twv
evvolov. ITo ovykekpipéva, prropoipe v dodpe 6Tt To TpdPAnpa NASH propei Avbei péow tov

€ — BROUWER. EmuAéov, ta (oxedov) otabepd onpeio tov € — BROUWER, pmopotv va Ppeboiv péow tng
€VPEGTG TPL-XPOHOTIKOV TPLYOV®V 6T avtioTtotyo SPERNER mtpofAnpa, edv Bewpricovpe TAéypo
KaTOAANAOL peyEBoug, avédoyou pe Tov Tapdyovta TpocEyylong €.

DOBGvovrtag éva Brpa TAéov tpy Tov axpifn opiopd tng PPAD afilel vo BupnBoipe v amddetén
OIAPENG TPL-XPOHATIKOV TPLYOVOV 6TO TAEYHO TOL Sperner. SOHPVX pe TOV KovOva ToV 0toio opicope
Yl Tov mepinato petald Twv TpLydvev, Bewpodpe évav Bondntikod ypdpo, 6TOV 0moio Kot avTLGTOLYOOHE
Ta tpiyova pe kopPoug kat t duvatdtnta petdPoacng amd éva Tpiywvo oe GALo pe akpr. O ypdepog mov
TPOKVITTEL KOL TTOL POAVEPDVEL TNV TTOAVTAOKOTH T TOL TTPoPAfpatog avaltnong Ba amoteleiton artd
HEHOVOHEVOLG KOPBOVG, aTAd povordtio petafd kKOPPwV Kol amd KOKAOUG, OTTWG PAULVETOL GTO TOPAKAT®
GXNpo:
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Avalritnon Iooppomicdyv Nash XI

S

Ixnpe: H popen tov ypagpov avalitnong tov tpofApuatog SPERNER.
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TlohvmhokotnTa Avaijtnong

Avolnnon Iooppormicyv Nash XII

Opiopog
‘Eva tpoPAnpa IT avijker otnv khéon PPAD av ot Aboelg eivon ToAvwVuptkd Qpaypéveg wg Tpog To
HAKOG TNG £L6O30D, KL LILAPYXOLY AAYOPLOHOL TTOAVWVUHLKOD XPOVOL YLat Tar eTdpeva:
@ Aobeiong ovpPolrooepdg I, éeyEe av to I eivon otiypdtoumo tov II, ko av vou vtoAdyioe o
apykq Aoon so € Sol(I).
Q Aobévtwv I, s, éheyEe av s € S(I), xou av vau, eniotpeye pioe Moon pred(s) € Sol(I), tétow doTe
pred(so) = so.

Q Aobévtwv I, s, éheyEe av s € S(I), xou av vau, eniotpeye pio Mo suce(s) € Sol(I), tétowx dote
succ(so) # so xou pred(succ(so)) = so.
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TloAvmhokdtnTa Avalitnong

Avalritnon Iooppomicdv Nash XIIT

Onwg ko oty epintwon g PLS, artd tov opiopd tng PPAD endyeton évog katevBuvopevog ypdgpog
G(Sol(I), E), 6mov oL kopugég eiva ot egiktég AMoelg, ko
E = {(u,v) : u#v,succ(u) = v,pred(v) = u}.

H Swodikacio mov meprypdgetan amd Tov oplopod e KAGoNG apopd tnv ebpeot piog Adong s, eKTOG TNG
50, TTOL va éxeL indegree(s) + outdegree(s) = 1, akolov@mvTog To povordtt oTov G oL EXEL ApXT TO SO.
Emeldn yi o s woybet 0ti indegree(so) + outdegree(so) = 1, Oo mpémer var vitdpxeL TOLAGYLOTOV pict
Abon s # s, AOY® TOL YVOGTOV AHHATOG:

s

' Kdbe ypdpog éxer dprio apifud kdpPawv mepirrot fabuod.
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TloAvmhokdtnTa Avalitnong

Avalritnon Iooppomicdyv Nash XIV

IMapatnpodpe 6to onpeio avtd, 6TL 1) dopr Tov Ypagou mov endyetor artd Tov opiopd tng PPAD ko tewv
cuvvapticewy succ(u) ko pred(u) eivon axpifog idia pe T popen Tov ypagov avalitnong tov
npoPAfpatog SPERNER. To yeyovog autd, ke &Alo mapd tuxaio eivar, apov mpdypatt

SPERNER € PPAD. EmutAéov, Aoyw Tng aAAnlovyiog tev avaywydy mov eptypdfae, toyde 4ti
BROUWER € PPAD «ou NASH € PPAD. Xtnv ntpdogarn epyosio tov *  The Complexity of Computing a
Nash Equilibrium", ot Daskalakis, Goldberg kot Papadimitriou ¢é3ei€av 6t to mtpofAnpa NASH yux tpeig
naikteg eivar PPAD- complete.

