YToAOy10TIKI] Ocwpia ApIOpwY Kal
Kputttoypawia

Eloaywyn otn Oswpia AplBuwy

Apng MayoupTlng - 3TaBNG Z&yog



Awupe

Oplopog
Mo a,b € Z Ba Aépe 011 0 “a dlaipei Tov b”, cupBoAika a | b, av
UTIGIPXEL € € Z TETOL0 WOTE b = ca.

Oa Agpe oTL 0 a dev dlaipei Tov b, cupBoAika a1 b, av Ve € Z,
b # ca.

1610TNTES
Mo k6be a,b,c € Z:

—

ala,1|aal0.

0Olasa=0.

albAablc=al|c.
albAbla=a==b.

alb=a|bc.
albanalc=a|(xb+yc)vx,yeZ.
alb=la| <|blkata|bAb>0=a<b.

N 9 Gl @WN



H dlaupeToTnTa ElVaL Pidt OXEON PEPIKNG dlaTagns oto N.

OpoAoyia
» g yvnolog dlalpetng Tou b:a | b kot 0 < a < |b|.

» g un TETPIUPEVOG dlatpeTng Tou b a | b kat1 < a < |b|.
> p > 1TPpWTOG aplOUOG: HovadIKoi dlaipETEG TOU 0 1 KAl O p.

» D, g OXeTIKA TTpwTOL (coprime): HovadIkog Kovog SlaupeTng
o1



Aképala Slaipean

Oswpnua (Aképatog Alaipeong)

Mo kabe a,b € Z pe b > 0 umapyouv povadika q (quotient,

mnAiko), r (remainder, utoAoiro) (q, r € Z) TETOI0 WOTE:
a=qgb+r Kal 0<r<b

Anodein
EoTw To obvoAo S = {a —xb | x € Z,a — xb > 0}.
> S#0(mx a—(—|alb) € S) ouvemwg Exel EAGXIOTO OTOIXEIO r < b
(yiamt;). YTIapyel EMOpEVWE g € Z TETOL0 WOTE
a—-gb=r=a=qgb+r, 0<r<b.
» Eotw @', r € Z TETolo WOTE
a=qgb+r, 0<r <b, emopevwg 0 < |r' —r| < b.

> gb+r=qb+r=(q-q)b=("~r=la-qlb=’~1

Av g # q ToTED < | — 1|, &ToT0. SUVEMWG g =q ko r=r. 0O *



Méeyiotog Kotvog Ataipétng (Greatest Common Divisor)

Ozwpnua (MKA)

Eotw a,b € Z kat d = min{xa +yb | x,y € Z,xa + yb > 0}. Tote:
(i)d|akaid|b.

(i)d" |and |b=d <d.

Anodeign
» (i) Fotw k,A € ZT.W.d = ka+ Ab. 0.6.0.d | a.

Eotw d t a. ToTe UMGPXOLV g, I € Z TETOLO WOTE
a=qd+r, 0<r<d,

=r=a-qd=a—q(ka+ Ab) =(1—gr)a+ (—Aq)b
onoter € {xa+yb | x,y € Z,xa+yb > 0} kai r < d, atomo.
Opola deiyvoupe d | b.

» (i) Eotw d’ Tétol0 woTte d’ | a katd’ | b. Tote a = ¢1d’, b = ¢, d’.

ETOUEVWG:
d=rkcd + ) d = d' |d=d <d. 5



MKA: Xp1\OIHEG 1B1OTNTES

sav TopIoUOTO TOU TTPONYOUUEVOU BEWPAHUATOG TTPOKUTITOUV T
TIOPOKATW:

» 0 aAyoplBuog Tou EukAeidn Bpiokel Tov MKA U0 akepaiwy
apOpwy (BA. TaPAKATW).
» gcd(a,b) =1= Ik, A€ Z, ra+Ab=1
(xprjon og elpeon avtiaTpowou modulo b: ka mod b = 1).
» Avc | ab Aged(a,c) =1T0TE C | bt
ged(a,0) =1= 3k, A€ Z : kC+Aa=1= kcb+ \ab =
b=c|b.
» Av p TpwWTOGAp |abTtétep|a Vv p|b:

Av gcd(p,a) = p TotE p | @. Av gcd(p, a) =1, awou p | ab
Ba mpemel p | b.



OepeNWOEG Oswpnpa ApIOUNTIKNG

KaBe akepalog aplBuog n > 1 umopel va ypawtel e Jovadiko
TPOTIO WG TIEMEPATUEVO YIVOLUEVO TTPWTWY APIBUWY.

> Anodelgn uTapEnG: pe TN uebodo TNG EMayWYNG.

> ATOOEIEN HovadIKOTNTAG: 0TNPICETal oTNV 1dloTNTa “av p
TPWTOG A p | abTotep | a V p | b” o€ ouvduaouo pE Xpron
ETTAYWYNG.

