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Acznon 1: Acvprrotizog Lvpporiopos, Avadgopxnés yéoers.

(o) No ToELvounoete TS maQaxrdTw OUVOQTHOELS O avEovoa oelpd TdEng ueyéBovug, va Poelte on-
Mad o dtdrakn g1, 9o, g3, - - - 0L Dote g1 = O(g2), g2 = O(gs), »ox. Ze avti ) didratn, va
ETLONUAVETE TIC CUVAQTHOELS OV €xouvv (Ot TAEN ueyéboug.
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(/082 logz(n!) 9(logs logy n)* log(n!)/(log log n)® n2
n EZ:O (Z) IOg ((2:)) EZ:I k2k EZ:I k2ik

(B) Na vohoyioete v 1dEN neyébovg O( ) twv Moswv tov magaxdtm avadgomxdv oyxéoemv. T
Oleg g oyéoelg, va Bewonoete 6t T'(1) = O(1).

1. T(n) =6T(n/3) +n%logn

2. T(n) =9T(n/3) +n’logn

3. T(n) = 11T(n/3) +n’logn

4. T(n)=T(n/4) +T(n/2) +n
5. T(n) =2T(n/4) +T(n/2) +n
6. T(n) = T(n*?3) + ©(logn)

7. T(n) =T(n/3) + /n.

Aoxnon 2: [lgoBepatizn TaEvopunon

“Eotw pun tagwvounuévog mivaxag A[l..n] agyiwomomuévos og o pnetddgon tov ovvéhov {1,...,n}.
Oélovue va, TOELVOUOOVUE TOV TTivaxa A YONOLUOTOLOVIOS WOV TEOOeuaTInéS mTeQloToPEs. Mia,
TEOOENATIXY] TEQLOTQOWY] VAOTIOLE(TOL EMAEYOVTOS ®ATOW0 £k < 7 ROl AVTLOTQEPOVTOS TN OELRd TwV k
OQLOTEQOTEQWYV OTOLYEIMV TOV Tivaxa, wg eENg:

[A[1],A[2], Al — 1], AR, Alk+10, . ,A[n]] - [A[k:],A[k: —1,..., A[2], A[L], A[k+1], ..., An]

2160 nog eivon va tagvopoovpe tov mivaxo A (og avgovoo oelpd) xdvoviog 600 To duvaTov
MYOTEQES TOOOEUATIXRES TEQLOTQOWES OTNV YXELOOTEQT TTEQITTTWON.

(o) Na datvnddoete alyooBuo mov taEvouel Tov A yoNnoLuomoldvIog 1o ToAU 2n meoBeuatineés me-
o1oteopés. Edd 1 avdlvor cog ogeihel va givor xatd 0 duvatdv oxoung ®ou vor meocdloQitet
TAMEWGS %ol TS 0TaBeQES ()., TO 2n — 3 BewEElTon ROAMITEQO OTtS TO 2n).

(B) ©ewpovpe THQM OTL OL ETUTOEMTES UOS KIVIIOELS ELVOLL OL TTQOONUATUEVES TTOOOEUATINES TTEQIOTQOPES.
Anhadiy, dBe @oed mov €val OToLYEID TOV TEEXOVTOS TIVOXO OUUNETEYEL OE IO TTEQLOTQOPY], OLVTL-
OTQEPOVUE TO TEOONUO TOV:

A[U,A[R), .., ATk — 1], AR, ATk + 1., Aln] | —

[—A[k], Al —1),...,—A[2],—A[1], A[k +1],..., A[n]




O 0T6Y0¢ UOS TAQUUEVEL VO TOELVOUNOOUUE TC, OTOLYELD €TOL DOTE VO ENQAVICOVTOL TEMUD O€
avEovoa oelpd %ol (e To aEYkd (BeTvd) Tovg mEAoNUA, TAEGAO Tov oto evoldueca Priuata,
®rATOLOL TEAONUAL PTOQEL (TTQOCMELVA) VoL Yivouv avnTLxXd.

Noa dtotvndoete akydoiBuo mov TaEvopel Tov mivaxa A yonoLpomoldvTas To Toh) 3n mEoonua-
OUEVES TOOOEUATIRES TEQLOTQOWES.