Ta endpeva tpofAnipata eivar PPAD-mtAnpn:

@ END OF THE LINE
@ SPERNER
@ NASH
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TloAvmhokdtnTa Avalitnong

AM\eg khdoerg I

Xpnoomordvrag Siépopa ARHPATA PITOPOVE VO OpicOUpE Kot GANeg KAXGELS:

@ PPADS: ITapopoix pe tnv PPAD, povo mov oe avth tnv mepintwon avalntoope pia kotafodpa
(sink), dnAadr) Ao pe indegree = 1 xau outdegree = 0.

@ PPA: To avaroyo g PPAD, addd pe pn kotevBuvopevo ypago (dev vmdpyovv cuvaptrcelg suce
ko pred, al\& pia cuvaptnon yertoviag).

@ PPP: Xe awtr} TV kAdomn opiletou pice cuvaptnon f6to cOvoro Twv Aboewv: XTOX0G Hog gival va
Bpovpe eite pio Adom mov aueikovileton oTnv apykn Moo, eite 3o Adoeig y kou ', tétoleg doTe
fx,¥) = fx,)'). Téroieg Mooerg vrépyouvv mévta Aoyw tng Apxng tou [lepiotepecdva ( Polynomial
Pingeonhole Principle).

@ CLS: To avaroyo g PLS yux cvvexeig xdpoug kat cuvaptrioerg (Continuous Local Search). H

kAdon CLS mepiéyer ta tpofAfipata avalliTnong TpoceyyloTikoD Tomkol PEATIETOL Pog
GUVEXOVG GLVAPTNOTG, pe TNV PorBeta evog pavteiov £, dmov ko 1) f eivan cuveyng cuvaptno.
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Tapapetpicr TohvmhokotnTo:

Mopopetpikn HolvmhokotnTo I

Oplopodg

Mo mappaetpomoinon tov ¥ eivou pia avadpouikri covéptnon k : ¥ — N.'Eva napapetpixé mpopinua
elvou éva Sraretaypévo Levyog (L, k), dmov L S XF xou k etvou pia mapopetponoinon tov I¥.

‘Evag adyopiBpog 4 eivon FPT-olyopibpog (Fixed Parameter Tractable) wg mtpog tnv mapépetpo k, av
VThpYEL VToAoyioin GLVEPTNOT) f KoL TOAVGVLHO p, TETOLX WoTe Yio kdDe x € L¥, 0 adlyéplOpog 4 va
anogacilel to mpoPAnua oe xpdvo O(f(k(x)) - p(|x]))-

Opiopog

Opilovpe wg FPT v kA&on TV mopapeTplkdv mpofAnpdtev mov emlvovron and évav FPT-ahyopibpo.
v
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Tapapetpicr TohvmhokotnTo:

Mopopetpikn HolvmAokotnTo II

To emdpevo Pripa, kot avaroyia pe v kAacokt Oewpio IToAvmAokdTnTOg, Elvol Vo GLVIEGOVHE TOL
TPOPANHATA PHEC® OVOLYWYOV:

Oplopodg
‘Eotw (L, k), (L', k) mapopetpucd tpofAipata. To (L, k) avayetar oto (L', k') péow FPT-avaywyrg
(oupp. L <ppr L) av vépyer alyopibpog R tétolog dote:
Q NaxéPexe ¥, xe L < R(x)e L/
@ H R vnoloyileton amd évav FPT-alyopibpo.
Q K = g(k), 6mov g : N — N vroloyicn cvvéptnon.
Av <ppr xou B <ppr A4, tote Mépe 6tL ta A, B eivon FPT-160d0vaypa (cupf. 4 =ppr B).