AOKNGN: CUUTIANPWOTE TIG AETTTOUEPELEG.



MpwTol aplOpoi

Nopadeiypata
> 2.3,5,...,1997,...,6469,...
» (333 +107%%)107°" + 1 (pe 1585 wnwia, TOAiVEpOHOG
Bp&dnke To 1987 amd Tov H. Dubner)
» 21257787 _ 1 (ue 378632 wnwia Bpednke To 1996)
> 213466917 _ 1 (g 4053946 wnwia Bpédnke To 2001)
» 243112609 _ 1 (e 12978189 wnia Bpédnke To 2008)
> (2013, 2016, 2017)
» 282989933 _ 1 (e 24862048 wnpia Bpednke To 2018)

Oswpnua (EukAeidn)

O1 mpwtol aptBuol eival ansipol o€ mARBoc.

ATIOOEIEN. EOTw OTI Ol TIPWTOL EiVOL TIETIEPACHEVOL O€ TIARBOG,
OUYKEKPIUEVD P1, P2, - - -, Pn. TOTE O APIOPOG P1p; ... Py + 1 6E 8

SiAIACtTAT AVTTA KAVSN/AY TTALYTA TR LTANA TS TA 1 val TAY, oA Al



ANYOp1B0G EUKAEION

function gcd(a,b: integer);
if b =0 then gcd + a else ged + ged(b,a mod b,)

Oswpnpa (opBoTnTa EukAcidelov aAyopibpuou)
0 aAyopiBuog Tou EukAeibn Bpiokel Tov MKA U0 akepaiwyv
aplBuwyv.

Anodein
» Bpiokel dlalpetn: ava,b >0 € Z TOTE
ged(a, b) = ged(b, a mod b).

» O Sl01pETNG TTOU BpioKel UTTOPEL VO YPAPTEL OOV YPOUUIKOG
OLVOUOOHOG TWV a, b (yoi;).
» Emopevwg eivat o MKA.



ANYOp1B0G EUKAEION

1742 = 3-4944260 132 = 3.35+4 27
494 = 1-2604234 35 = 1-27438
260 = 1-234+4 26 2] = 3:8+3
234 = 9-26+0 8 2:3+42
= 1:-241
2-1+0

ged(1742,494) = 26,  ged(132,35) = 1.

> Xpovog ektédeang: O(log a) dlaipeoelg, O(log® a) bit operations
(umoB¢TovTag a > b).

» To k, A TW. d = ka + Ab UTopoULV Vo UTTOAOYIOTOUV OToV {510 XpOvo:
ETIEKTETAPEVOG OAYOPIOHOG EUKAELDN.

> XPNOEIG: UTIOAOYIOUOG aVTIOTPOWWY Mmodulo n, ETAVON YPOUUIKWY

(OOTIHIWY, KpuTrToypaia Snuoaciou kAediov (RSA, EL Gamal, k.a.).
10



Tuvaptnon ¢ Tou Euler

Oplopog
¢(n) eival To TANBOG TwV apPIBPWY OO TO 1 HEXPL KOL N TIOU
€IVl OXETIKA TIPWTOL YE TOV N.

YevOUUIoN: m, n OXETIKA TTPWTOL (coprime): HOVASIKOG KOIVOG

dlapetng o 1.
1610TNTES
> ¢(p) =p — 1y p MpWTO.

> ¢(p?) = p?(1— §) via p TIPWTO.
> o(mn) = p(m)ep(n) yla m, n OXETIKG TTPWTOUG.

Aoknon: omodeifTe TO.

Mapatnpnon: yio ouveeto n, ¢(n) = n [, ,(1— %)_
n



Ap1OunTikn modulo, o SakTUAIOG Zjy

¥xéon 1ootipiag (congruence)

» Hmpa&n mod m, m e Z,m > 0, anelkovifel To Z 010
Zm={0,...,m—1}.

» AUo aplBuol a, b Aéyovtat t00Tipol modulo m, cupBoAIKA
a=>b (mod m), av £gouv TNV dla ATIEIKOVION PE TNV TIPAEN
mod m:
a=b (mod m)iléfamodm:bmodm@m\(a—b)

» AA\ot cupBoAicpoi: a =b (mod m),a=b (m),a =p b.
» Eival oxeon 1ooduvapiog. KaBe kAdon C,, 0 < kR <m —1,
TIEPLIEXEL TOUG OIKEPQIOUG TIOU OIPI)VOUV UTIOAOITIO R OV

dlaipebouyv pe o m.

» Zm ={Co,C1,Cay...,Cp_q}. Mo OTAQ: Zm = {0,...,m —1}.

12



Mpaéeig oTo Z)y

> Mpoobean: Cr, + G = Ciktj) mod m-

» MoAOTAGCIAOHOG: Cr, - G = Chj mod m-

» H amewkovion © mod m’ : Z — Zpy €ival OLOUOPYIOUOG
(oKkpIBEOTEPQ: EMUOPPIOLOG).

