Gradient Descent yia Smooth ZuvapTtnoeLg

Xe41 = Xe — NV (xt)

ﬁsd)pn Lo (Mo opaApa € 6€Ahovpe O G) BApata) \

Av
« f:R"™ - R, kuptn, f-smooth.
* f(x) = mingegf(x)

TOTE ylo va mapoupe éva X € R™, yia to onolo f(X) — f(x,) < &,

1 Ak 2 ’
5 v O(B”xlgx | ) BApaTaL.

k (x1 elvaL to onueio EKKivr]Gnq)/

apkel va tpE€oupe GD pen =




1
Tnv rponyolpevn dpopd eidape ott [ (xr4q) < fxe) — T

Fx) = f0) +VF(x0) - (x, = %)
e = xll = =VfGe) - (e = x0) 2 f(xe) = f(x.)
WCORTICONNICORTACS

”xt — x*” - ”xl _ x*“

(f () = f(x))*
C

f(xt+1) T f(x*) = f(xt) _ f(x*) -



[poptkoc MpoypaaTtlopoc o€ MoAUVWVUULKO XpOVo

E¢wdullo New York Times, 1979

A Soviet Discovery Rocks 'World_ of Mathematics

By MALCOLM W.BROWNE

A surprise discovery by an obscure
Soviet mathematician has rocked the
world of mathematics and computer
analysis, and experts have begun explor-
ing its practical applications. ‘.

Mathematicians describe- the discov-
which ‘compu oy d guaranteed
solutions to a class of very difficult prob-
lems that have hitherto been tackled on a
kind of hit-or-miss basis.

Apart from its profound theoretical in-

terest, the discovery may be applicable
et

in weather prediction, complicated indus-
trial processes, petroleum refining, the
scheduling of workers at large factories,
secret codes and many other things.

“I have been deluged with calls from
virtually every departinent of govern-
ment for an interpretation of the signifi-
cance of this,” a leading expert on com-
puter methods, Dr. George B. Dantzig of
Stanford University, said inan interview.

The solution of mathematical problems
by computer must be broken down into a
series of steps. One class of problem
sometimes involves so many steps that it

could take billions of years to compute.

The Russian discovery offers a way by
which the number of steps in a solution
can be dramatically reduced. It also of-
fers the mathematician a way of learning
quickly whether a problem has a solution
or not, without having to complete the en-
tire immense computation that may be
required.

According to the American journal Sci-
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Oplopoc (urmevbouion)
Eva E € R™ eivai eMewpoedécav E ={x € R®: (x —xo)TA (x — x) < 1}

yla kamow A > 0,xy € R™

Oewpnua (lcodvvapol opLopol)

1. E € R™ elvat eMewpoedécav E = {x € R" : (x — xy)7 (x — xg) < 1}

yla kamow A > 0,xy € R™
2. Eotw A > 0, x5 € R". Tortg,

IxeR": (x —x0)TA (x —xp) <1} =

3. E € R" eivar eMewpoeség < E = M(B(0,1)) + x
yLol KATTOLO
, kat xg € R"



AmodeLen yato 1.
4 )
1. E € R"™ eivateMewpoedécav E ={x e R": (x —xo)T A ' (x —xg) < 1}

yla kamow A > 0,xy, € R™
g _/
A4 - 0
Eotw A > 0,x9 € RY. Totg, A=UAUT, A=]: =~ |, >0
1/ - 0
A7t =UAtUT, ATt = l P ]
o - 1/,

(x —x0)" A7 (x — %) = (x — x)TUAUT (x — x0)
= (x = x0)TUA )2 (A D)2UT (x = xo)

2
= [|[(A™DY2UT (x - xo)llz = Yi=1 (ul %x0)> =1




ATtoO€eLén yLa to 2.

Mplv tnv anodeién:

Eotw U opBokavovikoc. Tt kavel n cuvaptnon x — Ux yewpetpika ?

Npdtaon: Eotw U opBokavovikdc. Tote n x — Ux Swatnpel 1) tic vopuee
2) TIC AMOOTAOELC

Anosen: ||Ux||?2 = xTUTUx = xTx = ||x]|?

1Ux = Uyll* = [lUCx = »I* = llx — ylI*



ATtoO€eLén yLa to 2.

