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AwapetdmnTo
Opiopog
TNa a, b € 7Z 0o Aépe 6tL0 “a doupei tov b”, copforkd « | b, av vrdpyal

¢ € 7Z této10 wote b = ca.

@a Aépe 6tL 0 a dev donpei Tov b, cvpBolikd a 1 b, av Ve € Z, b # ca.

[0t TEg
lNa xéBe a,b,c € Z:
l.ala1|a,al0.

.0lasa=0.

a|lbAb|lc=alc.
al|bAbla=a==b.

alb=a|bc.

albhalc=al| (xb+yc)Vx,y €Z.
a|b=lal <|blxna|bAb>0=a<b.

N
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AwapetdmnTo

H Soupetotmra etvon e oxéon pepikng dtatoéng oto N.

Oporoyia
> ayvnolog dtoupétng tov b a | bkar 0 < a < |b|.

> a un teTplupévog dtpémg tov bia | bkorl < a < |b).
> p > 1 npdtoc aplfpoc: povaducol dopéteg Tov o 1 kat o p.

> P, g OYETICO TPMOTOL (Coprime): HOVOSIKOG KOs dtonpétng o 1.

Zyohi HMMY EMIT Ymnohoytotikt) Ocwpio Apudv kar Kpomroypaepis 3/44



Axépara dtaipeon
Oeopnua (Axéparag Aaipeong)
Ta xabe a, b € 7 ue b > 0 vaapyovv povadixa q (quotient, tniixo), r
(remainder, voloimo) (q,r € 7,) tét010. OOTE:
a=qgb+r Kal 0<r<b

Amdoedn
"Eoto to ohvoro
» S# 0 (ny. a— (—l|a| - b) € S) cvvendg éxel Erdyioto oToyEio r < b
(ywoti;). Ymapyet emopévag g € Z t€1010 OOTE
a—gh=r=a=qgb+r, 0<r<b.
» 'Eoto ¢, 7 € Z tét010. dote
a=q¢b+7v, 0</F <b, enopévog0 < |/ —r| <b.
>qb+r=qb+r = (q—q)b=("—r)=lg—4b=|"—rl.
Avg #q toteb || —r| = b < | —r|, drono.
Sovenmg g = ¢ kour = 7. O
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Méyiotog Kowvoc Atopéng (Greatest Common Divisor)

Oecopnuo (MKA)

Eotw a,b € Z kou d = min{xa + yb | x,y € Z, xa + yb > 0}. Toze:
(i)d|axord|b.

@@)d |and |b=d <d.

Amdoedn

» (i)'Eoto d = ka + \b, k, \ € Z, xard eEhdyioto. ©.8.0.d | a.
‘Eoto d 1 a. Tote vrapyovv g, r € Z t€1010. ODOTE
a=qd+r, 0<r<d,
=>r=a—qd=a—q(ka+ \b)=(1—gr)a+ (—\q)b
onodte r € {xa +yb | x,y € Z, xa+yb > 0} xour < d, romo.
Oupota deiyvoope d | b.

» (i) 'Eoto d’ 1éto10 dote d’' | axkond' | b. Tote a = c1d', b = caod'.
Enopévac:

d=rerd +Meod = d |d=d <d.
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MKA: yproiueg 1010treg

Zav ToPIGHOTH TOV TPONYOOUEVOD OEMPNOTOC TPOKVTTOLV TO TAUPOKAT®:

> 0 alyopiBuog tov Evickeidn Bpiokel tov MKA dvo akepaiov apludv
(yati; Bpioket S1aupétn) mov elvor Kol YPOLLLLIKOS GUVOLOGLLOG).

» ged(a,b) =1= 3K, ANEZ, ka+b=1
(xpnon oe gbpeon avrigrpopov modulo b: ka mod b = 1).

» Avc | ab A ged(a,c) = 1t6te ¢ | b
ged(a,c) =1= 3k, AN€Z:ke+da=1=kcb+ ab=b=c|b
(ywoti; ¢ dronpel to 1o pérog).