» [0 amAQ:

(a4 b) mod m = (a mod m+ b mod m) mod m ,
(a-b) mod m=((a mod m)- (b mod m)) mod m .

» [lpakTikn onuacio: avti vo KAVOUUE TIG TIPAEEIG OTO Z Kol
0TO TEAOG va Bpiokoupe To uttdAoiTo NG dlaipeong pe m,
UTTIOPOULE VO KAVOUE TIG TIPAEEIG KOTEVBEIQV OTO Zpy:
ONUOVTIKI HEIWON XPOVOU EKTEAECNG OE TIOAAES
TIEPITITWOELC.

13



MikpO Oswpnua Fermat

Oswpnua (pikpo6 Fermat)
Vprime p, Va € Z, pt a: aP~' =1 (mod p)

Anodeign.
Mo aeZuep fa, Ta oTolxeld
a-l,a-2,...,a-(p—1)
£ival SLaPOPETIKA AV VO OTO Zj:
ira=j-a (modp)=pla(i—j)=p|(i—j)=i=j (mod p)
Emopévws aP ' (p =N =(p—N!' = aP" =1 (mod p). O

Moapopola aTOdEIKVUETAL TO TIO YEVIKO:

Oswpnpa (Euler)
Va € Z,gcd(a,m) = 1= a®™ =1 (mod m).

14



Yypwon o€ duvaun modulo m

EmavaAapBavopevog TeTpaywviopog (Repeated Squaring)
Eicodog a,n,m € Z..
E€060G: @ mod m

X< amodm;y <+ T,

while n > 0 do
if n mod 2 # 0 theny < y-Xxmod m;
X < X mod m
n«n-=2

end while

output y

Xpovog ektédeanc: O(log n) emavorrwelg, O(log n log? m) bit
operations.

15



Ocwpia opadwy

» Oudada (group): ebyog (G, *) TETOLO WOTE:
» Va,beG: axbeG
» va,b,ceG: ax(bxc)=(axb)xc
> JecGVacG:axe=a (10 e cival HOVOSIKO)
> VacG:da'eG:axa'=e
AVTIUETOOETIKN (ABeAlavn) opdda: emmAéov a*xb =bxa.
To (evyoG (Zm, +) €ival avTIHETOBETIKN OpadaL.
» Tagn (order) memepaouévng opadag: N TANBIKOTNTA TNG.
» Yrmoopada (subgroup):

(S, *) umoopada NG (G, ) Hscon (S, x) opada

» Mpotaaon. (S, *) eival uooudda TG (G, *) avv S C G Kat S
KAELOTO WG TIPOG . 16



H moAAamAaolaoTikn opada (U(Zy), -)

Mpotaon. ged(a,m) =1av Kat povo av 3¢ € Zpy TETOIO WOTE
a-c=1 (mod m).

Amo6ei€n. (i) EuBU: pe xprion Ocwp. MKA.

(ii) AvtioTpowo: 3x € Z, ax =1 (mod m) = m | (ax — 1).

Av ged(a,m)=d >1710ted | m | (ax — 1) = d | 1, &romo.

Oplopog

U(Zm) = {a € Zn, : ged(a, m) = 1} €ival To OUVOAO TWV OXETIKA
TPWTWY PE TOV M, TIOU AEYOVTOL KOl UNItS TOU Zpy,. MEPLEXEL
aKPIBWG Ta OTOIXEID TOU Zpy TTIOU EXOUV avTioTpoWo modulo m.

To (U(Zm), -) elvat avTIpHeTaBETIKY) opada pe MANBGPIBUO ¢(m).
Mo p mpwro: U(Zp) = Zp \ {0} = Z},.



Ocwpia opadwy

» Taén (order) ototxeiou
T&EN a e min{y e N: @ = e}
» KukAikn opada (cyclic group):
(G, ) kukhk W 3ge G:vxeG:JyeN:x=¢
» [evvrTopag (generator)
a yevwntopag T G (ngdin a = |G|

MpoTaoN: Yo Opada EXEL YEVWATOPO OVV EivOil KUKAIKH. H
TaEN TNG opadag 1ooUTal PE TNV TAEN TOU YEVVITOPO.
(Aoknon: amodeicte.)



AN\EG aAYEBPIKEG HOUEG: SAKTUAIOL, CWHATO

AaxTUALOG (ring)

(R, +,-) daxTUAIOG Ly
(R, +) avTipeTOBETIKA opGda
(R, ) UOVOEIBEG (TTPOOETAUPIOTIKI), OUSETEPOD)
Va,b,ceR:
a-(b+c)=(a-b+a-c)
(b+c)-a=b-a+c-a (empeploTikn)

To (Zm, +, ) €lval avTIHETABETIKOG SakTUAIOG (commutative
rng): n mPAgN - £XEl EMTAEOV TNV GVTIUETAOETIKN 1510TNTAL.

