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[1pooeyyioTikol AAyOpIOuOl

O Anodoon XEIpOTEPNC NEPINTWONC YVWOTWY EUPETIKWV
aAyopiBuwyv (apxika Kupiowc anAnoTwy).

O >xedlacpoc poly-time aAyopiBuwyv nou cupnepipepovTal
anodedeiypeEva KaAa yia Kabe aTiypiotTuno.

0 AOYyoC NPOCEYYIONG

, , | ___Jo(Aa(0))
B AAyOpiBuou A yia npofAnua N: vp(A) = gfel%z( £ (0))
B [lpoBAnuartoc MN: 7y = min {’YH(A)}

A poly-time alg
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VLSI Routing

—e— —9—@
O Grid nxn kai k {euyn Kopuwv (s;, t) o gl |
NouU NpENEl va cuvOECOUE YE JovonaTid.
B AUo povo duvaToTnTec yia kabe Zeuyoc j: > — ¢
r(j): npd?Ta sqesia LIET('ZII K(':IGET'CI. o b o 4 o
c(j): npwTa kabeTa peTa eubeia. o t

[0 >uvO&eOEIC MOU eAAXIOTOMOIOUV (POPTIO —o—o—o o
(#povonaTiov) Kabe akunc.
B NP-complete. Ekppaletal wc Akepalo Fpappiko MNpoypapua:

min W
z; € {0,1} Vi € K]
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VLSI Routing

[0 AUVOUNE O€ MOAUWVUNIKO XPOVO TO AVTIOTOIXO

(un Akepaio) Fpapuiko Mpoypappua:
B BeATioTn KAaopaTikn Auon W* < BeATIOTN akeEpaia Auon.

min W
z; > 0 Vj € [K]

[0 NTETEPUIVIOTIKN OTpoyyuAonoinon:
m [iakabe j, av x;" > 1/2 ornv BeATiorn IM-Auon,
(s;, t;) ouvdeeral pe r(j), OlAPOPETIKA HE C(j).
B AOYOG npooeyyiong 2, eneidn max(x;*, 1-x;") = 1/2.
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VLSI Routing

[0 Randomized rounding:

B [ia kabe j, (sJ, t) ouvoeeTal Pe r(j) ue mBavoTnTa X"
dlagpopeTika ouvdeeTal Pe c(j).

B Tuyaia per/Tn W: pgeyioTo gopTio akunc ornv (akepaia)
Auon (Xy, ..., X,,) nou npokunTtel. E[W_] < W

OcToupe m = 2n(n-1) (#akpwv oTo grid).
Eqpappolovrag Chernoff bounds pe e = /3 1In(m/d)/W*
exoupe oti av W* > 31In(m/6), TOTE:

PPr [W < W* + /3~ 1n(m/5)] >1-94

Mponypéva Ocuata AAyopiBuwyv (Avoién 2020) MpooeyyioTikoi AAyopiBuol 5




[evikn MNpooeyyion

O

Xpnoiygonoloupe Tn BeATiotn Auan Tou LP f/kai 1810TNTEC TNC Via
VA KATAoKEUAooUUE (O NMOAUWVUNIKO XPOVO) £(PIKTN AUaCn yid TO
IP kai va avaAUooupuEe To AOyo Npoosyyionc.
B «XTpoyyuAonoinon» BeATIOTNG Auong LP:

(deterministic kal) randomized rounding.
B AuikOoTnTa Kai xpewon kootouc o€ dual variables: dual fitting.
B AuikoTnTa kal complementary slackness: primal-dual.

AvaAuon (npoBAnuaTta eAaxioronoinonc):
B Avw @paypa oTo KOOTOC £QIKTAC Auonc.

B KaTw @paypa oto KooToc BEATIOTNC Auonc: BEATIOTN Aucon LP
N €QIKTA AUoN yia To JUTKO.

B AOyocC npooeyyloncg > integrality gap.
B MeBodoc divel (ouxva KAAUTEPO) avw ppaypa oTo
AOYO MPOOEYYIONG YIa KABE CUYKEKPIMEVO instance.
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KaAuppa ZuvoAiou (Set Cover)

O 3Zuvolo ortoixeiov S = {1,...,n}

O Mn-keva unocUvoAaTou S: Xy,...,Xp, U Xi =S
0 KOOTOC UNOGUVOAWV: Wy, ..., Wy,

0 ZnTouuevo: KAAUuppa Tou S PJe eAAXIOTO KOOTOC.

B EAdaxioTou k0oToug uAAoyn unoouvodwy C : |, Xs = S
B [ = peyioto NnAN6oc cuvoAwv ONoOU AVNKEl KAnolo OTOIXEIO.