» Avp npdtog Ap | abtotep | a V p | b:

ged(p,a) € {1,p}. Av gcd(p,a) = p tote p | a. Av ged(p, a) = 1, apod
p | ab ba mpénerp | b.
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Ocpelmoec Osmpnuo ApOUNTIKNG

KaOe arxépaiog aprQuog n > 1 umopei va. ypagrel e Hovaoiko tpomo wg
TETEPATUEVO YIVOUEVO TEPATWOV OPLOUMY.
> Anddein vmapéng: pe  pnébodo g Emay@YNS.

> Amodelln povadikdtrag: omnpiletal oty WdTTa “ov p TpOTOC
Aplabtotep | a vV p | b” oe cuvdvacud e xprion Emay®YNS.

AGKNG61): GUUTANPDOOCTE TIG AETTOUEPELEC.
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[TpdTot apduoti
[Topadetypata
> 2,3,5,...,1097,...,6469, ...

> (333 +10793)107% + 1 (ue 1585 ymoio, marivdpopog Bpédnke to 1987 and tov
H. Dubner)

21257787 _ 1 (ne 378632 ymoia Ppédnke to 1996)
213466917 _ 1 (g 4053946 ymoeia Bpédnke o 2001)
243112609 _ 1 (e 12978189 ymoio Bpébnike to 2008)
257885161 _ 1 (g 17425170 ymoio Ppédnke o 2013)
27A20TZEL ) (ue 22338618 ymoia Ppédnke to 2016)

vV vV.VvY

v

Oeopnuo (Evicieion)

O1 mparror aprBuoi eivor areipol oe TARGoG.

Am6oelln. Eotw 6T1 o1 mpmdTot gival Tenepacpévol oe TANO0G, cuyKEKPLLEVQL

P1,D2, - - - s Pn- TOTE 0 APOUOG p1p2 - . . py + 1 O Sropeitan omd KavEVH TPMOTO
Topd Lovo amd To 1 Kot Tov €aTd ToL, Gpa £Vl TPMTOG, KATL TOL Eivol
Atomo. L]
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AAlyop1Buog Euiieion

function gcd(a, b: integer);
if b = 0 then gcd < a else ged < ged(b, a mod b, )

Oehpnuo (opBoTTa Evicdeidetov alyopibuov)
o alyopiBuog tov Evkieion Ppioker tov MKA 0bo axepaiwv opiBuwmv.

AmodeIEn
» Bpiokel dioupét: ava,b >0 € Z tote ged(a,b) = ged(b, a mod b).

> O duopéng mov Ppickel Pmopel va ypapTel Gov YPORMKOS GUVOVOCHOGC
TOV a, b (yloti;).

» Emouévog eivar o MKA.
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AAlyop1Buog Euiieion

1742 = 3-4944260 132 = 3-35+427
494 = 1-260+234 35 = 1-27+48
260 = 1-234+ 26 27T = 3-843
234 = 9-26+0 8 = 2342
3 = 1241
2 = 2140

ged(1742,494) = 26, ged(132,35) = 1.

> Xpovog ektédeong: O(loga) Srupéoeig, O(log” a) bit operations
(vmoBétovtac a > b).

> Ta k, A 1.0. d = ka + \b propodv va vmoAoy1oToHV GToV 1510 YPOVO:

enektateREVOS alyopidpoc Eukieion.
> XpNoelg: VITOAOYIGUOG avTioTpO@®v modulo 7, ETiAvoT YPULUIK®V
GOTIUIOV, KPUTTTOYpapio Onpociov kA0 (RSA, El Gamal, k.4.).
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Xvvéaptnon ¢ tov Euler

Opiopog

¢(n) givar 1o TAH00G TV apBudY amd to 1 uéypt Kon 7 oL givon oYETIKG
TPAOTOL LLE TOV A.

YrevOouion: m, n oyctikd tpdTol (coprime): Hovadtkog kowvoc dtoupétng o 1.
[310TNTEg

> O(p) = p— 1y p TpdTO.

» o(p?) =p(1 ﬁ) Y10 p TPMTO.

> O(mn) = ¢(m)o(n) yio m, n GYETIKG TPOTOVG,.
Aoknon: arodeilte T0.

