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MovOdPOUEG SUVOPTIOEIG



JUVOPTAOEIG HOVOSPOUEG 1 povAG-KoTeLBuvong (one-way

functions)

» SuvapTNON TIOU Elval EUKOAO VO UTIOAOYIOTEL, GAAG
“BUOKOAND” VO QVTIOTPOPEL

> AmopaiTnTn MPOUTOBEDN Yia KPUTITOYPO@Ia

» [evvnTpleg weudoTuxaldTnTag BacidovTal oTny uTtoBeon
UTIOPENG LOVOSPOUWY CUVOPTIOEWVY

» MOVO JE apeANTED TIOAVOTNTO UTIOPEL VOl AVTIOTPOPEL pla
HOVOdpOUN OLVAPTNGCN OE TTOAUWVUULIKO XPOVO

» Me e€avTAnTikn avalntnon (ekBeTikd XpOVO) pTopei va
QVTIOTPOPEL Pl HOVOOPOUN OLVAPTNON



MovOdpOopEG SUVAPTIOEIG

Eotw ouvaptnon f: {0,1}* — {0,1}*
Opidoupe yia kaBe alyopiBuo A kot KABe TapAUETPO
QOWPOAEING N TO
Meipapa avTioTPeEWPIPOTNTAG INvert 4 /()
1. AlGAe€e x + {0,1}". YroAoytoe y = f(X)
2. O A pe €i0060 10 1" Kall TO Y ETOTPEPEL TO X
3. H €§odog eival 1, av f(X') =y, aAwg 0

Mapatnpnon: Ae xpeladetal va Bpoupe To 1810 TO X, AAA
omoladnmote X, tw. f(X) =y = f(x).



MovOdpOopEG SUVAPTIOEIG

Oplopog
Mia ouvaptnon f:{0,1}* — {0,1}* eivat povodpoun
ouvapTnon av eival:
1. (EUkoAa uTtoAoyiotpn) YTIAPXEl TTOAVWVUHIKOU XPOVOU
aAYOPIBHOG My TIoU TNV UTIOAOYIGEL, ONA. MK(X) = f(X), VX
2. (Abokoha avTioTpéWipn) Ma k&Oe PPT aAyopidpo A
UTTAPXEL APEANTEQ CUVAIPTNON € £TOL WOTE:

Prlinvert 4 (n) = 1] < e(n)

Mo aVOAUTIKE,

Precoy[AQ", f(X)) € F7(f(x))] < e(n)



MovOdpOopEG SUVAPTIOEIG

MopoTnenoELG:

1. Mia cuvapTnon Tou Ogv eival povodpoun dev eival
ATOPAITNTO VO OVTIOTPEPETOL TIAVTO EUKOAX (1] “OuXVA”).
MX. av UTIAPXEL OVTITTOHAOG TTOU OVTIOTPEWPEL Pl OUVAPTNON
e mBavotnTa N0 yiat GAOUS TOUG APTIOUS N (OANG
ATTOTUYXAVEL VIO TOUG HOVOUG), TOTE Bev gival ovodpopn.

2. Av 8l10BETOUPE EKBETIKO XPOVO, TOTE AV LOG HIVETAL EVOL Y
KOl 1 TIOPAUETPOG 0l0POAEiaG 17, UTTOPOUUE VO
SOKIUGoOUPE OAa Ta X € {0,171}, pexpt va BPoupE Eva X,
TETOlO WOTE f(X) = V.



Movodpopeg MeTaBEDELS

Mia ouvaptnon Aepe OTL dlatnpei To punkog av | f(x) |=| x |, ¥x.
Oplopog

Mia povodpoun cuvapTnon Tou S1oTNPEl TO UNKOG Kat gival 1-1,
elval plo povodpoun UETABean.

H Tipn vy kaBopilel povadika To X amd To oToio TTPoNABE.
Napoha autd (TpEmel va) eivail SUOKOAO Vo BPoUE TO X O€
TIOAUWVUULKO XPOVO.