Tapaderypo

‘Eotw t0 mtpdPAnpa pSAT, dmov pag divetal pict Tpotacioky goppovia ¢, kot pio Topietpog k, ov
avamoplotd tov apbpd Tewv petafAntodv otnv ¢. Eivon n ¢ ikavoroujoyn?
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Ymohoytotikr loAvmAokotnto  [EREGHIVTELIIN DI YNNG} (2

Mopopetpikr HolvmAokotnTo I

O eTLYEPTICOVHE VO OPICOVHE TO TAPAPETPLKO avdhoyo Tng kAdong NP:
Opiopog

‘Eotw (L, k) mapapetpicd popinpa. To (L, k) avikel otnv kAdon paraNP av vdpyet voAoyioun
ovvéaptnon f: N — N, molvavopo p kou pn-vreteppuiviorikdg ahydplbpog mov yio kébe x € ¥,
anogacilel to tpoPAnua oe xpdvo O(f(k(x)) - p(|x])).

Aépe 611 éva mopopetpikd TpdPAnpe stvon tetppévo, av L = & 4 L = ¥, xau opilovpe tv i-ooth
@éta Tov TpoPAripatog (L, k) wg to mpdfinpa:

(L, k)i = {x € LIk(x) = i}
Ioy0eL 0 TOPaKETL XOPOKTNPLOoROG TG kKAdong paraNP:
Oecopnpa

Eotw (L, k) € paraNP éva un-retpypévo mapopetpixd npdpinua. Tote n évwon memepacpévov getev Tov
(L, k) eivau NP-complete avv to (L, k) eivau paraNP-complete.
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Ymohoytotikr loAvmAokotnto  [EREGHIVTELIIN DI YNNG} (2

Mopopetpikn HolvmAokotnto IV

Oo 0picovpEe KoL TO TapapeTplkd avdroyo tng kAdong EXP:

Opiopog

‘Eotw (L, k) mapapetpicd npopAnpa. To (L, k) avikel otnv kAdon XP av vrépyel vtoloyioyn
ouvapTnoT £, kou ahydplbpog Tétolog dote yio kébe x € ¥, amogacilel To TpoPAnua ot xpdvo
0(|xy(k<X))),

Ioyver 6L FPT < XP, evo givan ayvwotn 1 oxéon tng paraNP pe v XP.

Opiopog

Mio pn-vreteppuviotikr pnxoavr Turing kodeiton k-mepiopiopévn av vmépyet vitoAoyioipn cuvdptnon
g: N — Nxou éva mohvadvopo p tétown dote n M va xpeeleton flk(x)) - p(|x|) vroloyiotiké pripata,
ko To wold g(k(x)) - log |x| va efvon pun-vreteppvioTiké.

Oplopog

OpiCovpe v Khdon WP] va mepiéyer Oha o mapapetpiké tpoPfAipata (L, k) wov amogacilovion amd
k-mepropiopéveg pnyovég Turing.
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Tapapetprkn ToAvmhokdTnTor

Mopopetpikn IToAvmhokotnToe V

Ta nepiocdtepa NP-complete mpofAnpata tapapetporonpéva wote va pnv avrjkoovv oto FPT, avikovv
oto W[P].

Iover n oxéon eykhewopot: FPT <€ W[P] < XP ~ paraNP.

paralNP /XP
W[PVAH
WH
FPT
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KBavrikr IloAvmhokotnto

KBavtikr IloAvmAokotnTa --- Ynoloytotiké Movtéda I

To 7110 EVPEWG X PTCLHOTOLOVHEVO HOVTEAO YIO TNV HOONpaTIKY TTEPLYpopr] KPavTikdY VITOAOYLETOV Kot
KPavTikdv adyopiBpwy eival To KBovTikd KOKAWHPQ, KXl GUYKEKPUHEVX OL OLKOYEVELEG OHOLOPOPPOV (e
™V £vvolx OTL LITAPXEL KAAGGLIKOG 0AYOPLOOG TTOAVWVLILKOD XPpOVOL, TTOL epPavilel TNV mepLypagr
TOUG) KPOVTIKOV KUKAWUATOV. AUTG Tot KUKADHOTO HOLX{OVY apKeETE e Ta AOYLKd KUKADHATA, TO OTTOl
vAomolovv Boolean cuvvaptriceig (Bupilovpe 6tL ke Boolean cuvédptnon propel vo vtoloyiotel omtd
KOITOL0 Aoylkd KUKAWHX TTOL XPT)GLHOTTOLEL HOVO TIG AOYLKEG TTOAEG NOT Kol AND).