Hapaziipnon: o covdeto n, o(n) =n ], (1 /%)
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Ap1Buntikn modulo, 0 dakTOA0G Z),

Yyéon wootipiag (congruence)
» Hrpa&n mod m, m € Z,m > 0, amewcovilel to Z 610
Zm ={0,...,m—1}.
> Avo apBuoli a, b Aéyovton icotinor modulo m, copufoikd a = b
(mod m), av £&govv v idio arekdvion pe Ty tpdén mod m:

a=b (mod m) & ¢ mod m = b mod m = m | (a —b)
» AAAot cvpPoriopoi: @ = b (mod m) N kava = b (m).
» Eivar oyéon wwodvvapiog. Kabe khdon Cr, 0 < k < m — 1, mepi€yet toug
QKEPAIOVE TTOV APTIVOLV VITOAOWTO k av SropeBovv e To m.

> Zm = {Co,C1,Ca,...,Cp_1}. Iho amrd: Z,, = {0,...,m — 1}.
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[Ipaéelg oto Z)y,

> IIpdcBeon: Cy + C; = Ciiyj) mod m-

> TToAamhactoopog: Cp - € = Chod e

» H arewovion ( mod m) : Z v+ Zy, givar opopopoiopos (axpiéotepa
EMUOPPIOUOG).

» [Tio amAd:

(a+b) mod m = (a mod m + b mod m) mod m ,
(a-b) mod m = ((a mod m) - (b mod m)) mod m .

> [lpaktixy onuoocio: avti vo KAVOVUE TIG TPAEELG 0TO Z Kol GTO TEAOC VoL
Bpickove T0 VIOAOITO TNG OOUPESNG LE M1, LTOPOVE VO KAVOLLE TIG
pa&elc katevbeiov 010 Z,y,: oNUOVTIKY Lelmon ypdvov EKTEAECTG GE
TOAAEG TIEPIMTAOGELS.
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Yywon og duvaun modulo m

Enavorlappavopevog Tetpayoviouods (Repeated Squaring)
Eilcodog: a,n,m € 7
"E€odog: a” mod m

X< amod m;y + 1;

while » > 0 do
if » mod 2 # 0 then y < y - x mod m;
x < x> mod m
n<n-=-2

end while

output y

Xpévog extéreang: O(logn) emavadijyeig, O(logn log” m) bit operations.
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Muwp6 Oeompnua Fermat

Oeopnua (ukpd Fermat)

Vprime p, Va € Z, pt a: a*~' =1 (mod p)

Amdoeén.
Tloa € Zpep [ a, to otoyeio
a-l,a-2,...,a-(p—1)
glvan S1epopeTikd avd 390 oTo Zy:
ira=j-a (modp)=plali—j)=p|(i—j)=i=j (modp)
Enopévaca® t(p— 1) =(p—1)!= a1 =1 (mod p). O

ITopdpota amodekvOETAL TO TTLO YEVIKO:

Oeopnua (Euler)
Va € Z,ged(a,m) = 1 = a®™ =1 (mod m).
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Iootwia o€ Z,,, Z, < cotpia 6€ Z,,,
[Tpdtaon
o kébe m,n € N r.o. ged(m,n) = 1, yra ke a, b € Z:

a=b (modm)ANa=b (modn)<a=>b (modmn).

Amdoeln.
(1) Ev0v: Ix,y € Z : a — b = xm = yn. Ané ©. MKA:

1=rm+ An=x=rxm+ \xn = rxyn+ Mxn

=n|x=nm|xm=a—>b.

(if) Avtictpogo: @ = b (mod mn) = mn | (a —b) = m | (a — b), 6pow yio
n.

O]

Zyohi HMMY EMIT Ymnohoytotikt) Ocwpio Apudv kar Kpomroypaepis 16 /44



ANAodn, Yo M, B GYETIKO TPAOTOVE, IGOTILI0 GTO Z,,; KOl 6TO Z; GUVETAYETUL

1GOTILiO GTO Zjyyy KoL OAVTIGTPOPAL.

Me GAAa AOYLQ, 01 1GOTYOL Uy, (1) EVOG OKEPALIOD A G Ly, Ly OVTIOTOLYO

xaBopilovy (LOVadlKa,) TOV 1GOTIUO TOV, E0TW ,y,;, OTO Ly, KOL AVTIGTPOPA.