YToWnQleG HOVOSPOUES CUVOPTNOEIG

YTIAPXOUV UOVODPOUEG OUVOPTIOEIG PE TNV TTPOUTIOBECN TTWG
Kamola TpoBANpaTa Eival SUOKOAQ, TLX. TTAPAYOVTOTIOINGON
aKkepaiwy

Nopadetypa 1

Fruie(X, ) = Xy, OUWG PE PEYOAN TIBAVOTNTA TO OMOTEAEOPO GIPTIOG,
omoTe T (2, xy/2) eival preimage. Me kATGAANAO TEEPIOPIOUO YiveTal
povodpoun:

1 fmue(X¥) = (Xv, X[, [y]), (EVAANOKTIKE, X, Y €XOUV (810 URKOG)
2. X,y ipwTol aplBuol icou prkoug

Napadeypa 2

H ouvaptnon f(xa, ..., Xn,J) = (X1, .-; Xns Dy X)), OTIOU KABE X; €lvaut
évag akepalog kal J € {1,2,...,n}. EUpean preimage eival To yWwoTo
NP-mANpeg TpoBANUa Subset Sum. Eival povodpopn;



YTOWNPIEG HOVOSPOUEG HETABEDELG

Nopadetypa 3
EOTW €vog TIPWTOG aplBUOS p UrKOUG n-bits Kol &vag
YEWNTOPAG g € Zj. EOTW £val OTOEND X € Zj. Opidoupe

» H ocuvaptnon autn SloTnpeel To UNKog Kat eival 1-1, dpa
ueTabeon.

» H SuokoAia avTioTpoWnG TNG BaciCeTal oTn GuoKoAia Tou
TPORANUATOG SlaKPITOU AoyaplBuou.

MPOKTIKA CUOTAMATO, OTIWG TO AES, divouv povodpopeg
OUVOPTNOEIG, TLY. UE TNV UTIOBEON OTI €ival PeudoTuXain
HeTaOEON.



MovOSpopeg ouvapThoelg katamaktng (Trapdoor one-way

functions)

MovOdpOUEG CUVAPTAHOEIG TIOU EivVOl SUGKOAO VO OVTIOTPOPOUY,
EKTOG KOl OV EEPOVE KATIOIO PHUOTIKO, TNV KATATIAKTN
(trapdoor).

Nopadetypa

Eotw N = pg, 6TOU P, g PEYAAOL TIPWTOL apLBpol.

H ouvapTnon fu(x) = x> mod N eival pta povodpopn Petddean
UE KOTATIOKTN.

BaoieTal oTnv SUoKOAia EUPEONG TETPAYWVIKWY PI{wWv mod N,
yla oUVOETO N, EKTOG KO Qv EEPOVE TNV TTAPAYOVTOTIOINGN TOU.

VWOoTN WG pHovodpopn petéddeon Rabin (kpumTtooUoTNH)
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suvaptnosig auvowng (hash
functions)




suvopthoelg auvowng (hash functions)

» [VWOTEG KOl WG OUVOPTIOEIG KATOKEPUATIOUOU.
P> SNUOVTIKEG 1B10TNTEG:

> Suumieon h: X — Y, |Y] < [X].

SuvnBweg X = X*, Y = X", 6nAadr n h(x) EXEl OUYKEKPIPEVO
UNKOG Ylo oTioladT|TToTE €l0060 X.

» EukoAia YroAoylopoU O uTtoAOYIoHOG TNG TIHNG h(X) yia
KATIOL0 X YiveTal “eUkoAa”. AnAadn uttdipxel aAyoptOpog A
TIOAUWVUHIKOU XpOVOU, ETOL WOTE YIo KABE X Vo IoXVEL
h(x) = A(x).

» Mia cuvapTNon cuvowng opilel oxeon 10OdUVAUING:

x~x": h(x)=h(x)

AUO oTolxXEla OTNV idla KAGON 1006LVAPInG A&pE OTIL
TpokoAovv cUykpouaon (collision).

n



suvoptnoeig auvowng (hash functions): emBuuNTEG 1516TNTES

EoTtw hash function h: X — Y. H h &xet:

1. AvtioToon MpwTou opiopatog (preimage resistance), ov yla y € Y
elval UTTOAOYIOTIKG HUOKOAO va Bpebel x € X Tw. h(x) = .