(Y) ©a Aéue 6t éva Cevyog otowyeiov (A¢fi], A¢[i + 1)) oe évav evdidueoco mivaxa A; (Tov mEoxrUnTeL
and tov A = Ap netd and ¢ SLadoyIRES TEOONUNOUEVES TTROOEUATIRES TTEQLOTQOYES) elva avufard
Stav N améhuty T twv otovxeimv A7) xow Aufi + 1] dwapépel »ord 1 (doa o puotxol aduol
| Ag[d]| mow |Agli + 1] elvon diadoyiror) xaw tow otouyelon Agfi] wow Aifi + 1] elvon taivounuéva otov
mivoxa A; (Mappdvovrag voyn %ot 1o TeAoNIs Tovg).

[ Topdderyua otov mivaxra [4, —2, —1, 3], to Cevydol (—2, —1) gival ouppots (ron xavéva diho),
vt —2 < =1 o 1o | — 2| = 2 wou | — 1] = 1 eivan dadoyxol puotzot aoluor.

1. Na deiEete 6L 1o »a0g evildpeco mivora Ay mov eivau duapoetinds amd tov [—1, —2, ..., —n],
WTOQOVIE VO ROTAOKEVAOOVUE €Va VEO ouppotd Cevryog Emerta omtd 2 To oA TQOONUAOUEVES
TEOOEUATIRES TTEQLOTQOWES.

2. Na dtotvndoete alySoLbpo wov TaEvopel tov A xoNoLomoLdvTag To ToA) 2n TEOCUOOUEVES
TEOOEUATIRES TTEQLOTQOWES.

Aoxnon 3: laitovrog Xagtid

"Eoto o tuyoia avaratepévn 1oamovio ne n vdeteg, aoBunuéves and 1 uéyor wow n. Toafdue
OULVEXMS PUANOL OTTG TNV ROQUPH TNG TOATOVANS (EVOOM VITAQYOUV) %Ol T TOTOOETOUUE OUUPOVOL e
TOVS TOQOUATW RAVOVEC:

— H mpodtn »dota urwaivel otny ®oQuer| wag otoifag.

— T ®dBe emduevn »rdgta ¢, eite (1) N ¢ TomoBeTeltal 0TV ROQUYPY] UOS VIEAQYOVONS OTOIBag, Yo
mv omoia 1 ala g ®deTag ¢ otV xoEueY g eivan peyaivteen amd my atio ™mg ¢ (omdte N
¢ ToroBelton TAvm amd v ¢ waw yivetan ®opuen g otoifag), eite (i) dnwoveyeitar wo véa
otoifo deELdTepa amd TS VIAQYOVOoES e HovadLrG otoLxelo (row xoQueN) T c.

To mauwyvidl ohoxAnodvetal og n yioug, 6tav €xouvv eEavVTANOEl oL #AQTES QTG TNV TOATOUAQL.

Magdderypa. Ocmpovue o Tedmovia pe 6 uila oty eENg oewpd: 6,3, 5,2, 4, 1. 210 10 Yo, 10 6 dN-
woveyet pLoe otoifa. Xtov 20 Y00, To 3 TomobeTelTon TAVW 0TS To 6 oty TEWTN oToiPa. Xtov 30 YUQO,
10 5 elvou peyahiteo Tov 3 xou €ToL TEEMEL VoL EerviioeL xauvovyLa otoifal (omtdTe €Xovue TV ®oTd-
otoon [(6,3), (5)]). Zrov 40 Y600, To 2 prroel va. tortofetOel otV ®OEUPI| OTTOLATOTTOTE ATtS TIg dVO
otoipes (omdte Exovue elte ™V rotdotaon [(6, 3, 2), (5)] elte v »ardotaon [(6,3), (5, 2)]). Avdloya pe
™V emhoy pog otov 40 yUQo, To oy vidL uoel va xotahEet eite oty vatdotoaon [(6,3,2,1), (5,4)]
elte oe wia and ng raraotdoes [(6,3,1),(5,2), (4)] 1 [(6,3), (5,2, 1), (4)] v [(6,3), (5,2), (4,1)].