OL toAeg mov cuvBéTouvy éva KPavTied KOKAWHIA PITOPOVY VO KATAGKEVAGTOVY WG GLUVSVAGHOL TV
kPoavtikov moAdv cNoT,HT.
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Kotk IoAvmAokotnter

KBavtikr IloAvmAokotnta --- Yroloytotiké MovtéAa 11

Ou deg avtég eivan ypoypukoi opbopovadiaiol (unitary) petaoynpoatiopoi: Evag ypoppikog
petaoynpatiopds 7, eni evog pryadikod dravuopatikod xmpov, eivon opbopovadiaiog (unitary) av
T-1 = T, $nhadn av 0 avtioTpopdc Tov 1odTal pe Tov avaatpogosuluyr (adjoint 1) conjugate
transpose) tov. Ot opBopovadiaior petaoynpaticpoi Siatnpoov tnv Evkeideio Noppa, Sniad eivon
LOOpETPieG.

SO O
oo
o oo
O, OO

Yro. & Hohvmh. Anpikiog 2021

409 / 422



KBavrikr IloAvmhokotnto

KBavtikr IIoAvmAokdtnta --- YrmoAoytotiké Movtéha 111

@ Oueicodot ko ot £0dot TV KPavTIKGOV ahyopiBpwy eivon Siaviopata.

@ Kd&Be Aoyikod kOKAwpo petatpémetot oe KPovtikd kOkAwpa: Ta SevTepa amoTte AoV yevikevot Twv
TPOTOV.

@ Ext6g ard to kPfavtikd kbklwopa éxovv mpotabel dAla povtéda 6mwg ot kPoavtikég Mnyavég Turing.

0 Ta kPavticd KUKADHATA XPTCHOTOLOVVTOL KUPIWG GTOV OPLOHO TV KPAVTIK®OV KAAGE®Y XPOVIKHG

oAvnAokdTnTag, eved ot kPavtikég Mnyavég Turing xpnoyomolodvtal Kupiwg GTOV OPLoHO TWV
KPavTikdV KAKGEWY XWPLKTG TOAVTAOKOTNTAG.

@ Qg mpog TNV Yrohoylopodtnta, oL cLPPaTikoi LITOAOYLOTEG eivon LloodOVoyoL e TOVG KBOVTIKOUG
(Church-Turing). Opwg, éxouvpe onpavtikég evdeifelg 0TL ot kPavrtikoi vITOAOYLOTEG eivat TTOAD TTLO
aodotikol amd Tovg GUPBATIKOVG.
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Kotk IoAvmAokotnter

K\doeic Kpavtikng IToAvmAokotntag I

@ O mpidteg kAGoelg mov Ba opicovpe givan kPavticd avéloya kAaookdV kAdoewv: 1 BQP
avtiotolxel otnv BPP 2 P, xou n QMA otnv MA 2 NP.

@ H xOpia Stapopd Twv KPavTikdy KaTacTdoe®v amd TIg kKAXooLkég eivor 1) e€fg: yior v
meprypdpouvpe o kPovtikn katdotaot xperalopaote exbetid peyddn, wg pog to péyebog Tov
KPAvTIKoU GLGTHHATOG TTOV TTEPLYPAPEL, KAAGTLKT] TANPOPOPLNL, EVE YL VO TTEPLYPAYOLHE pLot
KAQOGIKT) KATAGTAOT) OTTOTELTAL YPOppLKG PEYAAT), G TTpOG TO péyeBog Tng KAXGOIKTG
KOTAOTAOTG TTOL TTEPLYPAPEL, KAAGGIKY TANpopopic. AnAadt, pia kPavTiky KaTdoTooT amoTeAel
vrépbeon kAaookOV kataotdoewy. o Tapdderypa, pa kPavtikr katdotoomn peyéboug n amortel
2" pryodikovg aptbpong yio vor TepLypogei, eved pia KAAGGIKY Kotdotoot peyéboug n amantei pOALG
n bits.

Opiopog (BQP)

H yhdooa L € BQP av vrdpyxet pio okoyévelo kfaviikdv KUKAOPATOY TOAVOVUHLKOD XpOVov wg Tpog i
{0}, dote yio k4B x € TF:

e xelL=Pr ['ro Q)| anodéxetor o x} =

W= Wi

o x¢L=Pr [1:0 Q)| aodéyeton 0 x} <
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Kotk IoAvmAokotnter

Khéaoeig KBavtikng lToAvmAokotntog II

H xAéon BQP avtinpocwredel ta mpoPfAfpata wov emAdovrarl omodotikd pe tnv xprion kpavtikdv
VITOAOYLOTOV.
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Ymohoyiotikr IoAvmAokotnto  [EEIGARINI BUCNSE AN a1

