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Single-minded bidders

A single-paramerer auction with non-identical items

*The auctioneer has a set M of items for sale

*Each bidder i is interested in acquiring a specific subset of items,
S, M (known to the mechanism)

 If the bidder does not obtain S, (or a superset of it), his value is 0

*Each bidder submits a bid b, for his value if he obtains the set

* Motivated by certain spectrum auctions

 Feasible allocations: the auctioneer needs to select winners
who do not have overlapping sets
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Single-minded bidders

Examples

) g ) g L4

S ={a,b} S, =1{b,d} S, ={a,c,d)

* Inthe example above, the auctioneer can accept only 1
bidder as a winner
* Inthe example below, the auctioneer can accept up to 2

bidders as winners

v v v W

S, ={a,b} S,={c,d} S;=1a,c} S,={b,d}
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Single-minded bidders

Social welfare maximization:

*Given the bids of the players, select a set of bidders with non-
overlapping subsets, so as to maximize the sum of their bids

|t contains the SET PACKING problem, hence NP-hard
*Actually it gets even worse w.r.t. approximation

Theorem [Sandholm "99]: Under certain complexity theory
assumptions, we cannot have an algorithm with approximation
factor better than 1/sqrt(m)

Q: Can we have a 1/sgrt(m)-approximation?
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Single-minded bidders

[Lehmann, O’ Callaghan, Shoham ‘01]: O

e Order the bidders in decreasing order of b./sqrt(s;)
* Accept each bidder in this order unless overlapping
with previously accepted bidders
* Payment i: largest bid b; for set S; with nonempty
intersection with S, .

eThis algorithm achieves
e 1/sgrt(m)-approximation, where m = |M|
* 1/d-approximation, where d = max; s
* Monotonicity and truthfulness.

Final conclusion: truthful polynomial time mechanism with
the best possible approximation to the social welfare
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Single-minded bidders

* Order the bidders in decreasing order of b,/sqrt(s,)®
e Accept each bidder in this order unless overlapping
with previously accepted bidders

e A algorithm’s solution (set of indices accepted by Greedy)
*0 optimal solution (set of indices accepted by OPT)

Wlog. assume that O N A = ().
Partition O into O;, 1 € A, s.t. j € O; if j € O and S; N S; # 0.

Z v < Vi Z V/5j Greedy property
JEO; \/7 J€0;
< Z Rvaen Cauchy-Schwarz ineq.
5i J€0;
Uy
< \/S,I\/a\/.sj |0;| < s; and Zjeoi s;i <m
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Wrapping Up

Single parameter bidders: private information of bidder i is single value v,
expressed by bid b,

Myerson’s Lemma: truthful mechanism iff monotone allocation,
payments are uniguely determined (and virtually always easy to
compute).

« 2" price / Vickrey auction is the only truthful single-item auction.

 Optimal is always monotone: if allocation problem is easy, we also
get computational efficiency.

* If allocation problem is hard, we seek monotone poly-time
approximation algorithms.

e (1-1/k)-approximation in time O(n**') and FPTAS for Knapsack (with
demand known).

* Single-minded bidders / set packing: Greedy wrt b./sqrt(s) is
monotone and O(sqrt(m))-approximation (best possible

approximation in polynomial time). -




Multi-dimensional Bidders /
Combinatorial Auctions
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Set of players
N={1, 2, .., n}

The model

Set of indivisible goods
M={1, 2, ..., m}

24




Combinatorial Auctions

Any auction with multiple items for sale

The players may be allowed to express interest / bids on
various combinations of goods

In practice very active field within the last 10-15 years
e Spectrum licences
 The FCC incentive auction:

e https://www.fcc.gov/about-fcc/fcc-
initiatives/incentive-auctions

* Transportation routes

* Logistics
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Combinatorial auctions

In practice, it seems economically more efficient and
profitable to sell the items together than have a separate
auction for each good

Main challenges:

e Algorithmic: How shall we design the allocation rule
(especially if we have many overlaps in what the
players want the most)?

* Game-theoretic: Can we generalize Myerson’s lemma
to get truthful mechanisms?
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Valuation functions

So far we studied settings where a single parameter v,
determined all the information we needed for a player

Most general scenario: consider that each player has a
valuation function defined for every subset of the items

v,: P(M) > R
* where P(M) = powerset of M (all subsets of M)

* ForeverySc M,

- vi(S) = utility derived for player i if he acquires set S

b.(S) = maximum amount willing to pay for acquiring S

We always assume monotonicity (“free-disposal”):
forall TS, vi(T) £ vi(S).
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Examples of valuation functions

Additive valuation functions

* ForeverySc M, v(S)= 2 ies Vi
* where v;; = utility of acquiring item |

* Hence, the function can be completely determined by
specifying the vector (v.,, v, ..., Vi,

* m parameters for each bidder
* |n such cases, the goods can be auctioned independently:

* The value of an item is not affected by other items
that a bidder may have already obtained
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Examples of valuation functions

In practice, the items may be interrelated with each other
and additive valuations are not appropriate

The value they add to a player may depend on the other
items that the player has

The items may exhibit

* Complementarity: some items may be valuable only when they
are sold together with other items (e.g. left and right shoe)

* Substitutability: some items may be of similar type and should
not be sold together to the same player (e.g. 2 cars with the
same features)
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Examples of valuation functions

Subadditive functions

*For any 2 disjoint subsetsSc M, T < M,
Vi(SUT) L v(S) + vi(T)

*In this case, we have substitutability among the goods

*They are also called complement-free functions (since we
do not have complementarity)
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Value