19



AN\EG aAYEBPIKEG HOUEG: SAKTUAIOL, CWHATO

swpa (field)

(F7+7 ) Od)UO( 212;
(F,+, ) OVTIHETOBETIKOG SAKTUAIOG

(F\ {e+},-) avtiyeTaBeTikn opada

To (Zp, +, ), p TPWTOG, €ival owpa (Kot cUpPBOAIZETaL Kat GF(p)
nEFp).

Mpotoon. Kabe owpa 1aéns p eivat I00HOPYIKO pE TO Fp.

20



TOuTAOKa, opada TnAiko

» SUumAoko (coset): To cUvodo Hxa ={h*a:h € H,a € G}
AEyeTOl
6e€l ouumAoko (coset) TNG H 0Tn G yla umoopada H g (G, *).
» Oupada mnAiko (Quotient group) G/H: To GUVOAO TWV
OUUTIAOKWY TNG H 0TV G
To (G/H, ®) eivat opada e TpaEn
(Hxa)® (H*b)=H=(axb).

21



Oecwpnpa Lagrange

Av H eival urtoodda TnG MEMEPACUEVNS OUGSAG G TOTE
|G| = [G/H] - |H|

Anodeién. stnpileTal 0To yeyovog 0TI HU0 cUUTIAOKO TaUTI(OVTOl
N elval Eeva PeTagL TOUG.

Noplopa (onuavTiko!): H Ta€n evog aTolxeiou UIog
TIETIEPACHEVNG OUADOG SlALPEL TNV TAEN TNG OUADOGC:

Nepautépw mopiopara: pikpd Ocwpnua Fermat (opada (Z3, ),
Oewpnua Euler (opada (U(Zm),-)). Ot amobdeielg Toug xwpig xpnon ©.
Lagrange TpOUTIIPXQV.

KaBe opdda pe TaEn mpwTo aptBud ivar KUKAIKY (Gpa £xel

YEWNTOPQ). TPOCOXN: N Z; Sev Exel TOgN MpwTo (aAAG eivat KukAkr!). 22



Fermat (primality) test

‘EAgyxo¢ Fermat
Mo vo GoUE av VoG HOOUEVOC AKEPALOG N ElVal TIPWTOGC:

ETiAéyoupe Tuxaia a € Zp: av a"~' # 1 (mod n) ToTe N GUVOETOG (Ue
BeBatdTNTA), OANWG AEHE OTL TO N TEPVAEL TO test (Iowg ivat TPWTOG).
TNV SEUTEPN TIEPITITWON ETTAVAANUBAVOULIE.

Npotaon

Av yla 0UVBeTO n undpxel évag paptupag (witness) (6nA.

a € Znp, a"~" £ 1 (mod n)), TOTE UTAPYXOUV TOUAAXIOTOV N /2 LUAPTUPES.
ATo6eién. Xpnon O. Lagrange oTnv opudda TwWV Un HopTupWY ToU
U(Zn).

Noplopa: 0 EAeyxog Fermat omavTael GWOTA PE TTOAD HEYOAN
mOAVOTNTA YO TOUG TIEPIOCOTEPOUGS apIlBHOUG. ESaipolvTal OpWS Ol
aptBuot Carmichael: cUVBeTOL Yia TOUG OTIOIOUG HEV UTIAPXEL HAPTUPAG

Fermat. Ma va kaAUWoupe Kat auTtolc: Miller-Rabin test (apyotepa). 23



Méyebog yviolog UTIOOUAdaG

Noplopa Tou O. Lagrange
Av (S, ¥) umoopada tng (memepaopévng) ouddag (G, x) kat S # G
TOTE:

S| < l6l/2

2%



looTipia O€ Zyy, Zp <> \GOTIHIO O Zyp,

NpoTtaon
o kdBe m,n € N Tw. ged(m,n) =1, yia kd6e a, b € Z:

a=b (modm)Aa=b (modn)sa=b (mod mn).

Anodeign.
(i) EuBU: 3X,y € Z : a — b = xm = yn. Ao 0. MKA:

1= KM+ AN = X = KXM + AXN = kYN + Axn
=n|x=nm|xm=a-—b.

(ii) Avtiotpowo: a = b (mod mn) = mn | (a—b) = m| (a - b), dpola
yla n.
O

25



AnAadr), 10OTIUIO OTO Zpy KOl OTO Zp, GUVETIAYETAL IOOTIHIO OTO
Zimn Kal avTioTpoQa.

ETOUEVWG, O IOOTILIO! EVOG QKEPQIOU OTO Zm KAl OTO Zp, E0TW
am, an avrioTolxa, kaBopifouv povadika ToV I00TIUO TOU OTO
Zmn, Kal QVTIOTPOQOQ.