2. AvtioTaon 8sUTtepou opiopoTog (2nd preimage resistance), av
yla X € X elvat UTIoAOYLOTIKG SUGKOAO Vo Bpebel X' € X Tw. X # X
kot h(x) = h(x).

3. AuckoAia eUpeang ouykpoloswy (collision resistance /
freeness), av eival UTTOAOYIOTIKG SUOKOAO Vo BpeBolv X, X' € X
€Tol waote h(x) = h(x).

AAa ovopaTa: yio To (2) weak collision freeness, yia 1o (1)
non-invertibility.
TEPd 10XV0G: (3) = (2) = (1) (umo MpoUToBETEI).

One-way hash functions (OWHFs): (1) & (2).
Collision-resistant hash functions (CRHFs): (1) & (2) & (3). 12



suvopthoelg abvowng (hash functions): mapadeiypota

1. f(x) = (x> — ¢) mod p: Bev gival HOVIG KATELOBLVONG AWYOU
N €VPEON TETPAYWVIKWY PI{wY OTO Zy €ival duvatr o€
TIOAUWVUULKO XPOVO.

2. g(x) = x> mod n, n = pq, p,q KPUWOI: AVTIOTACN TIPWTOU
oplopaTog, oAAG OXI avTioTaon 6EUTEPOU OPIOPOTOG
(ytoTi;), emopévwg Sev gival CRHF.

3. h:Z% = Z}, h(x1, %) = &3 mod p, p, q MpWTOL,

p =2q+1, a, B yewntopeg Tou Zj.

Eival yvwoTr) wg ouvéptnon cuvowng Chaum-van
Heijst-Pfitzman kau eivat CRHF av toxvel n Ynobeon
Alokpttou AoyapiBuou otn Zj.
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EniBeon teTpaywvikng pidoag (Mapadoo MevebAiwv)

Oswpnua

Eotw ouvaptnon ovvowns h : X — Y kat n h(x) € Y akoAouBei
opolopoppn Katavoun meavornTag otav n x € X akoAouBei
opoiouoppn karavoun. H mbavotnta va Bpebei alykpouan
uenianérumﬂaendoyﬁx%xﬁ..quewalnqﬂnou%cﬁav

k = 1.17/n, omou n = Y|.

Anodein

NoColl;: bev exoupe oUYKPOUTN OTA {V1, Y2, .o Vit

Exoupe NoColl, av NoColl; yia OAa Ta | < R, dnAadn

Pr[NoColl,] = Pr[NoColly]Pr[NoColl;|NoColly] - - - PriNoCollg|NoColly_+]

» Pr[NoColli] =1

» Av oupBaivel To NoColl;, TOTE N TIBAVOTNTO VO GUYKPOUCTEL TO
Yiy1 ME T TIPONYOUpEVA Elval &
14



EniBeon teTpaywvikng pidoag (Mapadoo MevebAiwv)

amnodei§n — ouv.

Pr{NoColl] = nn—"1...(n—k+1) :H(T—i)

loxuel Vx € R, 1+ x < ¥, omoTe:

ME0- D<M ei=e ™ =7 =

R(k—
PriCollg] >1—e~ "2

15



EniBeon teTpaywvikng pidoag (Mapadoo MevebAiwv)

amodelln — ouv.

R(R—1)
PriCollg] >1—e™ "

Mo va ival EMOPEVWS N TIIBavVOTNTA CUYKPOUONG TOUAGKIOTOV p

OPKEL:

1— e " >p:>|n(1—p)2—%:>l?2—l?—2nlnﬁ20
AUOVOVTOG WG TIPOG R: R > 1+ \/m

Nap = % TPOKUTTEL R > 1.17/n + 1. Mot n = 365, kR > 23. O

YNUAVTIKY e@appoyr) (METAEL GAWY): HEB0H0G
TP OYOVTOTIOINGONG p



Embéoeig yeveOAiwy

> supmépaoua, av h: {0,1}* — {0,1}!, ToTE av ndpw
k = 0(2"?) Tuxaia otoikeia ano To {0, 1}, N TMBAVOTNTA VO
Exw oluykpouaon eival 1/2
> Alapopd 2,212 otnv mpdén: yia aopdiela 128 bits, el
n ouvaptnon hash va divel €€0do 256 bits.
» ASuvapicg emiBeong yeveOAiwy (yio Tov eTTIOEPEVO):
1. TUXQUEG TIHEG UTTOPEL VO Elval GXPNOTEG
2. moAuTAokOTNTa Ta§vopunang O(1 21/2)
3. UTIEPBOAIKG PEYAAOG XWPOG