O apy, unopei va Bpedet amodoticd. Mapatnprote ot
ged(myn) =1=3r,A: 1 =km+ An =

km=1 (mod n) A A\n=1 (mod m)

Tt umopodpe va movpe yuo v wotion (mod 7), (mod m) tov aplOudV:
Kma,, Anay,

[Motog eivon TeEMKd 0 @5 (doKnon)

Av 1 101010 YEVIKEDETOL KO SLOTUTADVETOL TTLO AVGTNPA GTO TEPIPTLLO
Kwéliko Osmpnuo Yroloinwy.
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Kwéliko Ocopnpa Yroroinwv (Chinese Remainder
Theorem - CRT)

Oeopnua (Kiwvéliko Osmpnuo Ynoroinmv)

Eotw éva abotnua icotyicv

x=a; (modm)
xX=as (mod my)

x=a; (mod my)

wote ged(m;, m;) = 1 yia i # j. Tote 10 obotnua éxel povadiki Abon otov
0oKTOALO Ly, M = mymy . . . my. looddvaua.: to odoTnua Eyel drelpes ADoels
010 7 KoL av $1, 52 000 AVoEIS 1oydel s1 = 52 (mod M).
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AmodeIln.

Mo kébei € {1,...,k} opiovpe M; = li Ioyver ged(M;, m;) = 1.
Enopévag AN; € Zy, : N;- M; =1 (mod m;) .

EniongVi #j: N; - M; =0 (mod m;) .

Omndrte pio Ao givor n wapokdto (emaindevore):

k
y:ZNi'Mi'ai
i=1

Av 51, 59 600 SLOPOPETIKEG ADGELS TOTE EYOVLE OTL Yol KAOE i,
51 = s2 (mod m;)
AT6 TpOTAGT TPONYOVUEVNG SLAPAVELNG KOl EXOYWYT TPOKVTTEL:
51 = s2 (mod M)
0l

[MoAvmhoxdtnTa: 1) EMIAVGT TOV CLGTAOTOG YIVETOL GE TOAVWVLIKO ¥POVO.
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Inpavikes ovveneteg tov CRT

Avo 1copopeiopol:

Zmlmg...mk = Zml X ng X ... X ka
®¢ Tpog tpdcbeon, apaipeon Kot TOAAATAAGIUGLO.

(ov mpa&erg otic k-adec opilovran kaTd PHEAN UE TOV TPOPAVT| TPOTO: TA
otoyeia otn Béon i abpoilovtor / moAhomAacidloviol 6Tov SUKTOAO Zyy,)

U(Zmymy..n) = U(Ziny) X U(Zy) X ... X U(Zp,)
®G TPOG TOALATANGLOGHO KoL OlaipEST).
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Ocowpio opdo®mv

» Opdoo (group): evyog (G, %) téT010 DOTE:
Va,be G: axbe G

Va,b,c € G: ax(bxc)=(axb)x*c

Jee G,Vae G:axe=a (10 e &ivor povadikod)
VaeG:3aleG:axal=e¢

vy vV VY Y

Avtipetabetikn (ARelovn) opddo: emmhéovaxb =bxa.
To Lebvyog (Z,,, +) eivon avtypetadeticn opddo.

» Taén (order) memepacpévne opddag: n mAnOKOTNTA TNG.

» Ymoopdada (subgroup):

(S, *) voopdda g (G, *) Hscon (S, *) opdda

» Tpérac. (S, x) eivor vroopddo g (G, *) avv S C G kot S KAEGTO O
TPOG *.
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H molanioaciactiky oudda (U(Z,), -)

[potaon. ged(a,m) = 1 av kar uévo av Ic € Z,, téro10 wote
a-c=1 (mod m).

Amooeien. (i) Evfo: pe yprion Ocmp. MKA.

(ii) Avtiotpogo: Ix € Z, ax =1 (mod m) = m | (ax — 1).
Av ged(a,m) =d > 1toted | m| (ax — 1) = d | 1, dromo.

Opiopog

U Zyy) = a7, gedla.m) = 1} givor 1o 6OVOLO T®V GYETIKE TPOTOV UE
TOV M, TOL AEYOVTOL Kot units Tov Z,,. [lepiéyet axpifmg ta ototyeio tov Zy,
7oV €yovv avtioTpopo modulo m.