0 ev Aoyw (HOVOBIKOG) 1OOTINOG UTIAPXEL TIAVTO Yial K&BE
Am € Zim, An € Zn, YIO M, N OXETIKG TTPWTOUG — ATIOOEIKVUETAL UE
Xpron Tou ©. MKA:

T=km+In=Fkm=1 (mod n)Aln=1 (mod m)
AOKNON: CUUTIANPWOTE TNV amOSEIEN. (UTTOSEIEN: TI LOOTIHIES

Sivouv Ta TTAPOTIAVW AV AVTIHETABECOUE TOUG OIAIPETEG;)

AuTh N 1610TNTO YEVIKEVETAL KOl SIOTUTIWVETAL TIIO AUCTNPA GTO
mepipnpo Kivediko Oswpnua YToAOITIWV.

26



Kwvéliko Oewpnua Ymoloinwv (Chinese Remainder Theorem -

CRT)

Oewpnua (Kivédiko Oewpnua YToAoinwy)
Eotw eva cuoTnua I00TIHIWY

X=as; (mod my)

=a; (mod my)

X=ay (mod my)

waote ged(m;, m;) = 1yia i # j. TOTE TO OUOTHUA EXEL HOVABIKI]
Avan atov SAKTUAIO Zy, M = mim; ... my. loobduvapua: To
OUOTNUO EXEl ATTEIPEG AUCEIG OTO Z KAl AV Sy,S; U0 AUOEIG
lOXUEI S1 = Sy (mod M).

27



Anodeign.

Mo k&Be i € {1,..., R} opiloupe M; = & loxvel ged(M;, m;) = 1.
Enopévws IN; € Zm : N;-Mi =1 (mod m;) .

Emiong Vi #j: N;- M; =0 (mod mj) .

OToTE pia AUon gival N MopakaTw (EMaAnBelOTE):

R
y=>_ Ni-M-aq
=1

Av s1, 5, 600 SIOPOPETIKEG AUOEIG TOTE EXOUUE OTL Yol KADE |,
S$1=35 (mod m;)
Ao TPOTOION TTPONYOUHEVNG BLOPAVELQG KOl ETTOYWYN
TIPOKUTITEL
S1=35; (mod M)
]

MOAUTIAOKOTNTA: 1 ETIIAUCN TOU CUOTHLATOG YIVETOL O€ TIOAUWVUUIKO XPOVO.



TNUOVTIKEG OUVETIEIEG TOU CRT

AUO 10oUOpPWYIOHOL:

77 ~J

Zimimy...m;, |
WG TPOG TTPOCBEDN, apaipeon Kal TOAATAAGCIOOUO (0t TTPAEELS
OTIG R-GBEG opldovTal KOTA UEAN LE TOV TTPOWAVH TPOTIO: TA
otolxeia otn B€on i aBpoidovral / MoOAaATAGGIALOVTAL OTOV
SAKTUANIO Zpy,.)

Limy X Limy X ... X L,

U(Z/m/n_..m) = U(Z;m) X U(ZH:») X ... X U(Zm)
WG TPOG TTOAAOTIAQCIOOHO Kal dlaipeon.

29



H doun Tng opadag Z;

H TTOAAOTAQOLO0TIKN Opada Zj
» Eival KUKAKN: TUx. Z% = {1,2,...,10} = {21,2%,...,2'%}
(mod 11).
» Mo kaBe d | (p—1) MEPIEXEL OKPIPWG HiOt KUKAIKA UTTOOOOO
TaENC d (BA. Kat OcpeAiwdeg Oewpnpoa KUKAIKWY Opadwv).
> Meplexel okpPws ¢(p — 1) YEVWWNTOPEG:

» {0t KUKAIKE) Opada TAENG r TTEPIEXEL ¢(r) YEVVNTOPEG
> viap =2qg+1,g prime, UTIGPXOUV g — 1 YEVVATOPEG.

30



H doun Tng opadag Z;

H ToOAAaTAQOLOOTIK: OpAdA Z;)

» EAeyxog av a yevvntopag: Vd |p—1.d <p —1: o’ Z1
(mod p).Tap=2g+1,q prime,ava # —1 Aa"T = 1
(mod p), TOTE a €lval YEVWITOPAG.

> AKPIBWG T PIOK OTOIKEID Elval TETPAYWVIKA UTTOAOLTTIA
(quadratic residues) modulo p, dnA. ival TeTpaywva
kamolou aplBpot modulo p. Ta oToixeia autd TawTiCovTal
UE TIG APTIEG HUVALIELG EVOG YEVVATOPA:

; . —1
QR(p) = {g” | 1< < 2=}

31



H dopn Tng opadag U(Zyq)

H moAAamAaGIaOTIKN OUASA U(Zpg), P, G TPWTOL

» Acv eival KUKAIKT: KABE OTOIXElO £XEL TAEN TO TIOAU
lcm(p — 1,9 —1) | (13—1)2& (BA. xat ouvapTnon
Carmichael).
Ny otnv U(Z+s) = {1,2,4,6,7,8,10,11,13, 14} mpayuaTy,
KABE oToIXElO ExEL TAEN TO TTOAU 4 = [cm(3 — 1,5 — 1).