min Z;n:l LW,
S.t. Zj:iEXj €L > 1 VielS
z; € {0,1} Vi € [m]

0 NP-0uokoAo npoBAnua.
0 AnAnoTia: KaAUTEPOG NPOCEYYIOTIKOC aAyoplOuoc.
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[evikn MNpooeyyion

O AlaTunwvoupue To NpoBANua wc Akepalo Mpappiko

Mpoypappa (IP). min 37 | z;w;
B Set Cover IP: St. D juex; i =1 Vi€S
z; € {0,1} Vj € [m)]
O «XaAapwvoupe» 10 IP o M'pappiko Mpoypappa (LP).
B Set Cover LP: min Z;"Zl TW;
St D juex; i =1 ViES
z; >0 Vj € [m]
OPTIP(O')

B Integrality gap: max
g Yy gap 5 OPTLP(O')
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Set Cover: St iex, T >1 VieS

>TpoyyuAonoinon

O ‘Eotw x BeATiotn Auon LP pe k6oToc OPT
B EmAeyoupe kaBe oUVoOAo j pe x; = 1/f
0 H Auon ugac €ival eQIKTn:

B VY OTOIXEIO i, AVTIiOTOIXOC NEPIOPIOUOC £XEl #UET/TwV < f
B A@ou abpoiopa > 1, TouAdxioTov pia PeT/TN €XEl Tiun = 1/f

O Katw ppayua:
B Kootoc BeATioTnC (akEpaing) Auong > OPT
O Avw ¢ppayua:

B >TpoyyuAonoinon au&avel TIHEC MET/TWV KATA napayovTa < f

B KooToc €@IKTNC Auonc < f OPT
O Aoyoc npooeyyionc < f
B AOYOC Npooeyyiong < 2 yia vertex cover,
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. m
min Y, 25w,

Set Cover: st Y jiex; B > 1 :iel[;"]
. . £Ej>0 .E m
Randomized Rounding J

O ‘Eotw x BeATiotn Auon LP pe k6oToc OPT
B EmAeyoupe kaBe ouvoAo j avegapTtnta, e mBavotnTa x;
B EnavaAauBavoupe cin(n) gopec, otabepa c > 2
O H Auon upac €ival epiktn (M yeyaAn niBavoTnTa):
BV oToixeio i, mBavoTnTa va punv KkaAu@bei To i < 1/n°¢
Pr[¢ not covered] = H (1 — z;)°n
jueX;
< H e—Ticlnn _ e_CIIlnzg';ier Tj < e—clnn _ 1/nc
jueX;
B [liBavoTnTa va unapxel oroixeio akaAunTto < 1/n<?
O Katw ¢ppaypa:
B KooTocg BeATioTng (akEpaing) Auong > OPT
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. m
min Y, 25w,

Set Cover: st Y jiex; B > 1 :iel[;"]
. . £Ej>0 .E m
Randomized Rounding J

O ‘Eotw x BeATiotn Auon LP pe k6oToc OPT

B EmAeyoupe kaBe ouvoAo j avegapTtnta, e mBavotnTa x;

B EnavaAauBavoupe cin(n) gopec, otabepa c > 2
O Avw @payua (oTo avAueEVOUEVO KOOTOC HIAC EPIKTAG Auonc):

B Pr[X;included] =1 — (1 — ;)" < z;clnn

B AvauevOpevo KOOTOC «Auonc» (pnopei un epiktn) < c In(n) OPT

B AvapevOPEVO KOOTOC QIKTNC AUonc < ¢ In(n) OPT / Pr[AUon epikTn]
0 Aoyoc npoaoeyyiong < 2cIn(n)

B MeTaTponn Tou aAyopiBuou o€ VTETEPUIVIOTIKO (derandomization)
HME TNV NEBODJO Tou conditional expectation.
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Baoikn Id€a (eAaxioTonoinon)

0 Zekivaue ano Katw @paypa oTo KOoToC BEATIOTNC Auonc.
B [evika, KATw ppaypa ekppalsral oav ouvapTnon Kanoiwv
NAapapPETPWV TOU OTIYHIOTUMOU £10000U.
B | P-based aAyopiBpol: KaTw Ppaypa NPoKUNTEl ano
BeATioTn Auon oTto LP relaxation 1 @ikt Auon oTo SUIKO.
O (MoAuwVUNIKOC) aAyopiBUoC: EQIKTH AUON JE KOOTOC < MIAC
ouvapTnonc TWV NApaPeETPWV O0TO KATW Ppayud.
B [ia LP-based aAyopiBuouc:

O ZrpoyyuAonoinon BeATioTnC (kAaopaTiknc) Auonc LP relaxation
g€ akepaila Auan.