To (U(Zy), -) eivar avtipetafetikn opdda pe mAndapibpo ¢(m).
T p mpoto: U(Zy) = Zy \ {0} = Z,.
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Ocwpio opndowv

» Td&n (order) crotyeiov
p def .
ta&na = min{y e N: &’ = e}
» KvkAwn opdda (cyclic group):
(G, %) xoxhc L 3g € (G, %) :Vx e G: P eNix=g
» ['svvitopog (generator)
a yevwnropog g G & t4En a = |G|

IIpétaon: o opdda £xetl yevvinTopa avv eivar KukAkn. H Taén g
opnadog 1oovTal pe Tnv Ta&n Tov yevvntopa. (Acknen: amodei&te.)
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AALeg alyePpikéc OOUES: dOKTOAMOL, GOUATO

Aoxtolog (ring)

(R, +, ) daxtOA0G &
(R, +) avtpetadeTiky opdda
(R, -) povOEWES (TPOCETALPIOTIKT, OVIETEPO)
Va,b,c eR:
a-(b+c)=(a-b+a-c)
(b+c)-a=b-a+c-a (emueplotiKn)

To (Zy, +, -) €lvon avtipetadeticds daktviog (commutative ring): 1 Tpdén -
£YEL EMTAEOV TNV AVTILETAOETIKN 1010TNTAL
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AALeg alyePpikéc OOUES: dOKTOAMOL, GOUATO

Yoo (field)
(F,+, ") copa &
(F, 4+, ) avtetadeTikdg SoKTOAOG

(F\ {e+}, ) avripetabetikn opdda

To (7. +. ), p ipdTOC, £ivar cdpa (ko svpPorileton ko GF(p) 1| Fp).

[Ipotaon. Kabe ooua télng p eivar icopoppixo pe to .
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XOumioka, opdoo TnAiko

» Zoumhoko (coset): to oovoho Hxa = {h*a: h € H,a € G}
Aéyeton de&l ovpmhoko (coset) Tng H ot Gy vmoopdda H g (G, *).
» Opada mniiko (Quotient group) G/H: to cbhvoro Tv copmhdkev me H
omv G
To (G/H, ®) eivar opddo pe mpaén (H « a) & (H x b) = H * (a x b).
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Osopnuo Lagrange

Av H givar vmooudoo. th¢ memepaouévys oudoos G tote
G| = |G/H]| - |H]|

Amoodeiln. Zmmpiletor 6To YEYOVOG 6TL VO CLUTAOKN TaVTICovTOoL 1) eivor Eéva
peta&y tovg.
Hépropa (onpoavtikod!): n 1aén evog 6ToXElOL LI0G TEMEPAGUEVNG OUAONG
dtoupet TV TaEN TG OHAdOC:

Vae G: d¥ =e

ITepartépm mopiopato: ikpd Oempnpo Fermat (opddo (Z;, -)), Osdpnpo
Euler (opdda (U(Zy,), -)). Ot amodei&elg tovg ywpig ypnon ©. Lagrange
POV PYOLV.

[opropa: kaOe opdo e i tpdto aptbpo etvar ko (ywrl; fpeite Evav
YEVVHTOPAQ.).
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M¢éyeBoc yvriolag vtoouddog

[T6piopa tov O. Lagrange
Av (S, *) vrooudda s (remepaouévng) ouadas (G, *) kar S # G tote:

S| < 16G]/2

Zyohi HMMY EMIT Ymnohoytotikt) Ocwpio Apudv kar Kpomroypaepis 28 /44



Fermat (primality) test

"Eleyyoc mpdtov apBucdv Fermat

INa va dodpe av €voc SoopEVOS aKEPALOG 71 EIVAL TPADTOG:

Enléyovpe toyaio a € Z,: ov @"1 # 1 (mod n) téte n cvvbetog (ue
BePardotnTa), aAldg Ape OTL TO 11 TEpvaer To test (Iomg lval TPMOTOC).

>V 0e0TEPT TEPIMTMOT EXOAVUAALBAVOVLLE.

[Ipotaon.

Av y1o advleto n vrapyel Evag jiptopac (compositeness witness), onA.
Ja € Zy, a"~ 1 £ 1 (mod n), w6te vEdpyoVY TOVAGYIGTOV N2 PEPTUPES.
Améoerén. Xpnon . Lagrange o opddo i paptopwv tov U(Zy,).

