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Overview

@ Valiant Vazirani Theorem

© Toda's Theorem
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@ USAT is the satisfiability problem for boolean formulas that are
promised to have at most one satisfying assignment.

o GIF7 is the vector space of dimension n over GF», the field of two
elements.

o Let IF be a field, F” be a vector space over IF, and let E be a subset of
F". Then E is a subspace of F” if:

@ The zero vector, 0, is in E.

@ If x and y are elements of E, then the sum x 4+ y is an element of E.

© If x is an element of E and cis a scalar from F, then the scalar product
cx is an element of E.

@ For a set A of vectors, the orthogonal complement of A is the set
AL =9 [y|¥x € Ax -y =0}, where - denotes inner product.
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Valiant Vazirani Lemma

Lemma
Let S be a nonempty subset of GF5. Let Ey, ..., E, be a random tower of
linear subspaces of GIF7,

{0} = Ey C £y C ... C E, = GF}, with dimE; = i.

Then Pr(3i|SNE|=1) > 3.
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How can we choose a tower of linear subspaces uniformly

at random?

Choose a random basis xj, ..., x, of F”. This can be done efficiently.
Define E; = {X1, ..., Xn_i}©.

Each E; is represented by some random vectors X1, ..., Xn_i.

It holds that Ei_ 1 = E; N {Xq_iz1}+.

For example, if F” = GF3, for n = 4, and the random basis is

{(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)}, then
{(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}* = {(0,0,0,0)}

F ={(1,0,0,0),(0,1,0,0), (0, 0,1,0)}L = {(0 0,0, 0) (0,0 ,0,1)}

Fs ={(1,0,0,0)}* =

{(0,0,0,0),(0,0,0,1),(0,0,1,0),(0,1,0,0),(0,1,0,1),(0,1,1,0),(0,0,1,1),(0,1,1,1)}

Fis = GF;
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Valiant Vazirani Theorem

Theorem ([Valiant and Vazirani, 1986])
NP C RPUSAT.

Proof. We show that SAT € RPYSAT.
That is, we show that there is a polynomial-time bounded probabilistic
oracle Turing machine M with oracle USAT such that:

¢ is satisfiable = Pr(M accepts ¢) > %,
¢ is unsatisfiable = Pr(M accepts ¢) = 0.

@ Let ¢ be the input formula and w a string of random bits that M
produces.

o M(¢p#w) constructs a random tower of linear subspaces F; C GF3 (as
in the Lemma), where n is the number of boolean variables xi, ..., x,
of ¢.

@ For each 0 < i< n, M constructs a formula ;, the satisfying
assignments of which are the n-vectors of F;.
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Valiant Vazirani Theorem

Proof cont.

@ This construction is a straightforward encoding of the inner product
of (x1, ..., xn) with the random vectors representing F;.

@ The machine M queries the oracle on the conjunctions ¢ A v; and
accepts iff the oracle responds “yes” to any of these queries.
@ Let S be the set of truth assignments satisfying ¢.
Q If S# 0, then Pr,(M accepts ¢#w) = Pr(Ji¢ A ; € USAT) =
=Pr(3ilSNF|=1) > 3.
Q If S=0, then Pr, (M accepts ¢p#w) = Pr(Jig A ; € USAT) =
Pr(3i|SNF| =1)=0.
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How we encode F; by ;7

o Let aj,...,a, be a random basis of GF5. Then,
Fio1={a1, ., anip1}" = Fin{ain1}™
@ For example, if ¢ has 4 variables, x1, x2, x3, x4, and the basis chosen is
{ay =(1,0,0,0),a, = (0,1,0,0),a3 = (0,0,1,0),a4 = (0,0,0,1)},
then
@ F, = GF; is encoded by
Ya=(x1Vx))A (2 V—x2)A(x3V —x3) A(xqV —xq), i.e. all truth
assignments satisfy 4.
Q@ F;=F,n{(0,0,0,1)}* is encoded by
Y3 =Yg A (xq V —|X1) A (X V—x) A (x3V —x3) A(—xg), i.e. all the
satisfying truth assignments of 3 correspond to vectors orthogonal to
(0,0,0,1).
@ F=Fn{(0,0,1,0)}* is encoded by
o = Y3 A\ (X1 V —|X1) A (Xz vV —\X2) A (ﬂX3) A (X4 \ —\X4).
Q@ FL=Fn{(0,1,0,0)}* is encoded by
Y1 =Y A (X1 Vxg) A (mx) A (x3V —x3) A (xg V —ixg).
Q@ Fo=Fn{(1,0,0,0)}*+ ={(0,0,0,0)} is encoded by
Yo =Y1 A (ﬁXl) A\ (X2 V ﬁX2) AN (X3 \Y ﬁX3) A\ (X4 V ﬁX4).
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Proof of VVL

Fix a set S C IF5, then for xq, ..., Xp4+1 €r 7,

(a) if0 € S, then Pr(|SN {x1,%2,.... X1} =1) > 1
(b) if0 ¢ S, and 2-1 < |S| < 2/, then

Pr(|SN{x1,X2, ..., X411} | = 1) > %.