O «Merappaon» (Heow complementary slackness) piac epikTAC
AUonc oTo OUTKO Og PIKTH akEpaAla AUON yia TO NPWTEUOV.
O Zuykpion KAaTw Kal avw gpaypaToc divel (avw ppaypa oto)
AOYO Npooeyyionc.
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MAX-CUT

[0 Mn kateuBuvopevo ypapnua G(V, E, w) ue m akueg,
kabe akun {u, v} €xel Bapog w,, = 0.
O Topn: diapepion kopupwyv (S, V\S) ue =S < V.

B >UVOAO GKHJWV NOU agaipean Touc dNUIOUPYEI TOUA. 2
OUVEKTIKEC OUVIOTWOEC.

- deoq TO|J|"]C; W(S7 | % \ S) — ZuES,'UgZS Wy
OO0 MpoBAnua: unoAoyiopoC Piac ToUnC PeyloTou Bapouc.

B NP-complete, aAyopiBpoc pe Aoyo npooeyyionc 0.878
[Goemans, Williamson, 94], randomized rounding o€ SDP.

B NP-complete n npoogyyion Tou ye Adyo > 16/17!

max Zu,vEV Zo W

st. Z2pw<2—2z,—2y VU, VEV
2y < Ty +2y, Yu,v€EV

Mponypéva Ocuata AAyopiBuwyv (Avoién 2020) @ﬁZ@u ,@u{,()ﬁ} V’u,, (% E V

max Z’u,,vEV(xu + Ty — 2Ly Ty )Wy
st. z,€{0,1} YueV




max 3, ey Zutun
St. 2y <2—2y,—2, YU, vV

i L Ty +xy, Yu,v €V
MAX_CUT 0<Zy, 20 <1 VYuveV

O Avw ¢ppaypa otn BeEATIOTN AUON: OuVOAIKO Bapoc akpwv W.
O (AnAOC) aAyopiBuoC: KaGBe KopuPn U EVTACCETAl GTO S
aveEapTnTa e mbavoTnTa 1/2 (dlagopeTika oto V \ S).
B X Bapoc akpwv ornv Toun (S, V \ S) (tuxaia perapAnth).
B Akun {u, v} «diaoxiler» Toun (S, V\ S) pe mbavornTa 1/2.
B Avapevopevo Bapoc akpwyv otnv Toun (S, V\ S):
E[X] = W/2 (ypappikéTnTa pé€ong TIUAG).
B Aoyoc npooeyyionc 1/2.
B MeTaTponn O VTETEPUIVIOTIKO PE conditional expectations.
O T[olog €ival o avTioToIX0C VTETEPHIVIOTIKOG AAYOpIBUOC;

O Tlevikeuon yia MAX-k-CUT, Aoyoc npooeyyionc 1 — 1/k.
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MAX-SAT kalr MAX-k-SAT

[0 MAX-k-SAT:
B Aoyikeg JETaBANTES Py, ..., Pp
B 'Opol Cy, ..., C, e Bapn wy, ..., W,
KaBe 6poc sival pia diadsuén k YeT/TWV N apvAOswWV TOUC.
B >TOXOC: anoTiynon JETABANTWY NOU IKAVvorolEi Opoug
HME PEYIOTO OUVOAIKO Bapoc.
O MAX-SAT (xwpic neplopiouod oto #literals kaBe 6pou):
B KdabBe opoc eival pia 01aleu&n piac N NEPIOCOOTEPWY MET/TWV N
apvnoewyv Touc.
O MAX-SAT kal MAX-k-SAT, k > 2, eival NP-complete npoBAnuara.
B MAX-3-SAT &€xel Aoyo npooeyyiong 7/8 (ektog av P = NP)!
B MAX-k-SAT €xel Aoyo npooeyyionc > 1 — 27K
B MAX-SAT exel AOyo npooeyylionc > 3/4
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MAX-SAT kal MAX-k-SAT:
(AnAoiko) Randomized Rounding