> Meplexel umoopada taéng lem(p — 1,9 — 1).

> AKPIBWG TO 7 TWV OTOIXEIWV Elval TETPAYWVIKG UTOAOITTA
(quadratic residues) modulo n, 6nA. gival TETpAywva
kamolou aplBuou modulo n. Ta OTOIKEID AUTA TIPOKUTITOUV
ouvouadovTag pe CRT TeTpaywvikd uttoAoita modulo p pe
TETPAYWVIKA UTtOAOITTa modulo g.

32



Tetpaywvikd Yrodowma (Quadratic Residues)

Oplopog

EvaG akePALOG R € Zpy AeYETOL TETPAYWVIKO UTTOAOITTO modulo m
av UTIAPXEL | € Zmy TW. R = > (mod m). ToTe 0 [ AéyeTal
TETPAYWVIKY) pi¢a Tou kR modulo m.

Mapatipnon: Onwg eldape, Ta PG OTOIXEIX TOU Zp KOl TO 1
TWV OTOIXEIWV TOU Zpg (VIO p, g TIPWTOUG) Eival TETPAYWVIKA
utoAotrta (modulo p Kat pg avTioToIKa).

Mo aUTO To OTOLXEID KOl HOVO Ol LOOTIIEG:

xt=a (mod p) X¥=a (mod pq)

EXOUV ADOT. Mapatrpnon: av xo ival Abon TOTE Kol —Xo £ival AUor. MOCEG
AUOELG UTIAPXOUY;

33



MARGog TeTpaywvikwy pr{wv modulo n

NpoTtaon

EoTtw p, g mpwToL. TOTE:
1. Hootia X* = a (mod p) éxel eite 0 ite 2 Aboeis ato Z;.

2. Hioomipia x* = a (mod pq) éxel eite 0 ite 4 Aoelg 010 U(Zpq).

Anodelgn.

1. AV x1, X2 NUOEIG TG looTipiag TOTE X; = x5 (mod p) dpa
plOd—=x3)=p|0a—x)00+x)=
pla—x)Vvp|(+x)=x=xVx=-—x (mod p)

2. H Ao NG 100TIpiag 10oduvapel pe T ALon Twy §UO 10OTIHIWY X2 = a

(mod p), x> = a (mod q).

EoTw OTL N MpWTN €xel AVOEIG TIG Xp, —Xp KAl N OEUTEPN TIG Xq, —Xq. MO
KaBe £va amd TOUG oUVELACHOUE TWV AVCEWY AUTWY (TIOU Eival 4)
TPOKUTITEL, e Xprjon CRT, pla S10OPETIKA AVON Yo TV (0OTIWia 0TO
U(Z), omo To oloTnpa

X = £X, (mod p), X = X4 (mod q). 3



TeTpaywVvikeg pideg modulo n: TPOCOETES I610TNTES

» H mponyoupevn TPOTAON UTIOPEL VO YEVIKEUTEL yia
n=ppy... pg” omou n avtioTtolxn e€iowon &xel eite 0 eite
2k Noeic.

> TETPIUUEVEG TTEPIMTWOELG: OTO Zp, TO X2 = 0 (mod p) Exel
pio (81mAn) TeTpaywvikn pida, TNV x = 0 (mod p),
avVTIOTOIXO OTO Zpg (4TAR pila). ITO Zpg, av a = 0 (mod p),
Kot a # 0 (mod q) TOTE To a €xel 2 (BIMAEG) pideg TToU
TIPOKUTITOLY OO TO oLOTNHA X = 0 (mod p), X = X
(mod qg) pe xpnon CRT.
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TeTpaywVIKES pide¢ modulo n kol mapayovTomoinaon

O aplBuog 1 éxel VO TETPAYWVIKEG pileg modulo p : £1.
ETtiong éxel 4 TeETpaywVvIKES pideg modulo pg: TIG &1, Kal AAAEG
600 (£u # 1 (mod pq)) TOU AéyovTal [N TETPLUUEVES PITEG TNG
povadag modulo n.

H umapén un TeTplupévwy ptdwy Tou T modulo n ouvioTa
amOdEIEN OTIL 0 N €lval OUVOETOC, KOl OUYXPOVWG bivel apeoa
duo mapayovTeg Tou n: ged(n, u £ 1).