Khaoeig KBavtikng lToAvmAokotntog III

Opiopog (QMA)

H yAdooa L € QMA av vmdpyeL P OLKOYEVELX KPQVTIKDV KUKAWRAT®V TTOAVOVUHIKOD XPOVOL 0G TTPOG
i {0i}, dote Yy k&be x € TF:
e xeL=  JxPavrky karbotacn K, piKovg TOAVOVOHLKOD 0G TTPOG |x]:
Pr 10 Q) amodéyetou o (x,K)| > %
o x¢ L= VxPavtiky katdotaon K, pkoug oA voptkod og mpog |x|:

Pr [1’0 O|y| amodéxetou To (x, K)] < %

H xAdon QMA avtinpocwmredel ta TpoPfAfpata mwov exainbebovrar amodoTikd e v xprion KPovTikov
vroAoylotov. Ioyvel 61t BQP € QMA.
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Ymohoyiotikr IoAvmAokotnto  [EEIGARINI BUCNSE AN a1

Khaoeig KBavtikng [Todvmhokodtntog IV

Opiopog (QCMA)

H yAdooa L € QCMA av vrdpyet piot OLKOYEVELD KBaVTIKGY KUKAOUAT®OV TTOADWVUHLKOVD XpOVOU ©g
npog i {Q;}, wote yia k&be x € F:
e xe L= I xhacowr katdotoon C, pjkovg TOAV@VUHLIKOD WG TPog |x|:
Pr 10 Q) amodéyetou o (x,C)] = %
e x¢ L= Vxlaoown kardotacn C, tiKoug TOAVOVOHLKOD 0G TTPOG |x]:

Pr [to 0)y| amodéyetou o (X, C)] < %

H xAdon QCMA anavtator ko g CMQA, 1 MQA.
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Ymohoyiotikr IoAvmAokotnto  [EEIGARINI BUCNSE AN a1

Khaoeig KBavtikng lToAvmAokotntoag V

Opiopog (QCMAT)

H yhodooa L € QCMA | av vrtdpyel pio otkoyEvela KBavTik@Vv KUKAWHATWY TOAVOVUHLKOD XpOVOL G
npog i {Q;}, dote Y k&be x € BF:
e xe L= I xlaoown katdotacn C, pKovg TOAVGVUHLKOD WG TTpog |x|:
Pr [t0 Q) amodéxeton o (x,C)] =1
e x¢ L= Vxlaoown kardotacn C, piKoug TOAVOVOHLKOD oG TTPOG |x]:

Pr [ro O|y| amodéxetou To (, C)] < %

Amodewkvoetar 61t QCMA | = QCMA.
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Kotk IoAvmAokotnter

Khéaoeig KBavtikng lToAvmAokotntag VI

Opiopodg (PQP)

H yAdooa L € PQP av vrtépyel pia olkoyEvela Kfavrikey KUKAOHAT®V TTOADOVURLKOD XpOVOL WG TTPOG i
{0}, dote yio k4B x € TF:

@ xelL=Pr [1.'0 Q|| omodéyetou To x} >

N|= b=

e x¢ L= Pr ['ro O\ anodéxetar To x} <

Ioxvel 6Tt PP < PQP.

Opiopog (QIP)

H yAdooa L € QIP av vrdpyet pio otkoyéveror KPoavTikmdv KUKAOPATOV-ETOANBEVTOV TOAVWVUHIKOD
xpovov wg mpog i {Vi}, dote yio kébe x € T*:

® x € L = (3P) Pr [o P meier Tov V), va amodextei o x]

W= Wi

>
© x ¢ L= (VP)Pr[o P neiber Tov Vx| vo amodextet to x] <

Ioyver 6L IP < QIP.
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Kotk IoAvmAokotnter

Khaoeig Kpavtikng [oAvmAokodtntag VII

Opiopog (BQPSPACE)

H yAdooa L € BQPSPACE av vrtapyet pua kPoavrtikr pnyov) Turing moAvwvopikod xopov M, ©ote yio
k&Be x € TF:

@ x € L = PrnM anodéxeton to x| =
] <

@ x ¢ L = PrnM anodéyetar to x

W=l

Opiopodg (PQPSPACE)

H yAdooa L € PQPSPACE av vridpyet uo kPavtikr pnyovr Turing moAvwvoptkod xdpov M, dote yio
k&be x € T*:

@ x € L = Prn M anodéyeton 1o x| >

Nl= M=

@ x ¢ L= PrnM amodéyetar 1o x] <

Ioyvel 611 PSPACE = BPPSPACE < BQPSPACE < PQPSPACE.
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Ymohoyiotikr IoAvmAokotnto  [EEIGARINI BUCNSE AN a1

Khéaoeig KBavtikng IToAvmiokotntoag VIII

Ol o)éoeLg eYKAELGHOV PUUVETOL OTO TAPAKAT® LAY POpHO:

QIP = PSPACE

PP — PQP
|
QMA
QCL/[A
/ \
BQP MA
BLP / NTP
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Kotk IoAvmAokotnter

KBovtikr) IToAvmhokdtnTo --- OepeAiddn Amotehéoparto I

Oecdpnua

BQPEQ® — BQP
Yrdpyet pavreio A, téroto dore BQP! & BPPA.

QMA C PP = PQP

°

°

@ Yrmdpyer pavreio A, tétoio dore NP4 & BQP.

°

@ PSPACE = QIP = BQPSPACE = PQPSPACE

Oecdpnpe (Grover)

Yrdpyer kfavrikds adyopifuog wov vrodoyiler Tnv Géon evis (€otw povadikov) avTikeévov s, Tov avijkeL o€
e Aiora peyéfovg N € N, oe O(v/N) Bripacre. H améSoor tov kfavrikot avrot alyopibjov arodeicvierar ot
eivan Pédtior.

Opiopog (FACTORING)

Eicodog: Evag guoikog aptbpog n.
‘E€0d0g: H mapayovtomoinot Tov 11 6e yIVOpHEVO SUVAHE®DV TPOTWY apLlOpmV.
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Ymohoyiotikr IoAvmAokotnto  [EEIGARINI BUCNSE AN a1

KBovtikr) IToAvmhokdtnTo --- OepeAiddn Amotedéoparta II

Optopéc (DISCRETE LOGARITHM)

Eicodog: Avo cTowxeia a, b piag opédag (G, -). Yrevlopilovpe 6L a® = e, dmov e To 0vSétepo GToLxeio
mg (G, ), kawa” = a"laq, Vm e N>1,

‘E€0d0g: Evag puotkodg aplbpdg ¢ tétolog wote a¢ = b, av avtdg viapyet, aAAiog kéurowa évdelén 6TL o ¢
Sev vtapyeL.

Oedpnpa

FACTORING € BQP, DISCRETE LOGARITHM e BQP (yia ta avrioroya mpofAruara andpacg).

Ko yioe T 860 mpoPArpara, eivor yvooto ot eivar 6to NP, addd dyvewoto av eivor oto P.
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Kotk IoAvmAokotnter

KBavtikr) IToAvmhokdtnTo --- OepeAiddn Amotedéoporto I

Opiopog (GROUP NON-MEMBERSHIP)

Eicodog: M vrroopéda (H, -) prag opddag (G, -), kau éva otoxeto g € G () voopddo H eivon yvwot
HEOW TV YEVWNTOPWV TNG).
Epoton: Ioyver 6L g ¢ H?

Oecopnua
GROUP NON-MEMBERSHIP € QMA.

Aev yvwpilovpe av GROUP NON-MEMBERSHIP € NP.

Avéihoya, To TpoPAnpo 2-LOCAL HAMILTONIAN eivar QMA- complete. Yrdpyouv apketd GAA
mpoPAfpata ov emiong éxovv xapaktnpiotei QMA-complete.
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KBavrikr IloAvmhokotnto

KBavtikr IToAvmAokotnta --- Avorktd [IpofAfpata I

? ?
NP < BQP, BQP < NP.
?
@ QMA € QCMA. Yrnépyet pavteio 4, dote QMAYEQCMA?

? ?
BQP < BPP, BQP C P.

?
BQP C PH. Qupilovpe 61t BPPSPH. Yrnhpyet pavreio 4, dote BQPAEPHA?
Ynapyovv #P-complete mpofAfparta kPavtikng ¢oong?

?
@ GRAPH ISOMORPHISM € BQP? Oupilovpe 6t GRAPH ISOMORPHISM € NP, ad)d Sev yvwpilovpe av
GRAPH ISOMORPHISM € P.

?
GRAPH NON-ISOMORPHISM € QMA? I'vwpilovpe 6Tt GRAPH ISOMORPHISM € coNP n AM.
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