"EXeyyog Fermat op8d¢ (Whp) yio. oyed6v 6A0VG TOVG aptBpoE.
E&aipeon: apibpoi Carmichael — ovvBetol yopig pdptupa Fermat.
Avtetomion: Miller-Rabin test (apyotepa).
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H doun g opddag Z,

H nolomhaciootikn opdda Z,

» Bivon cokhich: my. Z3; = {1,2,...,10} = {21,22,...,210} (mod 11).

» T kdBe d | (p — 1) mepiéyel axpiPdg pio kKukAikn vroopdda tadéng d
(BA. ko Ogpelddeg Osmpnpoa Kukiikov Opddwv).

> Tlepiéyet akpBds o(p — 1) yevviropeg (Yevikotepa, pio KUKAKY opdda
TAENG F TEPLEXEL (1) YEVVITOPEG — Y1OTL; ).
INo p = 2q + 1, g tpadTo, vVIdpYoLY ¢ — 1 YEVVITOPEG.
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H doun g opddag Z,

H nollomhaciootikn opdda Z,

» "Eleyyog av a yevvftopog: Vd | p — 1.d <p —1: a7 # 1 (mod p) .
TNop =29+ 1,q apoto, ava # —1 ANa'T =1 (mod p), tote a givan
YEVVITOPOG.

> Axppdc Ta picd otoryeia eivon tetpoymvicd vrororo (quadratic
residues) modulo p, dnA. eivon TeTpdywva kamolov aptBpod modulo p.
Ta otoyeio avtd Tavtilovral pe Tig dpTieg SVVALELG EVOG YEVVITOPL:

—1
OR(p) = {g¥ |1<i<P=}

31/44
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H doun g opddag U(Zy,)

H moAdamiociootikh opdda U(Z,,), p, ¢ ipdTot

> Agv glval KokAKN: KaOe otoyeio £xel TAEN TO TOAD
lem(p — 1,9 — 1) | % (BA. kou cuvéaptnon Carmichael).
ILy. otv U(Z15) = {1,2,4,6,7,8,10,11, 13, 14} mpbypatt, kiOe
otouyeio &yet taén 1o modd 4 = lem(3 — 1,5 — 1).

» Tlepiéyet vmoopddo taéng lem(p — 1,9 — 1).

> AkpBag To % TOV oTolYEiOV elvon TeTpay®VIKd vToAouta (quadratic

residues) modulo 7, dnA. givan teTpdyova kamotov apBuod modulo 7.

Ta otoyyeio avtd TpokdIToLY GLVOLALoVTag Le CRT TeTpayVIKA
vrorouta modulo p pe TeTpoyvikd veodloa modulo g.
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Tetpayovika Yrorowra (Quadratic Residues)

Opiopog

"Evag aképarog a € Z,, AMéyeton tetpaywviko vroloiro modulo m av
Ix € Zy:a=x> (mod m)

Tote 0 x Aéyeton terpaywviry pide tov a modulo m.

[Mopatnpnon: onog eidape, Ta ch 6TolyEin TV Z), Kot T0 i TV oToKElV

TOV Zpg (Y100 p, g TPOTOVG) elvar TeETporymviKd vrorouro (modulo p ko pg
avticTol(a).

IMa avtd To oTotyeio Kot PLOVO 01 IGOTILUIES:
x? =a (mod p) x%? = a (mod pq)

&youvv Aoan.

Hopaztnpnon: av xg givar Aoom tote KoL —xg eivan Avon. [1dceg Avoeig
VRapyoLvV;
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[TAn00c¢ terpayovikov ptllov modulo »
[Ipotaon

Eotw p, q mpotor. Tote:

1. Hisotwia x* = a (mod p) éyet eite 0 ite 2 Mboeig ot0 Zy,.

2. Hiootyia x* = a (mod pq) éxet eite 0 eite 4 Aboeic ato U(Zyy).

Amdoeln.