Mapopola mTAnpoWopia maipvou e amo TNV UTTOPEN 2 un
QVTIBETWY TETPAYWVIKWY PI{WwY 0TIoIoUdHTIOTE aplBuol a € Zy,.
H 1816TNTa auTn XPNOLUOTIOLETOL OTNV aTOBEIEN 0pBOTNTAG TOU
Miller-Rabin primality test, kot o€ S16opeG AANEG aTTOOEIEEIG
(kpumTroouoTnaTa RSA, Rabin, KATL).
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TeTpaywvikeg pide¢ modulo n: EAeyxog UTIAPENG

Npdtaon (Kprtripto Euler)

Ma p mpwto, N tooTiuia x> = a (mod p) &xel AUan av kat Hovo av
p—1

az =1 (modDp).

Anodeidn.
Oa dei€oupe OTL Kal ol U0 CUVONKEG 1OXVOUV AV Kol HOVO OV TO a Eival apTia
Buvapn evog yewnopa. EoTw 6T a = g* (mod p) yia yewrtopa g g Z;.
ToTe:
Ix:x* =a (mod p) < 3: g = g* (mod p) < 2l =k (mod p — 1) < kmod 2 = 0.
Emtiong, amo pikpo O. Fermat.:
a" =gtV =1 (modp) & p—1]|Lp—1) e kmod2=0

Mapatrpnon. yio k&8s a € Zy 10XVEl a’T = +1 (mod p). H 1610TNTa auTH
OXETICETOL GUEDO PE TN CUVAPTNON TIOU Eival YWWOTH wg oupBoAo Legendre
KOl TN YEVIKELOT) TNG, TO OUPBOAO Jacobi. To TEAEUTAIO XPNOIUOTIOIEITAL OTO

Solovay-Strassen primality test. 37



T0uBoAo Legendre

Oplopog

1, ifIx:x*=a (mod p)

<a> —1, if Ax:x*=a (mod p)
0, ifp|a

Av (%) = 1 TOTE TO A OVOUAGCETAL TETPAYWVIKO UTTOAOITTO modulo
p. Av (%) = —1 TOTE TO A OVOUACETAL TETPAYWVIKO [N UTTOAOITTO
modulo p.
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1610TNTEG oUPPBOAOU Legendre

NpoTtaon
1. m=n (mod p) = (7) = (3)
2. (9)=a"7 (mod p)
3. (82)=(5)(2)

Anodelgn.

(1): dueoa amo TOV 0PIOUO.
(2): ava =0 (mod p) toxveL
AMwWG a € Zj, oToTe av a € QR(n) TOTe amo kpitrpto Euler 1oxvel
a’7 =1=(2) (mod p).
Av a ¢ QR(n) TOTE €MeIdN Q" = 41 (mod p), Ba eXOUE AVOYKOOTIKA:
p—1 o

a7 =-1=(3) (mod p)

(3) amo 1dlotnTa 2. O

SNUavTIKO: N 1810TNTA (2) ivel vav amodoTIKO aAyOPIOO UTIOAOYICHOU TOU 39
ouuRONoU Legendre.



1610TNTEG oUPPBOAOU Legendre

NpoTaon

Sy B 1, ifp=1 (mod 4)
1. (71)*( 1) { —1, ifp=3 (mod &)

, <2>_ 1, ifp=1(mod8)Vp=7 (mod 8)
AV ifp=3 (mod 8)Vp=5 (mod 8)

H amnodel§n Baociletal oto akoAouBo:
Appo

(Gauss) Av To MANBOC TwV OTOIXEIWV TOU TUVOAOU

{a mod p,2a mod p, ..., DT’WG mod p} mou €ival YeyaAUTEPQ TOU

£ 10 oupBoAiooupe pe p TOTE 10XUEL OTI (%) = (-1
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1610TNTEG oUPPBOAOU Legendre

Oswpnua (Nopog Tetpaywvikng Avtiotpowng (Quadratic
Reciprocity Law))

(5)-{"

Mg Xpnon Tou VOHOU TETPOYWVIKNG QVTIOTPOPNG, KAl TWV
TIPONYOUUEVWY (BIOTHTWY EXOUUE EVaV TILO YPNYOPO UTIOAOYIOUO
Tou oupBoAou Legendre: O(log? p).

), avp=qg=3 (mod &)
), OAAIWG.

TOTIQ
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T0pBoAo Jacobi

Oplopog (SupBoAo Jacobi)
Mo n = p{'ps...pp+ opifoupe To cUPBOAO Jacobi wG €8N

(@ -11(2)"

=1

» To oUpPoAo Jacobi gival yevikevon Tou ouuBvou Legendre
KOl IKQVOTIOLEL TIG {BIEG 1810TNTEG eKTOC TG a 7 = G
(mod p). To yeyovog auTO XpnolPOTIOLEITaL OTOV a)\ay)(o
TPWTWYV aplBuwy Solovay-Strassen.