Proof.(a) Since we always have 0 € {x1,X2,...,Xn41}+, if 0 € S, then
0 € SN {x1,X2, ..., Xns1}+. For any x € FJ, x # 0, we have for any j that
Pr(xj x=0)= % Therefore, since the x;j are chosen independently,

Pr(xi-x=xXp -X=..=Xpy1 -x=0)= ﬁ Thus
Pr(3x € S—{0},x € {x1,%2, ..., Xn11}T) <
_ 151

1
ZXGS*{O} Pr(x € {x17x27 '--7xn+1}J_) — “ont1 < 5-
It follows that with probability greater than % 0 is the only element of
SN {X], X2, .0y Xn+1}J‘.
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Proof of VVL

Fix a set S C IF5, then for xq, ..., Xp4+1 €R F7,

(a) if0 € S, then Pr(|SN {x1,%p, ... xp11}| =1) > 1
(b) if0 &S, and 2=1 < |S| < 2/, then

Pr(|SN {x1,x2, ..., xip1}1| = 1) > .

Proof.(b) Suppose that 0 ¢ S and 2i=1 < |S] < 2. Define
h(x) = (x1 - X, ...Xj411 - X) € IF’2+1 Then, Prlh(x) = 0] = TL
Suppose now that x # y and x,y # 0. Then,
Prlh(x) = h(y) = 0] = 1/22(*1) for x,.y € S, x # y.
Thus, Pr[dy € S\ {x}.h(x) = h(y) = 0] <
< Yyesip PIA(X) = h(y) = 0] = S5 < 515, since 5] < 2.
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Proof of VVL

Proof.(b) Therefore,

Pr[h(x) =0 and Yy € S\ {x}.h(y) # 0] =

— Prlh(x) = 0] — Pr[3y € S\ {x}.h(x) = h(y) = 0] > 51 — 5% = 5.
Taking the union of these events, which are disjoint, over all choices of
x €S,

Pri3x.h(x) = 0 and Yy € S\ {x}.h(y) # 0] > 425 > 25 = L since
S| > 21,
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Logspace analog of Valiant-Vazirani Theorem

Theorem ([Avi Wigderson, 1994])

STCONN <Y™ UNIQUE — STCONN

That is, there is a logspace bounded probabilistic oracle Turing machine M
with oracle UNIQUE — STCONN such that

1
n3’

G has at least one s-t path = Pr(M accepts G) >
G has no s-t path = Pr(M accepts G) = 0.
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BP- &P C P#P, l

Proof. Let L € BP- @®P. Then there exists A € &P such that for all x
exel=dty:xycA
e xZ¢L=ITy:xyZA
where y has length |x|¥ for some k € N. Equivalently,
o xe L= |WnkAx| =2 oK
o xZ L= |Wnk A X)) < %-2|X|k

where W(nk, A, x) is the witness set

W(nk, A, x) =9 {y € {0,1}X" : x;y € A}.
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Proof cont. Because A € &P, there exists a polynomial-time
nondeterministic TM M such that x; y € A iff accy(x; y) is odd.

We construct M such that

o accy(xy) =1 (mod 2) = accpy(x y) = —1 (mod 2X“™")

o accm(xy) =0 (mod 2) = accr(xy) =0 (mod 2K ™)

How?

The machine M has h™(accp(x; y)), where h(z) = 423 4 3Z2*, and
m = log(|x|* + 1).

It holds that

zis odd = h™(z) = —1 (mod2?")

zis even = h™M(z) = 0 (mod?2%")
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Now we can determine membership in L by a P#F computation as follows:
we construct a new TM N that on input x of length n:

@ generates all possible strings x; y with |y| = n* by nondeterministic
branching, one computation path for each such string,

@ for each x;y, runs M on x; y.
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Proof cont.
acen(x) = X =k acemr (X y) =

Ry
= Zy:ach(x;y) odd -1+ Zy:ach(x;y) even 0 (mOd 21 ) =

— 2|X|k+1

— H{y: |yl = n¥ and accy(x; y) is odd}| (mod 2|X|k+1)
= 2|X|k+1 o ’{y |y’ — nk and X,ye A} _

= 2K W(nk, A, X)].
If we know this quantity we can decide if x € L. Why?
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Recall that L € BP - @& P.
Thus there exists A € ®P such that for all x

o xe L= 2 oM < |W(nk A x)| < 2M =

k k+1
21X < ol

— [W(nk, A, x)| < 32K
o x@L=0< |WnkAxX| <L 2K =

|k+1 ‘k+1

z 2l < kA, X)| < 21

So a polynomial-time TM makes an oracle call for accy(x) and computes
|X|k+1
accy(x) mod 2 .
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