1. Av x1,x9 Moelg g wootiog tote X7 = x% (mod p) dpa
Pl G =x3) =p| (v —x2) (1 +x2) =
plx1—x2)Vp| (1 +x2) = x1 =xVx = —x; (mod p)
2. H Mom g 1ootiog 1coduvapei e m AHon Tomv Vo 160TodY X2 = a
(mod p), x? = a (mod gq).
Eotw 611 n mpdn €)1 AMDOEIS TIG X)), —X, KO 1] 0E0TEPN TIG Xy, —X4. [0t
ko€ Evol O TOLG GLVOVAGLOVG TMV ADGEDY OVTOV (ToL gival 4)

npokvntel, pe yprion CRT, o dtapopetikn Adon Yo TV 160TIpio 6To
U(Z), o to chotnua

Syohfi HMMY EMIT

Yrnoloyiotikii Ocwpio ApBpdv kot Kpumroypoepis
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Tetpaywvikéc pilec modulo n: TpdcOeteg 1010TNTEG

» H mponyodpevn npotaon pmopei va yevikevtei yion = pi'p5? ... p/t
omov 1 avtictoryn e&icmon &gt eite 0 site 2F Moeig.

> TetpyLpéves Teptdcels: 610 Zy,, 10 a = 0 (mod p) €xet pia
teTpayoVvikn piCo, 1o 610 Kot 610 Zpy. 10 Zpy, av a = 0 (mod p), ko
a #Z 0 (mod q) 161€ 10 a éyer 2 pileg mov TPOKHITOVY Amd TO GHOTNHA
x =0 (mod p), x = +x, (mod g) pe ypion CRT.
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Tetpaywvikég pilec modulo 7 ko Taporyovromoinon

O apBudg 1 €yet dvo teTpaymvikég piCec modulo p @ £1.

Emniong éxet 4 tetpayovikég pileg modulo pg: tig +1, xon dAleg 6v0 (Fu # 1
(mod p)q) mov Aéyovrar un teTpupéves pieg g povadag modulo 7.

H vmopén pn tetpupévov pii@v tov 1 modulo 7 cuvictd amdoeién 6t o 7
eivar oOvheTog, kol cuYPOVOG 6ivel AUEGH dVO TOPAYOVTES TOV 71:

ged(n,u £+ 1).

[Hopopoa mAnpoeopia maipvovye amd Ty vmapén 2 un avtibetmv
TETPAYOVIK®OV pLL@V 0mo1ovdnTote apliuov a € Z,.

H 1816tnta vt ypnopomoteital otny amddeién opfotrag tov Miller-Rabin
primality test, Kot og dtipopeg GAleg amodei&els (kpumrocvotnpata RSA,
Rabin, k.Am.).
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Tetpaywvikéc pilec modulo n: Eleyyoc vmaping
[Ipdtaon (Kpupro Euler)

T p mparto, n 1wotuio x> = a (mod p) éyer Abon av kar puévo ov

a7 =1 (mod p) .

Amooeiln.

0.5.0. 01 600 GLVONKEG 1IGOSVVOLOVVY LE a Va vl dpTio SUVOT EVOG
yevwnropa. Eoto 6tia = g8 (mod p) y10 yevwitopa g e Z,. Tore:
Ix:x2 =a (mod p) & 31 : g% =¢g" (mod p)
& 2l=k (modp—1) < kmod2 =0
Eniong, and pkpd ©. Fermat.:

p—1

aTEgg(P_l)El(modp)@p—1|’§‘(p—1)<:>kmod2:0 O

p—1

Hopatijpyon. Yo x60e a € Z; woydvera > = £1 (mod p). H dtnra avm
oyetileral peca pe T cuvdptnon Tov gival Yyvoot g cvfoio Legendre
KoL TN Yevikevon g, To ovpLoro Jacobi. To tekevtaio ypnolonoleital 6To
Solovay-Strassen primality test.
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>vupoiro Legendre

Opiopog
B 1, ifdx:x>=a (mod p)
( ) =< —1, if Ax:x>=a (mod p)
p 0, ifp|a
Av

( g) = 1 161¢ 10 a ovoudletan empaywvikd vrdloiwo modulo p. Av
1%) = —1 161¢ 10 a ovopdleTon TePaYWVIKO Uy vwoAoimo modulo p.

(

Zyoli HMMY EMIT
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[610tntec cvuPBorov Legendre
[Ipotaon

Amdoeln.

(1): dpeca amd Tov opiopd.

(2): ava =0 (mod p) woydet.

AMdg a € Z, onote av a € QR(n) tote and kpunpio Euler woybdet
7 =1= (¢) (mod p).