O

O

vV yeraBAnTn p, TiBetal oto 1 avegaprtnta, pe mbavoTnTa 1/2
B (Kabe) Auon eival epikTh.
B Avw Qpayua yia BEATIOTN Auon: ouvoAikO Bapoc W Twv OpwV.
B Katw @paypa oro Bapoc Tnc Auonc pac:
O 'Eotwp, 0 <p <1, T.w. VOopo G, Pr[C; satisfied] > p
O AOyw ypapuIKOTNTAC PMECONC TIMNG, OUVOAIKO Bapoc Auonc > p W
MAX-k-SAT:
B Vopo G, Pr[C, satisfied] = 1 - 27X
B Adyoc npooeyylonc > 1 — 27K
MAX-SAT:
B Vopo G, Pr[C satisfied] > 1/2, agpou |G| > 1
B AoOyoc npooeyyionc > 1/2
Derandomization pe pebBodo conditional expectations.
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MAX-SAT: Randomized Rounding

O XpeladopaoTe KAAUTEPO avw gppaypa otn BeATioTn Auon!
O Aigtunwon wc IP kal «xaAapwon» o€ LP.

max D ie1 ZiWj
s.t. Zz‘epj Ti+ ZieNj (1—zi) 22 VC;= Vz’EPj pi v Vz'eNj i
B, <€ 40<1} Vi € [n]
0<z <1 Vj € [m]

O ‘Eotw (X, z) BEATIOTN AUON LP ue Bapoc OPT = D g Z§W;
O WV ueraBAnTth p; TiBeTal oto 1 ave€aprtnrta, pe mbavoTnTa X,
B Avw @payua yia BeATioTn Auon: OPT
B Katw ppaypa oto Bapoc Tnc Auonc pac:
O 'Ectwp,0<p<l1, T0. VYO0poC, |G| =k, Pr[C satisfied] > p z
O Aoyw ypaupikoTnTac HEONC TIMNG, OUVOAIKO Bapoc Auonc > p OPT
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MAX-SAT: Randomized Rounding

max Z;nzl ZW;
S.L. Zz‘epj T; + ZieNj (1=mi)>2 VC;= Vier pi Vv \/'iENj i
0<z;<1 Vi € [n]
0<z <1 Vj € [m]

O Vv ueraBAnTth p; TiBeTal oto 1 ave€aprtnrta, pe mbavoTnTa X,
B Eotwp, 0<p<l1, 10 VOpoC, |G| = k;, Pr[C satisfied] > p z

Pr|C; not satisfied| = H (1—x;) H x;

i€P; iEN; (1:[1 O‘i) = ;Z;O‘i
kj = =
1 (L—z)+ Y z<k—2z
< |:k'J (Z(l —x;) + sz):| z'EZPj T ,-EZij i — 2

iEPj iENj

2\ ™
k;
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MAX-SAT: Randomized Rounding

max Z;nzl ZW;
S.L. Zz‘epj T; + ZieNj (1=mi)>2 VC;= Vier pi Vv \/'iENj i
0<z;<1 Vi € [n]
0<z <1 Vj € [m]

O Vv ueraBAnTth p; TiBeTal oto 1 ave€aprtnrta, pe mbavoTnTa X,
B Eotwp, 0<p<l1, 10 VOpoC, |G| = k;, Pr[C satisfied] > p z
Pr|C; satisfied] > 1 — e

1 Vze[0,1], 1—e*>(1—1)z
> (1 = —) Zj
€ 1 kj
B [lio npooekTikn avaiuon: Pr[C; satisfied] > [1 — (1 — k_) } Z;
J

O Katw ppayua oto Bapoc tnc Auonc pac: (1 - 1/e) OPT
B Aoyoc npooeyyionc>1 - 1/e
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MAX-SAT: ZuvOuaouEVO
Randomized Rounding

O «AnAoikd» rand. rounding: Pr[C; satisfied] > 1 —27% > (1 — 2 %)z,

1%
O LP-based rand. rounding:  Pr[C; satisfied| > [1 — (1 — k_) } 2;
i

B >SUUNANPWHATIKA CUMNEPIPOPA: «dNAOTKO» KAAUTEPO YIa HEYAAOUC
opouc, LP-based kaAuTepo yia pikpouc opouc!
O EnioTpE@OUNE TNV KAAUTEPN ano TIC AUCEIC TwV OUO aAyopiBuwv.
m ‘Eotw W, kai W, avapevouevo Bapog ano «anAoiko» kai LP-based.
B Avapevopevo Bapoc Auonc: E[max(W,, W>)] > E[(W;+W,)/2]
m  Kabe opog C; auveiopeper aTo E[(W;+W,)/2] BApog TOUAGxIOTOV:

B AnO ypauuIKOTNTA PMEONG TIMNG, avapevopevo Bapog Auong > 3 OPT / 4
B Aoyoc npooeyylonc > 3/4
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MAX-SAT: ZuvOuaouEVO
Randomized Rounding