1. Na dwatvndoete amodotivd akydplbpo mov ehdylotomotel To TANO0S TV ooV mTov dnuLovp-
yovvran xotd T dudoxera Tov oy vidiov. Na atttoloyoete v ogBdtra Tov akyoeiBuov cag %ot
VO EXTIWOETE (%ol VoL TQOOTAONOeTE VoL BEATIOTOTONOETE) THV VTOAOYLOTIXY] TTOAMTAORGTNTOL TOU
akyopiBuov cag oty xeLRoTEQN MEQITTWON.

2. E&Enynote mwg pmoovue va epauocouie Tov okyooBuo tou (1) yia va taEivouoouvpe (e xoovirnd
amodotxo Te6mo) TV Tedmovia. [Totog eivar o xpovog extéheons Tov ahydolBpov TaELvounongs Tov
TEOXVITTEL OTY| XELQOTEQN TEQITTWON;



3. Na meguypodpete ™ Agrtoveyia tTov alyoplOumv mov drotvrwoote oto (1) »ow (2) ue eicodovg
3,2,4,7,8,1,5,6. I[Idoeg otoiPeg mpoxvmrovv; ITowo elval To uixog g REYLOTNS OEOVONS VTTo-
xrohovBiog g eloédov;

4. No deiEete 611 To TMBOC TwV oToLdV OTIS Omoles ratalnyovue (aveEdemra amd Tov alydoldpo
mov axolovBoupe) elvor Tavto PeyohiteQo 1 (00 TV PrOVS TS MEYLOTNG 0iEOVOOS VITamolovBiog
™mg €L06d0V.

5. Bonus: ¢ ox£om pe 10 TESPANUO TS LEYLOTNS aEOVTaS VTtaikoAoVBiaG, TL QOAO TTATEL TO ROQUYALID
otouelo Mg k-00tig (UETQWVTAS amd Ta aQLOTEQA TEog Ta OeEld) otoifag; Me Pdon avtd, va
eEnynoete yati o ahyéolBpog tov (1) Mivel o meofinua ts uéyLotng avEovoog vraxohovbiog. Tu
TOQOTNQE(TE 0 OYEON UE TO UNROS TS UEYLOTNS POivovoag vroxolovbiog;

6. No delEete om yior ®dBe avaxdrepa wag todmovhag pe nm + 1 @idlka, o akydoiBuog tou (1)
Inuovyel elte Tovhdytotov n + 1 otolPeg elre wa otoifa pey€éBovg Tovhdytotov m + 1. Mmopeite
vou OUVOECETE QT TNV TOQOTHENOY GOC (e YVwoTo Bemdonua Tov Atoxoutav Mabnuotinay; No
dwoete o axolovBia eloédov pe 25 xdeTeg 6mov o akydplBuog Tov (1) dnuoveyel 5 otoiPeg
uey€oug 5.

Aoznon 4: I'enjyoon EmiAoyn oto Iledio tng Mayng

Ed® ®au xdmoia xodvia, oL »Atowol TS Ymeos Twv AkyopiBumy gV NmoQotv Vo GUUPOVICOUV M
TEOS TO OO0 ONUAVTLXOL elvan oL alydolbuor s Avadwng Avaliitnong xatl g Quickselect! Ou #d-
TOLXOL €YOVV XWELOTEL 08 QU0 OTEATOTEDN RO RATEXOVV OVO EXTOSEVTES COUATIOIWY TOVS OTotovg Bal
YONOLWOTOooVY oav 6mho. Oewpole tws To Tedio ndyns el T NoEEN oG amépavtng evbelog.
Ou Vo avtpoyoueves TAEVEES TOTOBETOUV TOVS EXTOEEVTES Tovg otig Béoei ¢ = 0 wow z = L. O
EXTOEEVTHE TOV TOMTOV OTQATOTEDOV EXTEUTEL COUOTIOLOL TUTTOV ¢ TTROG Tl OEELA %Ol O EXTOEEVTHE TOV
JEVTEQOV OTEATOTENOV EXTEUTEL CWUATIOLL TUTTOV b TEOG TOL 0OLOTEQA. BemEOVUE TwS M Py Eexivdel
™ Yoovuxy ontyuj ¢ = 0, xal 0 TOOTOS Ue TOV 0moi0 AAAAETLOQOVV Ta. cmuaTidle ®abopileTol amd
TOVG TTOQOXATW KAVOVES:

— Av 800 cowpatidio dLapoQETIROU THTOV CUYXQOVOTOUY HETAED TOVS, TOTE autd eEQAMVOVTAL.
— Av 3o owpotidla (BLov TUITOV OUYXEOVOTOUV UETAED TOVS, TATE TO €VO TROOTEQVAEL TO dANO XWQIg
va, eEAAWO0VY.

H teyvohoyio Twv eXTOEEVTAV EMITEETEL OTNV TAXUTNTOL TWV EXTEUTOUEVWV TOUATIOIMV VoL LETOPA-
et daprde. “Etol, ta exmepumoueva ompotidlo Toaypatorolouy xivnon ue otafepn xorevBuvon
(. To. copaTidL TVTOV @ ®VOUVTOL TTAVTO TEOS TaL deELd o Tar CwpaTida THmoV b ®ivouvtan Tdvta
TOOS TOL 0PLOTEQA), AAMA L amapaitnta opad} (dnA. 1 TovTTa €veg cwpaTdiov WToel vo avgo-
ueLdveTon avboipeto pe tov xedvo). I'vmpiCovpue uovo ot xdbe avioyOuevn TAEVQd eXTOSEVEL N
omuaTidla ®ot 6t 1 ToyvTnTa ®doe cmpatidiov dev umoel ToTé va EemeQdoel T0 Vinax ®oL OEV UTOQEL
mot€ vo. elval wxpdteen and Vipin > 0.

Ou otganyoi Twv dvo oTEATOTEdMV EVOLAPEQOVTAL VoL HABOUV TTOTE YIVETAL 1] TR OUYXRQOVON
ooUaTdimV ®al oo elval To CUATiOL ToV oVUUETEXOVV 08 avth. Na dtoTurtdoete Evav amodoTind
okySoLBuo yior ot To TEOPANUAL ®OL VAL OLTLOAOYNOETE TNV 00HATNTA %Al TNV VTOAOYLOTIXY] TOAVTTAO-
ROTNTO. TOV OAY0oQRIBUOV 0Og, 08 RABENO 0TS TIS TOQAXATW TEQUTTDOELS:

— H mhevpd mov gxtogevel tor ompuatidua a €xel oty SIABeoT] TG €VaV VITEQUIOLOYLOTY TTOV Yol ®AOE
oouatidwo ¢ (To ¢ umoEel va eivon TUmov a 1 Timov b) xow yia xdBe yoovixng oty t > 0 viwohoyiCet
og otafeQ0 XOOVo (o pe amoivty axpifela) ™ B€on Tov ¢ T Yeoviry otyun ¢, av To ¢ eivol To
novadLxé cwnatidlo oto medio ™S WAyns.



— H mhevpd mov extoSevel ta. cwpatidwa b €xer ot dudbeon g Evav dAAO UTEQUTOAOYLOTY TTOU
yioe ®dBe Cevydol copandimv ¢ (Tomov a) o j (tomov b) voloyiCel og oTaBeQ06 YEOVo (naL ue
ool axifela) ™ xoovixy otyuy ¢ wov ta dVo cwuatidlo ouy*QovoVTaL.

Sy e (avt. devteen) meQimTwon, o vrtepuoloylotis Aaupdvel wg eicodo éva Levyog (4,t)
(avt. (i,7)) »ou emotEéPet T BE0m TOV COUATIOIOV 7 TN YEOVIXY] OTLypy £ (CLVT. TN XQOVIXY OTLyUy oV
TOL OWUOTIOLEL © KOLL § OUYRQOVOVTALL) %ot ROVO avTd. Ze ®oBeuict omd T Vo TEQITTDOELS, O YOOGS
00g TOEMEL VoL EAOYLOTOTOLEL TO TAMOOS TV XANOEWV OTOV LVITEQUIOAOYLOTH (WS ouVAQTHON TwV N, L,
Vinax ®ot Vinin).