EmB&oelg yevebAiwy Pe EMAEYHEVA UNVOPATO

» ETAoyn TWY UNVUpaTwWY: Ot TIHEG TTOU OiVOUUE yia Vo
TIETUXOUUE OUYKPOUON, UTTOPOUV VO £XOUV OXEON HETOEY
TOUG, Yla Ttapadetypa n Alice ammoAUeTal Kot BEAEL va BPEl
dUo pnvupata x kat X €Tol woTe H(x) = H(X'), oTou To
TIPWTO A€EL TOUG AOYOUC TNG aTtOAUONG TNG, EVW TO HEUTEPO
ETTAUVETIKA AOYIQL.

> DTiGyvoupe k = ©(2!/2) pnvipoTa oo Tov TTPWTO TUTIO KAl
GAAO TOOO ATIO TO HEVUTEPO KOl TIG EIKOVES TOUG.

“Eivat 6uokoho/amiBavo/omdvio va BPELg pia TOoo
ATToSOTIKN /€PYATIKN /@AOTIUN UTIGAANAO oav TNV Alice. H
SOUAELG TNG €lval KOTOTIANKTIKI)/oUYKQITN /TPWTOTIOPLOK.

> ATIO Topab0Eo yevebAIWY EXOUUE KOAT TIIBAVOTNTO VO TIETUXOUUE
oUyKpouon UETal) UNVULATWY TwY dUO0 TUTIWV.
» OLWG: TO TPOPRANUA TOU HEYGAOU XWPOU TTOPAUEVEL 18



BeATiwpEVES eTIOEDEIG YEVEOAIWV

Mio TTpwTn 16€at:
EmiBeon yeveOAiwy ypappikoU TTAO0UG CUYKPIoEWV
1. TIGpE Tuxaia aPXIKA TIUN X KAl ylo i :==1,2,... UTIOAOYIOE
Xi = H(Xi_1)
2. SUYKPIVE Xj HE Xyfiogi—1: YPAPHIKO TANOOG OUYKPIOEWV.
3. Eir']yr]cr]: Xi = Xj = Yk > 1,X[+;? = Xjtk-
4. H ouykpouon x; = X; 60 eVTOTIOTEL TO APYOTEPO OTNY BEaN
X,j. (Mati; Aoknon!)

Mmopei va uhoTtotnBel o€ oTaBEePO XWPOo: KABE Popd
XPEIOCOUNAOTE HOVO TQ Xj, X5 fiog /1 —1-
ToxuTtepn emiBeon oTabepou Xwpou: SeiTe TOPAKATW.

Mapopola TEXVIKA Kal oTnv peBodo mapayovtomoinong p. 19



BeATiwpEVES eTIOEDEIG YEVEOAIWV

Emifeon yeveOAiwv oTaBEPOU XWPOU
1. Mape Tuxaio apXIKN T Xo KOL yto i > 0 UTTIOAOYIOE
Xi = H(Xj_1) Kat x3; = H(H(Xy(i—1)))-

2. Ye KABe emavoaAnwn eAEYEE X; = Xy EQV vail, TOTE WASE amo
TO X €WG TO X;_q YlO GUYKpPOUON.

3. BPEG EAGXIOTO j WOTE Xj = X4 KOl EMOTPEYE TO Xj_1, Xj4j—1-

20



BeATiwpEVES eTIOEDEIG YEVEOAIWV

ANyoOp10pog EmiBeong MeveOAiwy STabepol Xwpou

Eioodo¢: Suvaptnon obvowng H : {0,1}* — {0, 1}!
E€0806: x # X/, pe H(x) = H(X)
Xo + {0, 1} X =x=xo
for i=1,2,...do :
X = H(x)
X' = H(H(X"))
/] twpa x = HO(xo) kou X' = H)(x)
if x == x break
X =X, X=Xo
for j=1—ido :
if H(x) == H(X') return x, x’
else x = H(x), X = H(X)

/] Twpa x = HO(xo) kat x' = HUH) (xg) .