Eotw A > 0,x, € R™. Oa beifoupue otL
{x eER™: (x —xg)TA™1(x — xp) < 1} = AYZ(B(0,1)) + xg

(4 = UAUT)
( EAAenpoeideg )
ue G€oveg uq, ..., Uy

+xo = UAY2UT(B(0,1)) +
= UNKN AEOVWVA/ AL, ooy Ay + %o (B(0,1)) + xo
L kévtpo to 0 J

( EAdenpoeibég )
ue déoveg uy, ..., Uy

= UAY2UT(B(0,1
UMK 065(')va\//1_1,...,\//1_”> (B(O.D)
L kévtpo o 0 J




ﬁEotw A > 0,x, € R"™ Oa beifoupe otL \

.

\\

EAAewpoeidéc
UE AEOVEC U4, ..., Uy

kévtpo to 0

\

< UNKN afévwv\//T, ,\//Tn

» = UAY2UT(B(0,1))

J

J

1" Nepumtwon:

Rotationq

\ L

0 .- \/,Tn

| |
Rotation, (B(0,1))

}




AmodeLén ya to 3.
Oa deiéoupe oOTL
2 )
E € R™ eivaw eMewpoedég « E = A(B(0,1)) + x
vl kKamrowo A € R

avtlotpeluo, kat xo € R™
\ _/

Qswpnua (Singular Value Decomposition - SVD)
Fotw 4 € R™™, Yndapyouv U, V,X € RV

* U,V opBokavovikoi

01 cee 0
- 2=[z .

0 e Op

) Vi, O'iZO

kat A =UZVT.
Av A avtiotpedpog, tote Vi, g; > 0



* Ovopaloupe «kouti» kaBe cuvolo [aq, bq]|X[ay, by|X -+ X[ag, bg]

* Opitoupe vol( [ay, by]X[az, by]X -+ X[ag, bg] ) = ?=1(bi —a;)

* TN € N, opiloupue to

[i 11+1] [lz 12+1 [ld ig+1
N’

[MAeyuay = { 111,19, .,ig EZ }

—
—1
—1 |

e Eotw S € R? dpaypévo. Opiloupe:

—]
—]
'\—\_J

vol(S) :

I\III_I)I(}O DikovTi € MAéyuay vol(kovti) | |
KOUTIC S

= lim —d #rovtiwv € S tov [TAEyuay

N—o00




Oswpnua Eotw S € R? ppaypévo.

VA € RYE, vol(A(S)) = |det(A)] - vol(S)

ATtodeltn O XPNOLUOTIOL)OOULLE TLC LOLOTNTEC:

1.Vxo € R, wvol(S + xg) = vol(S) (HeTadopd KATA Xg)

2.V U € R4 gpBokavovikd, vol(U(S)) = vol(S)
(meplotpodn N
neplotpodn o avakAaon)



Oykoc otov R4

Antodelén (ouvexela)

01 ces O
3. VEI=]|i = il ueo; =20, éouvpe vol(Z(S)) = (H?zl al-) vol(S)
O ces O'd
Napadewypua: d = 2,01 = 2,0, = 1.25, S = 10 umAe oxnua:
I -
l /
e ! | , ,
/ ll // O X oto oxnua epappoletal
: y ; T 0€ OAO TO TAEYA KL OTO S.
’ — ,’ Mo k&Oe kouti n emudpdveld
II TOU TTOAAQTTAOGLACTNKE UE 010,
T |
16¢a yLa artodelén e 3 otov R%:
Mo kABe koutl = [aq, b1]X[ay, by X -+ [ag, bg] € S,

X(koutl) = [01aq,01b1]X[02a2, 02b]X - X[04aq, 04b4]



Oswpnua Eotw S € R? dpayuévo.

VA € RYY vol(A(S)) = |det(A)] - vol(S)

AntodeLén (ouvexela)

A=UxVT,
d

vol(A(S)) = vol(UZVT(S)) = <1_[ al-> vol(S)

=1
det(A) = det(U) det(Z) det(VT) = + ([IL, o;)

(av U opBokavovikdc, tote det(U) = +1. Anod: naipvoupe det oto UUT = 1)



Nopopa Eotw A € RY*? qvtiotpéPipoc, xo € R, To eA\ewoetdeg

E = A(B(0,1)) + xo &xet

vol(E) = |det(A)| - vol(B(0,1))