O TCpagikn anodeign ot 2 [(1—2"%)+(1—(1—3)%)] >3/4, Vk e IN*

2

1,0

0.9

03 /o
3
0,7 1 4
4 1—27*
D,j _I T T T T T T 1
1 2 3 4 5
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Set Cover: Dual Rounding

[0 Set Cover LP kail To dUikO TOU.

min ) ;*, T;w; max » . ;Y
s.t. Zj:z'exj z; >1 VieS S.t. Ziexj i <w; VX
z; >0 Vi € [m] y; > 0 Vi € [n]

O BeATiotn Auon y oTo OUiKO pe «kepdoc» OPT.
BV tight duikO NepIOPIOUO j, EMIAEYOUHE TO GUVOAO X; OTO cover.
O E@ikTn Auon:
B 3 OTOIXEIO | aKAAUNTO: KAVEVAG NEPIOPICHUOG HE y; Oev €ival tight!
B Atono: au&avoupe (Aiyo) To y;, Xwpi¢ napafiaong NepIOPICUWY, Kal
BEATIOVOUNE «KEPDOOC» dUIKNC Auonc.
O Katw @paypa yia BeAtiotn Auon: OPT = abpoiopa Twv vy,
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max » . | Y;

Set Cover: St D jex, Yi Sw; VX
Dual Rounding yi > 0 Vi € [n)

O BeATioTn Auon y oTo OUiKO pe «kepdoc» OPT.
BV tight duikO NEPIOPIOO j, ENIAEYOUHE TO OUVOAO X; OTO cover.

O Katw ¢paypa yia BeAtiorn Auon: OPT = abpoiopa Twv vy,
O Avw ¢ppayua oTo w(C) = Z w; = 2 Z Y;

KOOTOG TNG AUONG HAG: X;ec jconstr. j tight i€X;

= Zyz [{j € [m] : constr. j tight}|

=1

< fzyi
0 AOyoc npoogyyiong < f =

O ‘Aoknon: vOo yia kabe oTiypioTuno,
kKooTocC dual rounding > kooToc deterministic rounding.
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Set Cover: Primal-Dual

[0 Set Cover LP kail To dUikO TOU.

min ) ;*, T;w; max » . ;Y
S.t. Zj:iGXj Z >1 WVieS S.t. Zier Ys < W; \V/XJ
z; >0 Vi € [m] y; > 0 Vi € [n]

O AvTi BeATioTng dual Auonc, pia (katdAAnAn) @ikt Auon nou
«nAnpwver» yia 1o primal kootoc (BA. complementary slackness).

O >uvBnkeg NpwWTEUOVTOG Vi€ [m], z; >0= wij/a <> cx ¥ < w;

(a-XaAapwHUEVEC): ——
B Eniloyn povo a-tight cuvolwv.
O >uvBnkeg duikou Vien], yi>0=>1<3cx,7; <8

(B-xaAapwuEVEC):
B KaBe oToIXEIO NOU «MANPWVEI», KAAUNTETAI TO NMOAU B (POpEC.
B Kdabe tetoio (euyoc (X, y) divel Aoyo npooeyyiong < ap.
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Set Cover: Primal-Dual

O ZuvBnkeg NpwTeUovToG: Vj € [m], z; > 0= Y ,cx, Ui = w;
B EmiAoyn povo tight cuvoAwv.

O ZuvOnkec duikou
(f-xaAapwpeVeCQ):
B KdabBe oToixeio KaAunTeTal To NoAu f popec.
B Kdabfe teToio Ceuyoc (X, y) Oivel Adoyo npooeyyiong < f

PrimalDualSetCover(S, (X1, w1), .. ., (Xm, Wm))
U+ S; y+<0; C+0; =<+ 0
while U # 0 do
take any 2 € U and increase y; until
for some j, > pex. Yo = w;
C—CU{j}; z;,<1; U«U\X;;
return(C, > ;cc W;);

Vieln|, (1, >0=) 1 < > jiex; T < f
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max » . | Y;

Set Cover: St D jex, Yi Sw; VX
Primal-Dual yi > 0 Vi € [n]

O E@ikTn Auon:
B >uvOnkn TEpuATiopgou: OEV UNAPYXOUV AKAAUMTA OTOIXEId.

O KaTtw gppayua yia BEATIoTN Auon: c'|9p0|0|Jc1 TV Y,

O Avw @paypa oTo
KOOTOG TNG AUONG Pag: ngwj z_:% ;{: Yi

O Aoyoc npooeyyiong < f
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Set Cover: Primal-Dual

0 Aoyoc npooeyyiong = f
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