BeATiwpEVES eTIOEDEIG YEVEOAIWV

AMppa
EoTw X1, ...,Xq N akoAouBia TIHWY HE Xm = H(Xm—1). AV X; = X),
pe 1 <1 <)< q, TOTE UTTAPXEL VA | < | TETOIO WOTE X; = Xy;.

Anodelgn.

H akoAoubBia X, X/11, . . . EMAvVOAaUBaveTal pe TiEpiodo A = J — I.
AnA. ylokaBe i > I kat k= 0,1,..., EXOUPE X; = Xj4pa. EOTW I TO
UIKPOTEPO TTOAAOTIAGCIO TOU A TIOU Elval PHEYOAUTEPO I {00 TOU
I. Exoupe i < J (yiati;). Emeidn i > 1, To 2i ival TOAATAGGIO TOU
A, EXOUUE X; = Xo;. O

22



ETIEKTOION CUVOPTNCEWY GUVOYNG

Merkle-Damgard Hash Function Extension
EoTw h pla cuvapTnon ouvoWnG TTOU OTEIKOVICEL £l0060 PNKoUG
2n o€ £€€060 PNKoUG N. Kataokeuaou e Pla cuvapTnon
olvoyngG H PETARANTOU UNKOUG WG EENG:
» H: pe 0060 eva string x € {0,1}* pnkoug L < 2"
1. ©¢oe B = [£] (mAnBog block Tou x). (Mpdobeoe Pndevika
0TO X WOTE TO UAKOG VO EiVOi TIOAGTIAGGCIO TOU )
(X = Xq,...,Xg). O€0€ Xg41 = L (10 L Suadikn avamapdataaon)
2. O¢oe zo = 0" (Initialization vector)
3. Mai="1,...,B+ 1, UOAOYIOE TO Z; = h(zi_4||x;)
4. 'E€0H0G: Zg 1

23



Katookeury Merkle-Damgard

Zo =1V

XB

l

Xp+1 =1L

l

X1 X2
L

Zq Vi)
h® h®

Ixnua 1: Merkle-Damgard

hS

ZB

hS

2%



ETIEKTOION CUVOPTNCEWY GUVOYNG

Oewpnua

Av n ouvaptnon cuvowng h givai collision resistant, TOTE Kal N
H mou kataokevadletal e T pEBodo Merkle-Damgdrd eivai
emiong collision resistant.

Anodelgn.

Eotw X' = X}..Xg # X = X1..Xg : xg,“ =1, xgy1 =L, pe
H(x) = H(X).

ToTe £xoupe SUO TIEPIMTWOELG:

1. L # L', omote aT0 TeEAeuTaio Bripa eival Zgq = h(zg||L) kat
Zg 1 = h(zg||L"), Gpa olykpouan otny h, aou Ta strings zg||L
Ko Zg, || €lvat SlapopeTika.

2. L=1L', onote B = B'. EOTW 2o, . .., Zg41 Ol TIUEG TIOU TIAPAYOVTAL
amo v H(X), Kal I; = zi_4||X;, Ig+2 = Zp+1. EOTW N 0 HEYOAUTEPOG
SelkTNG, WaTe Iy # I, (UTAPXEL). Aol 0 N péyloTog, EXOUE
Ing1 = Iyq (€181KA Zy = Z)y). ANG TOTE Iy, Iy oUykpouan oTny h.



TUVOPTNOEIG CUVOWNG: HEPIKEG OIKOUN TIAPATNPNOELG

» O1 1o d1aoNnUES ouvapTNOELG, MD5 kKal SHA-T otnpilovTal
o€ TMPAEEIG TTOU BUUICOUV CUHPETPIKN KPUTITOYPOia
(rotation, XOR, mpo0Bean mod23?, Suadikég TTPGEELS) Ka
oTnv Kataokeun Merkle-Damgard.