Aoxnon 5 - Bonus: Egotipara Avijzewy

Baowtopevor o hashing, 6éhovpe vo avamtiEoupe por dopr dedopévav mov SLotneet et ovvoym evog
ouvvéAov S, amoTeEAOUUEVOU OO 1 BETIROVS PUOLROVS 0RLBUOVG, %ol VAOTTOLEL arrodoTind (TQarTirnd, 0
0tafeQ0 XEOVO) TLS TarpordTm Vo Aettovyies: “mpdobeoe To z 010 S”” wauw “éheyEe avx € S”. Ta avtd
TOV 0%0TS, dLOTNEOVRE o ovvoym Tov S oe mivaxa A pe m Béoeig, ueyéfovg evog duadixot Ynpiov
n rabeuia, xow yonowwonoovpe ovvaptioeis hash h : Ny — [m] tétoieg dote Problh(z) = j] = 1/m,
v xdBe z € Ny xau yio ®d0e j € [m]. Amourovue, Téhog, N xofon TuxcdTTas v unv odnyel oe
false negatives (Onh. xdBe apvnuxy amdvinon oto epdTua “x € S?” mpémel va elval o0mOTY), EVAH
umoQel vo. odnyei oe false positives (dnA. umoel o Betixy amdvinon oto gpdTnua “x € S?” va eivol
havBoouévn) e puxen ouwms mlovota.

(o) Zyxedidote wa tétoa dopuny dedopuévav pe xonon woag uévo hash ovvdpmong xou vroloyiote v
mBavotyro og false positive andvinong. [owa eival n mBavémta yuo false positive amdvinon av
m = 8n;

(B) Zyedudote wa tétora dopn dedopévav pe xorion £ > 1 aveEdomrov hash ovvopmioemv xaon vwo-
roylote v mBavomra pwag false positive amdvinong. Iowa eivou n BEATLOTN TLUN Tov K ®ow oL
N avtiotoym mbavotta Yo false positive amdvimon av m = 8n;

Aoxnon 6 - Bonus: [IgoBépara Xvpporoosergiv

Aiveton éva otvoho S amotehodpuevo amd n CUUBOAOCELQES WiHovg 41, . . ., €. ZvpPoliCovue e N =
by + -+ 4 £ 10 ouvOMRS UN®Og TV CUUPOAOCELR®V 0To oUvoho S. OEhovue vo amoBnrevoovpne
TS OVUPONOOELRES TOV S DOTE VoL UTOQOVUE VAL ATOVTAUE ATOOOTIXA EQMTNUOTO UEYLOTOU XOLWOU
meo0EnaTog TS moepng: “Aitvovion k ovuforooelpés si, ...,k € S. Ilowo elval to uéyoto xowo
1d0end tovg;” ITowa dowry dedouévwv Bo YONGLUOTOOETE YL TV ootk amobijwevon v S
®oL ool dopnj dedopévarv / Aettovpyia Bo YONOLUOTOOETE (XAl TWS) YLOL TV OTTODOTLXY ALTTAVTNON
TETOLWV €QWTNUATWV UEYLOTOV %owvoU mEoBEnatog; IToleg elvor oL amautioels o ¥OvVo ®al pviun
YLoL TV ®aTaoxevy g douns amofnxevong tov S, xal oo (VoL 1) YQOVIXY TOAMTAOXSTNTA YIoL TV
Iuoveyia e avtiotolyms dOUNS %ol THY ATdVINoY EQMTHUAT®Y REYLOTOV ®owvou mpobénatos yio k
ovuBorooelpés tov S; (O amavnioels oag 3 ag EIVOL CUVORTIXES - CLOXEL ULOL OTTAY OVOLPOQA OTLS
douég dedouévmv ov Bo YONOLUOTOOETE, OTIS ATALTHOELS O€ XWDQEO XL YEOVO, X0l OTOV TQGTO LE TOV
omoio Ba amavTnBoUV T EQWTHUATO UEYLOTOV XOLVOU TQOHENATOGS).