P
Av a € OR(n) tote emeldn a7 = 41 (mod p), Ba yovpe avoyKaoTIKA:
a7 =-1=(%) (mod p)
(3) and WA 2. Ol

a SAVANaLidaYaYa' A o) 1A ol oo Ton
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[d10t1eg cvuPorov Legendre
[Ipotaon

ifp=3 (mod 4)

1 (mod 8)Vp =7 (mod 8)

1. (_71) — (_1)‘% :{ _t ifp=1 (mod 4)
=3 (mod 8) Vp =5 (mod 8)

H anddeién Pasileror oto akdAovbo:
Anppo

(Gauss) Av 1o winbog TV aroiyeiwy 100 GOVOAOD

{a mod p,2a mod p, ..., ”;la mod p} mov eivar ueyalvtepo. tov % 70
ovuPfolioovue pe | tote 10yvel o1 ( 1%) = (=1~
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[310nTeg svuPdrov Legendre

Oeopnuo (Nopog Tetpayovikng Avtiotpoen|g (Quadratic Reciprocity
Law))

p\ ) (), avp=g=3 (mod4)
N 1), addacde.

Me ypnion Tov VOLOL TETPAYMVIKNG OVTIGTPOPNS, KOl TV TPOTYOVUEV®V

WO0TATOV EXOVLLE VAV TTLO YPYOPO VIOAOYIGHO ToL cupforov Legendre:
O(log’ p).
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2vuPoro Jacobi
Opiopog (ZopPoiro Jacobi)

Ton = p{'ps? . .. pi¥ opilovpe To cvpPodo Jacobi wg e&ng:

k a;
<ﬂ> -T1 "
n pi)

i=1

» To cOuporo Jacobi givar yevikevon Tov cupforov Legendre kot
KAvOmotel T1G 101€G 1010TNTEC EKTOG TNG ap%l = }%) (mod p). To
YEYOVOG 0TO YPNCILOTOLEITOL OTOV EAEYYO TPDOTOV aplOUdY
Solovay-Strassen.

» To cvuBoio Jacobi (%) dev yapaxtnpilel MApmg ™V vIopén Avcemv
mg 1eotipiag x2 = a (mod n). Mpdypott, ov 1 160TIHi0 QLT xEL AVGELS
101€ () = 1 0AAd Sev 1oxDeL TO avticTpogo (.. Y n = pq,

(9 =(9)=-1= (9 =1
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Evenilvta apiBuntikd mtpofAnuoro,

Xapaktnpifovror and v Hapén amodoTikod (ToAV®VLIKOD ¥PEGVOD)
odyopiBpov, vTetepvioTkoD 1 TBovoTIKoD.

> GCD(a. n): ebpeon MKA(a, n).

> Inverse(a, n): vmohoyiopdg a~! mod .

» Power(a, v, n): vmohoyiopds ¢ mod n.

> Primality(n): éAeyyxoc av o n givor mpdTog apldudc.
» Find-Prime(n): gbpeomn TpdOTOL > n.

> Quad-Res(a, n): éleyyog av Ix : x> = a (mod n). T n Tpdro, 1
oLVOETO e YVOOTH TapayovToToine.

> Square-Root(a, n): edpeon x : x2 = a (mod n), av vrdpyet. o n Tpdro,

1 oLVOETO e YVOOTN TTopayovTomoinon.
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Avcenilvto opOunTiKd TpoPAnuoto

Xapaktnpifovtar amd v pn vmopén (O¢ Tope) amodoTiKo (TOAV®VVLUIKOD
1POVOL) alyopiBpov, VIETEpUIVIGTIKOD 1 TBOVOTIKOD.

| 2

>

Factor(n): mapayovionoinon tov .

e-th-Root(c, n): edpgon m : m® = ¢ (mod n). I'vootd Kot ©g
RSA-Decrypt(c, n). Abckoro yia n cOvOeTO pE dyvmorn
TOPOLYOVTOTOINOT).

Discrete-Log(g, a, p): edpeon x : g = a (mod p). AVGKOAO Y10, p TPDTO.
Quad-Res(a, n): é\eyyog av Ix : x2 = @ (mod n). Abokolo yia n
obvvheTO e AyvmoTrn TapayovTomoine.

Square-Root(a, n): ebpeon x : x> = a (mod 7n), av vapyet. AVGKOLO yia

n oHVOETO PE AYVMGT TOPOYOVIOTOINGT).
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