> YTIEOTNOOV eVTATIKEG ETIOETEIS (emTiBeon yevebAiwy,
length-extension k.&.). H MD5 &gv Bswpeitat TAEov
A0POANG, N SHA-T avTikaTaoTadnke amd Tnv (olkoyevela)
SHA-2, evw éxel avamtuyxBei kot n SHA-3 (Keccak - sponge).

26



Aevdpa Merkle




Aevdpa Merkle

» Evag xpnotng BEAEL va aveRBAOEL pXEio X O€ Evav server.

» OTav To KaTeRAOEL, BEAEL va eAEYEEL av eival To (B10.

» AUON: amOBNKEVEL TOTIKA TO h = H(X), Kal O0Tav KataBadel
TO {nToUupEVO apxeio X eAeyxel H(x') Zh.

P Av £xel TOANG apxeia; YTtapxouv S1a(popeS AUOELC.

27



Aevdpa Merkle

» Acvdpo Merkle pe €i0060 X1, Xo, . .., X Eva SUABIKO HEVOPO
UE PUAND TOL X1, . . . , Xt KO EOWTEPIKOUG KOUBOUG TIG TILES
ouvoWnG TwWV TTOISIWY TOU.

|H(xI X,) l | H(.\'x,.\'4)| | H(x; ,x6)| |H()c7 ,xg)|

e e e ] ] ] ) ]

Ixnuo 2: Aevopo Merkle

» [l boopevn ouvapTnon cuvowng H, oupBoAifoupe pe
MT ¢ Tn OoLVAPTNON TIOU PE €l0060 TA Xy, . . ., X¢, UTIOAOYICEL

To 6evdpo Merkle kai Tn pida Tou dEvopoU. 28



Aevdpa Merkle

Oewpnua

Eotw H ouvdpTtnon ouvowng eAeUBEPN UYKPOUOEWYV. TOTE Kal N
H, MT) eival eAsuBepn ouykpouoswy yia kaBe otabepo t.

29



Aevdpa Merkle

» O xpnoTtng umoAoyiGel To h = MT (X1, . .., Xt), AVERACEL Ta
X1,...,X¢ OTOV server Kot amofnkelel To h (Kot To t)

» OTav 0 XprioTNnG BEAEL TO i-00TO QPXEID, O Server Tou OTEAVEL
TO X; padi pe pia “amodelfn” mr; 0TI €lval TO OCWOTO apxEio

» H amodelfn amoTeAEITl OO TIG TIUEG TIOU €IV YEITOVIKES
0TO POVOTIOTL aTtd TO X; TPOG TN pida.

Nopadetypa EoTw 0TI {NTAEL TO X3. TOTE O Server Tou OTEAVEL TO
X3 MOCH KAl T X4, hy.2, W58

30



Aevdpa Merkle

» Av N H eival eAeUBepn OUYKPOUOEWY, TOTE €ival adUVATO O
server vo OTEIAEl PEUTIKO apxeio (kat amodelgn) mou va
emaAnBeveTAL.

» O xpnotng xpetacetal otabepo xwpo kat O(logt)
ETIKOIVWVIO PE TOV Server yla va TIAPEL TO apxeio.

» Snueiwon: TuvnBbwg exoupe TIG hash TIpEG Twy X; OTa
(UMD TOU Bevdpou.
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XP1OEIG GUVAPTNOEWY GUVOYNG

> WnQIOKESG UTIOYPOPEG. X€ OUVOUAOUO e OAyOPLBHO
UTIOYPOPTG, YIa ETIITAXUVON TNG dladikaoiag.
MNapadeiypota: MD5, Tou xpnolpotmoleital pe RSA oto PGP,
SHA-1 (Twpa SHA-2), ou xpnotpotoleital oto DSS (Digital
Signature Standard), k..

» EAEYX0G yvNolOTNTOG UNvUpaTog — auBevTikomoinon (ue
OLUHETPIKO KAe1b1): keyed hash functions, Ty, HMAC.

> AKePAIOTNTO SESOUEVWY (HE I XWPIG KAELDI).

» Bitcoin: blockchain, proof of work, Merkle trees.

» [evvTpieg weudoTuxaiwy aptBuwy (e random seed +
counter).

» Stream ciphers, oAAG kat block ciphers (SHACAL).
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