> To oupPBoAo Jacobi (9) dev xapakTnpidet MANPWG TNV
uTapEn AVCEWY TNG 100TIHIaG X2 = a (mod n). MpayuaTi, av
N 100Tihiot auTh exel AVOEIG TOTE (2) = 1 aAAG Sev 1oxUEL TO

avTioTpoWo (Y. yio n = pq, (g) = (g) =-1=(9) =1 42



'EAEYX0G TTPWTWV aplOpuwv Miller-Rabin

1. EOTw n € Z BeTIKOG TMEPITTOG aplOUOG.

2. EmAéyoupe Tuxaia b € [2,...,n —1]. Av b"~" mod n # 1, TOTE TO
n dev MEPVAEL TOV EAeyX0 (gival olyoupa oUVOETOQ).

3. ANIWG, YPO&WOUPE N — 1= 2°t, Y€ t TEPITTO.
4. Av bt mod n = 41 (mod n), TOTE TO N TIEPVAEL TOV EAEYXO
(mBavov TpwTog).

5. AMIWG, VYPWVOURE To bt mod n To TETPAYWVO: b’ mod n,
ETTEITO EAVA OTO TETPAYWYO modn K.0.K. EWG OTOU TTOAPOUHE 1
(To TMOAU S — 1 ETIAVOARWELC).

6. AV TIAPOUYE TIPWTO —1 TOTE TO N TIEPVAEL TOV EAeyXO (TIIBAVOV
TPWTOG), AAANIWG SeV TIEPVAEL TOV EAeyxo (olyoupa oUVOETOG).

! ) ' 1 ' ' ' 1 1
OpBotnTa: Oa amodeifoupe 0TI N MBAVOTNTA amoTuXiaG eival < 5. MTTopel va
yivel apeAntéa (negligible) pe emavolWelg Tou eAEyXOU yia GANO b KGOe
(popa.
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'EAgyX0G TIPWTWV ap1Ouwv Miller-Rabin: op8dtnTa

Mpotaon
AV n TPWTOG, TOTE TTEPVAEL TOV EAgyx0 avToTe (yia OAa Ta b). Av
n oUVOETOG TOTE TTEPVAEI TOV EAEYXO YIa AlyOTEPA ATIO TA IO b.

Anodeidn.

Baoiletal oty ometkovion b — (bt, b2, ... b2t . b1
(mod n).

Factoring sequence: (# +1,...,# £1,=1,...=1) (mod n).

AmodelkvUETAL PE Xpnon Tou O. Lagrange OTL T OTOIXE(o TTOU
amelkovidovtal oe non-factoring sequences gival To TTOAU Ta
Lo

NEMTOUEPELEG: OTOV THVOKA. O
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EvemiAuTa aplOpunTIKG TTPOBANHOTA

Xapaktnpidovral amod TV Umapgn amodoTiKou (TTOAUWVUHIKOU
XPOVOU) OAYOPIBHOU, VTETEPUIVIOTIKOU 1) TIBAVOTIKOU.

vV v vV v VY

GCD(a, n): eLpeon MKA(a, n).

INVERSE(@, n): UTIOAOYIOHOG @~ mod n.

POWER(a, y, n): UTTOAOYIOPOG @¥ mod n.
PRIMALITY(Nn): EAEYXOG OV O N €ival TTPWTOG aPIOUOG.
FIND-PRIME(n): elpeon TpwTOU > N.

QUAD-RES(a, n): €heyxog av 3x : x> = a (mod n). Na n
TIPWTO, 1) OUVOETO PE YVWOTH TTAPAYOVTOTIONO.

SQUARE-ROOT(a, n): ebpeon x : x> = a (mod n), av UTIOPXEL.
Mo N TPWTO, ) CUVOETO HE YVWOTH TIOPAyovToTIoinon.
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AvoemtiAuta apOuNTIKA TTIPoBARHAT

Xapaktnpidovtal amd Tnv un umapén (Wg TwWPa) amodoTIKOU
(TOAUWVUHIKOU XpOVOU) OAYOPIBHOU, VIETEPUIVIOTIKOU 1

TOavoTIKOU.

» FACTOR(N): MapayovTomoinon Tou n.

» e-TH-R0OT(c, n): ebpeon m : me = ¢ (mod n). [VWOTO Kal
WG RSA-DECRYPT(C, n). AUGKOAO Yia n GUVOETO pE AyVWOTN
TapayovToToinan.

» DISCRETE-LOG(g, a, p): elpean X : g¢* = a (mod p). AUGKOAO
IO p TIPWTO.

» QUAD-RES(a, n): eheyxog av 3x : x> = a (mod n). AUGKOAO
yla n oUVOETO pE AyVWOTN TIOPAYOVTOTIOiNON.

» SQUARE-ROOT(a, n): eupean x : x> = a (mod n), av UTIAPXEL.

AUOKOAO YlO N GUVOETO PE AyVWOTN TTOPAYOVTOTIOING.
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