Examples of valuation functions

Submodular functions

For any 2 subsets S, T, withScTc M, and foreveryjg T

O wTu-v(m SW

“ R Decreasing marginal values

Discrete analog of
concave functions

>
Number of bottles
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Examples of valuation functions

Submodular functions form a special class of subadditive
valuations

Hence, they also do not exhibit complementarity
They play a key role in micro-economic theory

Expressing the fact that utility gets “saturated” as we
keep allocating substitutes to the same player
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Examples of valuation functions

Symmetric submodular
e Special case of submodular functions, where all
goods are identical

* Hence, the final utility depends only on how many items the
player receives

* Applicable for multi-unit auctions

* E.g., auctions for government bonds fall under this framework

* For kidentical items, such functions can be represented
by a vector of k marginal values

" (m(1), m(2),..., m(k)) with m.(j) 2 m.(j+1)

* Where m(j) = additional utility to the player for obtaining the j-th
unit, if the player already has j-1 units
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Examples of valuation functions

Superadditive functions

*For any 2 disjoint subsetsSc M, T < M,
Vi(SUT) 2 v(S) + v(T)

*In this case, we have complementarity

*For example, the items may not have any value if they are
sold on their own, but only when sold in bundles with other
goods

* Single-minded bidders fall under this class
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Relations between different classes
of valuation functions

General

Subadditive
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Social Welfare Maximization

Need to define social welfare in this more general setting
Definition: Let S =(S,, S,, ..., S,) be an allocation of the items to
the players, where S, = subset assigned to player i. Then the

social welfare derived from S is
SW(S) = 2, vi(S)

The SWM problem (Social Welfare Maximization):
Input: The valuation functions of the players (how?)
Output: Find an allocation $* = (S, S,, ..., S,) that produces
the highest possible social welfare:

SW(S®) 2 SW(S) for any other allocation S
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Integer Programming Formulation

ma}{; Ii:si’i(S) min Z p; + Z U;

j€[m] i€[n]
D Ts <1 Vien w>v(S) =Y p, VS
S | jES
Y zis<1 Vje[m] p; >0 Vj € [m]
1,5:7€8
> '
tis >0 w; >0 Vi € [n]

* p;isthe price ofitemjand , _— max{v;(S) — p(S))
u is the utility of bidder i >

 Complementary slackness: in optimal solution (assuming
integrality), each bidder gets a utility maximizing set and
each item with positive price is allocated.

* Optimal solutions, if integral, correspond to equilibrium! ,




Walrasian (Competitive) Equilibrum

 Competitive (Walrasian) equilibrium is price vector
p =(py, -, P,,) and allocation S = (S, ..., S,,) such that

* vi(S)—pl(S) 2 v.(S)—p(S), for any subset S of items.
* Everyitem j with p, > O is allocated.

 Example: two bidders Alice and Bob, two items x and vy.
e Alice has value 2 for x, y and x+y, 0 for empty set.
 Bob has value 4 for x+y and O for anything else.
* p,=p, =2, Alice nothing, Bob x+y is equilibrium.

* |f Bob had value 3 for x+y and O for anything else,
Walrasian equilibrium does not exist!
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Walrasian (Competitive) Equilibrum

Competitive (Walrasian) equilibrium is price vector
p=(py -, P,,) and allocation S™ = (S,, ..., S,,,) such that

* vi(S)—pl(S;) 2 v.(S)—p(S), for any subset S of items.
* Everyitem j with p, > O is allocated.

First Welfare Theorem: (If exists,) Walrasian equilibrium
maximizes social welfare, even among fractional solutions.

For any feasible (fractional) solution z; g, for any bidder i,

v;(S;) — ij > Zﬁ?z? (%(S) — ij) (1)

JES; S JeES
by first condition and because ) z; s < 1.

e We sum up (1) and observe that sums of prices cancel

out, because allocations must be disjoint.
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Walrasian (Competitive) Equilibrum

Competitive (Walrasian) equilibrium is price vector
p=(py -, P,,) and allocation S™ = (S,, ..., S,,,) such that

* vi(S)—p(S;) 2 v,(S) —p(S), for any subset S of items.
* Everyitem j with p, > O is allocated.

Second Welfare Theorem: If LP admits integral optimal
solution, then Walrasian equilibrium exists.

* Follows from complementary slackness conditions.

LP admits integral optimal solution for gross substitutes.

 When price for item increases, the demand for other items does
not decrease.

* Walrasian equilibrium computed by natural tatonnement process.
[Kelso-Crawford, ‘82] Special case of discrete convexity!!!

* http://www.inbaltalgam.com/slides/GS%20Tutorial%20Part%20l.pdf and
http://www.inbaltalgam.com/slides/GS%20Tutorial%20Part%20Il.pdf 44




Walrasian Tatonnement

Demand correspondence:
D(v,p) ={S CU :v(S) —p(S) >v(T) —p(T), VI C U}
Di(p) = {S CU :v(S) = p(S) > w(T) —p(T), VT C U}

An item-price ascending auction for substitutes valuations:

Initialization:
For every item j € M, set p; < 0.
For every bidder i let S; «— 0.
Repeat
For each i, let D; be the demand of i at the following prices:
pj for 7 € S; and p; + € for 7 € S;.
If for all 7 S; = D;, exit the loop;
Find a bidder ¢ with S; # D; and update:
e For every item j € D; \ S;, set p; < p; + ¢
e S; — D,
e For every bidder k # i, S « Si \ D;

Finally: Output the allocation Si,...,5,.
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